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Abstract:

Given any non-central interior point 𝑜 of the unit disc 𝐷, the diameter

𝐿 through 𝑜 is the union of two linear arcs emanating from 𝑜 which meet

𝜕𝐷 orthogonally, the shorter of them stable and the longer unstable (under

these boundary conditions). In each of the two half discs bounded by 𝐿, we

construct a convex eternal solution to curve shortening flow which fixes 𝑜

and meets 𝜕𝐷 orthogonally, and evolves out of the unstable critical arc at

𝑡 = −∞ and into the stable one at 𝑡 = +∞. We then prove that these two

(congruent) solutions are the only non-flat convex ancient solutions to the

curve shortening flow satisfying the specified boundary conditions. We obtain

analogous conclusions in the “degenerate” case 𝑜 ∈ 𝜕𝐷 as well, although in

this case the solution contracts to the point 𝑜 at a finite time with asymptotic

shape that of a half Grim Reaper, thus providing an interesting example for

which an embedded flow develops a collapsing singularity.
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1 Introduction

Variational problems subject to boundary constraints are ubiquitous in pure and applied

mathematics and physics. One of the simplest such problems is to find and study paths

of critical (e.g. minimal) length amongst those joining a given point 𝑜 in some domain Ω

to its boundary 𝜕Ω. When Ω is a Euclidean domain, such paths are, of course, straight

linear arcs from 𝑜 to 𝜕Ω which meet 𝜕Ω orthogonally.

While characterizing all such curves is a non-trivial problem in general (even for

convex Euclidean domains, say), the “Dirichlet–Neumann geodesics” in the unit disc in

ℝ2 are easily found: when 𝑜 is the origin, they are the radii; when 𝑜 is not the origin, there

are exactly two, and their union is the diameter through 𝑜.

One useful tool for analyzing such variational problems is the (formal) gradient

flow (a.k.a. steepest descent flow), which in this case is the “Dirichlet–Neuman curve

shortening flow”; this equation evolves each point of a given curve with velocity equal

to the curvature vector at that point, subject to holding one endpoint fixed at 𝑜 with the

other constrained to 𝜕Ω, which is met orthogonally.

While curve shortening flow is now well-studied under other boundary conditions

— particularly the “periodic” (i.e. no-boundary) [And12, AB11a, AB11b, BLT20, DHS10,

GH86, Gag84, Gra87, Hui98], “Neumann–Neumann” (a.k.a. free boundary) [BBC, BL23,

Buc05, Ede20, Hui89, Ko, LZ, Sta96a, Sta96b] and “Dirichlet–Dirichlet” [ALT, Hui98] con-

ditions — we are aware of no literature considering the mixed “Dirichlet–Neumann”

condition.

Our main result (inspired by [BL23]) is the following classification of the convex

ancient solutions which arise in the simple setting of the unit disc.

Theorem 1.1. Given any 𝑑 ∈ (0, 1], there exists a convex, locally uniformly convex ancient

solution {Γ𝑑𝑡 }𝑡∈(−∞,𝜔𝑑) to curve shortening flow in the unit disc 𝐷 with one endpoint fixed at
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𝑜 ∶= (−𝑑, 0) and the other meeting 𝜕𝐷 orthogonally. The timeslices Γ𝑑𝑡 each lie in the upper

half-disc, and converge uniformly in the smooth topology as 𝑡 → −∞ to the unstable critical

arc {(𝑥, 0) ∶ 𝑥 ∈ [−𝑑, 1]}; as a graph over the 𝑥-axis,

e𝜆2𝑡𝑦(𝑥, 𝑡) → 𝐴 sinh(𝜆(𝑥 + 𝑑)) uniformly in 𝑥 as 𝑡 → −∞

for some 𝐴 > 0, where 𝜆 is the positive solution to tanh(𝜆(1 + 𝑑)) = 𝜆.

When 𝑑 < 1, 𝜔𝑑 = +∞ and the timeslices converge uniformly in the smooth topology

as 𝑡 → +∞ to the minimizing arc {(𝑥, 0) ∶ 𝑥 ∈ [−1,−𝑑]}. When 𝑑 = 1, 𝜔𝑑 < ∞ and the

timeslices contract uniformly as 𝑡 → 𝜔𝑑 to the point 𝑜 and, after performing a standard

type-II blow-up, converge locally uniformly in the smooth topology to the right half of the

downward translating Grim Reaper.

Modulo time translations and reflection about the 𝑥-axis, {Γ𝑑𝑡 }𝑡∈(−∞,𝜔𝑑) is the only non-flat

convex ancient curve shortening flow subject to the same boundary conditions.

En route to proving Theorem 1.1, we establish the following convergence result (cf.

[ALT, GH86, Gag84, Gra87, LZ]), which is of independent interest (see the proof of Lemma

3.1).

Theorem 1.2. Let Γ be an oriented smooth convex arc in the upper unit half-disc 𝐷+ with

left endpoint 𝑜 = (−𝑑, 0), 𝑑 ∈ (0, 1], where its curvature vanishes, and right endpoint on 𝜕𝐷,

which is met orthogonally. Suppose that the curvature of Γ increases monotonically with

arclength from 𝑜. If 𝑑 < 1, then the Dirichlet–Neumann curve shortening flow starting from

Γ exists for all positive time 𝑡 and converges uniformly in the smooth topology as 𝑡 → ∞ to

the minimizing arc joining 𝑜 to 𝜕𝐷. If 𝑑 = 1, then the Dirichlet–Neumann curve shortening

flow starting from Γ converges uniformly to the point 𝑜 as 𝑡 → 𝜔 < ∞ and, after performing

a standard type-II blow-up, converges locally uniformly in the smooth topology to a half

Grim Reaper.

Though the curvature monotonicity hypothesis appears unnaturally restrictive in

Theorem 1.2, we note that some such additional condition is required to prevent the

development of self-intersections at the Dirichlet endpoint (resulting in subsequent
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cusplike singularities). Moreover, as Theorem 1.2 demonstrates in case the Dirichlet

endpoint lies on the boundary, collapsing singularities may form at the Dirichlet endpoint

even when the flow remains embedded. It is not hard to see that this can also occur when

the Dirichlet endpoint lies to the interior (as a limiting case of the flow forming a cusp

singularity just after losing embeddedness, say).
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2 Preliminaries

Fix a point 𝑜 = (−𝑑, 0) ∈ 𝐷 in the unit disc 𝐷 ⊂ ℝ2, with 𝑑 ∈ (0, 1]. Denote by 𝐶𝜃 ⊂ 𝐷

the circular arc which passes through 𝑜 and meets the boundary of 𝐷 orthogonally at

(sin 𝜃, cos 𝜃); that is,

𝐶𝜃 ∶= {(𝑥, 𝑦) ∈ 𝐷 ∶ (𝑥 − 𝜉)2 + (𝑦 − 𝜂)2 = 𝑟2} ,

where, defining 𝑎 ∶= 1
2
(𝑑−1 + 𝑑),

(𝜉, 𝜂) ∶= (cos 𝜃, sin 𝜃) + 𝑟(− sin 𝜃, cos 𝜃) and 𝑟 ∶= 1 + 𝑑2 + 2𝑑 cos 𝜃
2𝑑 sin 𝜃 = 𝑎 + cos 𝜃

sin 𝜃 .

Consider also the circular arc 𝐶̌𝜃 ⊂ 𝐷 which is symmetric about the 𝑦-axis and meets

𝜕𝐷 orthogonally at (cos 𝜃, sin 𝜃). That is,

𝐶̌𝜃 ∶= {𝑥2 + (𝑦 − 𝜂)2 = 𝑟2} ,

where

𝜂 ∶= csc 𝜃 and 𝑟 ∶= cot 𝜃 .
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Proposition 2.1. The family {𝐶̌𝜃+(𝑡)}𝑡∈(−∞,0), where 𝜃+(𝑡) ∶= arcsin e2𝑡, is a supersolution to

curve shortening flow. The family {𝐶𝜃−(𝑡)}𝑡∈(−∞,𝜔𝑑), where 𝜃− is the solution to

⎧

⎨
⎩

𝑑𝜃
𝑑𝑡 =

sin 𝜃
𝑎 + cos 𝜃

𝜃(0) = 𝜋
2
,

(1)

is a subsolution to curve shortening flow.

Remark 1. Separating variables, the problem (1) becomes

∫
0

𝑡
𝑑𝑡 = ∫

𝜋
2

𝜃

𝑎 + cos𝜔
sin𝜔 𝑑𝜔 = ∫

𝜋
2

𝜔=𝜃
𝑑 log

(
2 sin1+𝑎

(𝜔
2

)
cos1−𝑎

(𝜔
2

))
,

and hence

e𝑡 = 2 sin1+𝑎
(𝜃−(𝑡)

2

)
cos1−𝑎

(𝜃−(𝑡)
2

)
.

In particular, for all 𝑑 ∈ (0, 1], the solution certainly exists for all 𝑡 < 0, with 𝜃−(𝑡) ∼ 2
𝑎

1+𝑎 e
𝑡

𝑎+1

as 𝑡 → −∞. When 𝑑 ∈ (0, 1), the solution exists up to time 𝜔𝑑 = +∞, and lim𝑡→+∞ 𝜃−(𝑡) = 𝜋.

When 𝑑 = 1, the solution exists up to time 𝜔𝑑 = log 2, and lim𝑡→𝜔𝑑 𝜃
−(𝑡) = 𝜋.

Proof of Proposition 2.1. The first claim is proved in [BL23, Proposition 2.1].

To prove the second claim, consider any monotone increasing function 𝜃 of 𝑡, and

let 𝛾(𝑢, 𝑡) = (𝑥(𝑢, 𝑡), 𝑦(𝑢, 𝑡)) be a general parametrization of 𝐶𝜃(𝑡). Differentiation of the

equation

(𝑥 − 𝜉)2 + (𝑦 − 𝜂)2 = 𝑟2

with respect to 𝑡 along 𝛾 and 𝜃 yields

(𝑥 − 𝜉)(𝑥𝑡 − 𝜉𝜃𝜃𝑡) + (𝑦 − 𝜂)(𝑦𝑡 − 𝜂𝜃𝜃𝑡) = 𝑟𝑟𝜃𝜃𝑡 .

Since the outward unit normal to 𝐶𝜃 at (𝑥, 𝑦) is 𝜈 = 1
𝑟
(𝑥 − 𝜉, 𝑦 − 𝜂), this becomes

−𝛾𝑡 ⋅ 𝜈 = −(
𝑥 − 𝜉
𝑟 𝜉𝜃 +

𝑦 − 𝜂
𝑟 𝜂𝜃 + 𝑟𝑟𝜃) 𝜃𝑡 .

We claim that
1
𝑟 (𝑥 − 𝜉, 𝑦 − 𝜂) ⋅ (𝜉𝜃, 𝜂𝜃) + 𝑟𝜃 = − 𝑦

sin 𝜃 .
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Indeed,

1
𝑟 (𝑥 − 𝜉, 𝑦 − 𝜂) ⋅ (𝜉𝜃, 𝜂𝜃)

= 1
𝑟
(
(𝑥, 𝑦) − (cos 𝜃, sin 𝜃) − 𝑟(− sin 𝜃, cos 𝜃))

)
⋅
(
(1 + 𝑟𝜃)(− sin 𝜃, cos 𝜃) − 𝑟(cos 𝜃, sin 𝜃)

)

= − ((𝑥, 𝑦) − (cos 𝜃, sin 𝜃) − 𝑟(− sin 𝜃, cos 𝜃))) ⋅ (cot 𝜃(− sin 𝜃, cos 𝜃) + (cos 𝜃, sin 𝜃))

= − (𝑥, 𝑦) ⋅ (cot 𝜃(− sin 𝜃, cos 𝜃) + (cos 𝜃, sin 𝜃)) + 1 + 𝑟 cot 𝜃

= − (𝑥, 𝑦) ⋅ (0, csc 𝜃) − 𝑟𝜃 ,

from which the claim follows.

Since, 𝑦 ≤ sin 𝜃 along 𝐶𝜃, taking 𝜃 to be the solution to the specified initial value

problem yields

−𝛾𝑡 ⋅ 𝜈 =
𝑦

sin 𝜃𝜃𝑡 =
𝑦

sin 𝜃
1
𝑟 ≤

1
𝑟 = 𝜅 ,

as claimed.

Next consider {H𝑡}𝑡∈(−∞,∞), the fundamental domain of the horizontally oriented hair-

clip solution to curve shortening flow centred at 𝑜; that is,

H𝑡 ∶= {(𝑥, 𝑦) ∈ [0,∞) × [0, 𝜋
2
] ∶ sin(𝑦) = e𝑡 sinh(𝑥 + 𝑑)} .

Figure 1: Some timeslices of (one period of) the “hairclip” solution.

Given any 𝜆 > 0, define {H𝜆
𝑡 }𝑡∈(−∞,∞) by parabolically rescaling the hairclip by 𝜆. That is,

H𝜆
𝑡 ∶= 𝜆−1H𝜆2𝑡 = {(𝑥, 𝑦) ∈ [0,∞) × [0, 𝜋

2𝜆
] ∶ sin(𝜆𝑦) = e𝜆2𝑡 sinh(𝜆(𝑥 + 𝑑))} .
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Observe that {H𝜆
𝑡 }𝑡∈(−∞,∞) satisfies

𝜅
cos 𝜃 = 𝜆 tan(𝜆𝑦) and 𝜅

sin 𝜃 = 𝜆 tanh(𝜆(𝑥 + 𝑑)) ,

where 𝜃 ∈ [0, 𝜋
2
] is the angle the tangent vector makes with the 𝑥-axis. From this we see,

in particular, that 𝜅 is positive and monotone increasing with respect to arclength from 𝑜.

Proposition 2.2. For each 𝜃 ∈ (0, 𝜋
2
) there exists a unique pair (𝜆, 𝑡) such that H𝜆

𝑡 intersects

𝜕𝐷 orthogonally at (cos 𝜃, sin 𝜃).

Proof. Given any 𝜃 ∈ (0, 𝜋
2
), substituting the point (cos 𝜃, sin 𝜃) for (𝑥, 𝑦) in the defining

equation sin(𝜆𝑦) = e𝜆2𝑡 sinh(𝜆(𝑥 + 𝑑)) and solving for 𝑡 yields for each 𝜆 ∈ (0, 𝜋
2 sin 𝜃

) the

unique timeslice of the (fundamental domain of the) Hairclip solution which intersects

𝜕𝐷 at (cos 𝜃, sin 𝜃); namely,

𝑡 = 𝜆−2 ln ( sin(𝜆 sin 𝜃)
sinh(𝜆(cos 𝜃 + 𝑑))

) .

At that point, the normal satisfies

𝜈𝜆(cos 𝜃, sin 𝜃) ⋅ (cos 𝜃, sin 𝜃) =
sin(𝜆 sin 𝜃) cos 𝜃 − tanh(𝜆(cos 𝜃 + 𝑑)) cos(𝜆 sin 𝜃) sin 𝜃

tanh(𝜆(cos 𝜃 + 𝑑)) cos(𝜆 sin 𝜃)

= − tan(𝜆 sin 𝜃) cos 𝜃
tanh(𝜆(cos 𝜃 + 𝑑))

𝑔(𝜆, 𝜃) ,

where

𝑔(𝜆, 𝜃) ∶= tanh(𝜆(cos 𝜃 + 𝑑)) cot(𝜆 sin 𝜃) tan 𝜃 − 1 .

Observe that

lim
𝜆↘0

𝑔(𝜆, 𝜃) = 𝑑 ⋅ sec 𝜃 > 0, lim
𝜆↗ 𝜋

2 sin 𝜃

𝑔(𝜆, 𝜃) = −1 < 0
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and

𝑑𝑔
𝑑𝜆 = tan 𝜃

[
(cos 𝜃 + 𝑑) cot(𝜆 sin 𝜃) sech2(𝜆(cos 𝜃 + 𝑑))

− sin 𝜃 csc2(𝜆 sin 𝜃) tanh(𝜆(cos 𝜃 + 𝑑))
]

= tan 𝜃 tanh(𝜆(cos 𝜃 + 𝑑))
𝜆 sin(𝜆 sin 𝜃)

[ 𝜆(cos 𝜃 + 𝑑)
sinh(𝜆(cos 𝜃 + 𝑑))

cos(𝜆 sin 𝜃) sech(𝜆(cos 𝜃 + 𝑑))

− 𝜆 sin 𝜃
sin(𝜆 sin 𝜃)

]

≤ tan 𝜃 tanh(𝜆(cos 𝜃 + 𝑑))
𝜆 sin(𝜆 sin 𝜃) [cos(𝜆 sin 𝜃) sech(𝜆(cos 𝜃 + 𝑑)) − 1]

< 0

for 𝜆 ∈ (0, 𝜋
2 sin 𝜃

). It follows that there exists a unique 𝜆 such that

𝜈𝜆(cos 𝜃, sin 𝜃) ⋅ (cos 𝜃, sin 𝜃) = 0 .

The claim follows.

Remark 2. Note that, since lim𝜃→0 𝑔(𝜆, 𝜃) =
tanh(𝜆(𝑑+1)))

𝜆
−1, the function 𝑔(𝜆, 𝜃) is non-negative

at 𝜃 = 0 so long as 𝜆 ≥ 𝜆0, where 𝜆0 is the unique positive solution to the equation

𝜆 = tanh(𝜆(𝑑 + 1)) .

Proposition 2.3 (A priori estimates). Let Γ ⊂ 𝐷+ be a smooth, convex embedding of a

closed interval with left endpoint 𝑜 = (−𝑑, 0), 𝑑 ∈ (0, 1], and right endpoint meeting 𝜕𝐷

orthogonally, and suppose that the curvature 𝜅 of Γ increases monotonically with respect

to arclength from 𝑜. Denote by 𝜃 resp. 𝜃 the least resp. greatest value taken by the turning

angle along Γ and by 𝜅 = 𝜅(𝜃) the greatest value taken by 𝜅.

The circle 𝐶𝜃 lies below Γ. Thus,

𝜅 ≥ sin 𝜃
𝑎 + cos 𝜃

(2)

and

𝜃 ≥ arccot (1 + 𝑎 cos 𝜃
𝑏 sin 𝜃

) , (3)
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where 𝑏 ∶= 1
2
(𝑑−1 − 𝑑) and we recall that 𝑎 ∶= 1

2
(𝑑−1 + 𝑑), with the right hand side taken to

be zero in case 𝑑 = 1.

Proof. Suppose, to the contrary, that 𝐶𝜃 does not lie below Γ. Then some point of Γmust lie

strictly below 𝐶𝜃, and hence (since the endpoints of the two curves agree) upon translating

𝐶𝜃 downwards, the two curves will continue to intersect until some final moment, at

which they must make first order contact at some interior point 𝑞 ∈ Γ. At this point,

the curvature 𝜅 of Γ must be no less than 1∕𝑟(𝜃) (the curvature of 𝐶𝜃). But then, by the

monotonicity of 𝜅, 𝜅 must exceed 1∕𝑟(𝜃) on the whole segment of Γ joining 𝑞 to 𝜕𝐷, in

which case (since Γ and 𝐶𝜃 make first order contact at 𝜕𝐷) the point 𝑞 must lie strictly

above 𝐶𝜃, which is absurd. So 𝐶𝜃 must indeed lie below Γ. The first inequality is then

immediate and the second is straightforward.

Figure 2: Scaled hairclip timeslice and circular arcs through the prescribed boundary

points 𝑜 and (cos 𝜃, sin 𝜃).

3 Existence

For each 𝑑 ∈ (0, 1] and 𝜌 ∈ (0, 𝜋
2
), let Γ𝜌 ⊂ 𝐷+ be a smooth oriented arc satisfying the

following properties.

– The left endpoint of Γ𝜌 is 𝑜 = (−𝑑, 0), where its curvature vanishes, and its right

endpoint meets 𝜕𝐷 orthogonally at (cos 𝜌, sin 𝜌).

– Γ𝜌 is convex.
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– The curvature of Γ𝜌 is monotone increasing with respect to arclength from 𝑜.

For example, we could take Γ𝜌 ∶= H𝜆𝜌
𝑡𝜌 ∩ 𝐷, where (𝜆𝜌, 𝑡𝜌) are the unique choice of (𝜆, 𝑡)

which ensure that H𝜆
𝑡 meets 𝜕𝐷 orthogonally at (cos 𝜌, sin 𝜌).

Lemma 3.1 (Very old (but not ancient) solutions). For each 𝑑 ∈ (0, 1] and 𝜌 ∈ (0, 𝜋
2
) there

exist 𝛼𝜌 < 0 such that 𝛼𝜌 → −∞ as 𝜌 → 0 and a smooth1 curve shortening flow {Γ𝜌𝑡 }𝑡∈[𝛼𝜌,𝜔𝑑)
in 𝐷 exhibiting the following properties.

– Γ𝜌𝛼𝜌 = Γ𝜌.

– For each 𝑡 ∈ [𝛼𝜌, 𝜔𝑑), Γ
𝜌
𝑡 is an oriented embedding of a closed interval, with left endpoint

𝑜 = (−𝑑, 0) and right endpoint meeting 𝜕𝐷 orthogonally.

– For each 𝑡 ∈ [𝛼𝜌, 𝜔𝑑), Γ
𝜌
𝑡 is convex.

– For each 𝑡 ∈ [𝛼𝜌, 𝜔𝑑), the curvature of Γ𝜌𝑡 is monotone increasing with respect to

arclength from 𝑜.

– If 𝑑 < 1, then 𝜔𝑑 = ∞ and Γ𝜌𝑡 converges uniformly in the smooth topology as 𝑡 → ∞ to

the minimizing arc {(𝑥, 0) ∶ 𝑥 ∈ [−1,−𝑑]}.

– If 𝑑 = 1, then 𝜔𝑑 ∈ (0,∞) and Γ𝜌𝑡 converges uniformly as 𝑡 → 𝜔𝑑 to the point 𝑜, and

there are sequences of times 𝑡𝑗 ↗ 𝜔𝑑, points 𝑝𝑗 ∈ Γ𝜌𝑡𝑗 , and scales 𝜆𝑗 ↗ ∞ such that

the sequence {𝜆𝑗(Γ
𝜌
𝜆−2𝑗 𝑡+𝑡𝑗

− 𝑝𝑗)}𝑡∈[𝜆2𝑗 (𝛼𝜌−𝑡𝑗),𝜆2𝑗 (𝜔𝜌−𝑗−1−𝑡𝑗)) converges locally uniformly in the

smooth topology as 𝑗 → ∞ to the right half of the downwards translating Grim Reaper.

Proof. Form the “odd doubling” Γ̌𝜌 of Γ𝜌 by taking the union of Γ𝜌 with its rotation through

angle 𝜋 about 𝑜. Since Γ̌𝜌 is a regular curve of class 𝐶2 and there exists a ball 𝐵 about
1More precisely,{Γ𝜌𝑡 }𝑡∈[𝛼𝜌 ,𝜔𝑑) is given by a family of immersions of the interval [0, 1] which is of class

𝐶∞([0, 1] × (𝛼𝜌, 𝜔𝑑)) ∩ 𝐶3+𝛽,1+ 𝛽
2 ([0, 1) × [𝛼𝜌, 𝜔𝑑)) ∩ 𝐶2+𝛽,1+ 𝛽

2 ((0, 1] × [𝛼𝜌, 𝜔𝑑)) for any 𝛽 ∈ (0, 1). Without additional

compatibility conditions at the boundary points, higher regularity at the initial time may fail. However, if

the curvature of Γ𝜌 is odd resp. even at its left resp. right boundary point, then the solution will be smooth

up to the left resp. right boundary point at the initial time.
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(cos 𝜌, sin 𝜌) (of radius 1∕10, say) which is disjoint from the rotation of Γ𝜌 through angle

𝜋 about 𝑜, where Γ𝜌 meets 𝜕𝐷 orthogonally, Stahl’s short-time existence theorem for

free boundary mean curvature flow [Sta96b, Theorem 2.1] yields a solution {Γ̌𝜌𝑡 }𝑡∈[0,𝛿)
to Neumann–Neumann curve shortening flow with boundary on the odd doubling of

𝜕𝐷 ∩ 𝐵 for a short time 𝛿 > 0. Since this solution is uniquely determined by its initial

condition, it must be invariant under rotation through angle 𝜋 about 𝑜, and hence descend

to a solution {Γ̂𝜌𝑡 }𝑡∈[0,𝛿) to Dirichlet–Neumann curve shortening flow in 𝐷 with Dirichlet

condition 𝑜 and initial condition Γ𝜌. Denote by 𝑇 the maximal time of existence of the

latter.

Since the curvature of {Γ̂𝜌𝑡 }𝑡∈[0,𝑇) satisfies

⎧
⎪
⎨
⎪
⎩

(𝜕𝑡 − ∆)𝜅 = 𝜅3

𝜅 = 0 at 𝑜, and

𝜅𝑠 = 𝜅 at 𝜕𝐷 ,

where 𝑠 denotes arclength from 𝑜, the maximum principle (and Hopf boundary point

lemma) ensure that 𝜅 remains positive on Γ̂𝜌𝑡 ⧵ {𝑜} for 𝑡 > 0.

For similar reasons, positivity of 𝜅𝑠 is also preserved. Indeed, using the commutator

relation

[𝜕𝑡, 𝜕𝑠] = 𝜅2𝜕𝑠 ,

the identity 0 = 𝜅𝑡 = ∆𝜅 at 𝑜, and the positivity of 𝜅 away from 𝑜, we find that

⎧
⎪
⎨
⎪
⎩

(𝜕𝑡 − ∆)𝜅𝑠 = 4𝜅2𝜅𝑠

(𝜅𝑠)𝑠 = 0 at 𝑜, and

𝜅𝑠 > 0 at 𝜕𝐷 ,

so the claim once again follows from the maximum principle.

Since 𝜃𝑡 = 𝜅 > 0 and 𝜃 < 𝜋 (when 𝑑 < 1, the maximum principle prevents Γ̂𝜌𝑡 from

ever reaching the minimizing arc — a stationary solution to the flow) we find that 𝜃

must attain a limit as 𝑡 → 𝑇. We claim that this limit is 𝜋. Indeed, if 𝜃 ≤ 𝜃0 < 𝜋 for all
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𝑡 ∈ [0, 𝑇), then, representing the solution as a graph over the line {(−𝑑, 𝑦) ∶ 𝑦 ∈ ℝ}, the

“gradient estimate” (3) yields a uniform bound for the gradient, at least when 𝑑 < 1. But

then, by applying parabolic regularity theory (see, for instance, [Lie96]) to the graphical

Dirichlet–Neumann curve shortening flow equation

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝑥𝑡 =
𝑥𝑦𝑦

1 + 𝑥2𝑦
in [0, 𝑦(𝑡)]

𝑥(0, 𝑡) = 0

𝑥𝑦(𝑦(𝑡), 𝑡) = cot 𝜃(𝑡) ,

where 𝑦(𝑡) ∶= sin 𝜃(𝑡), we obtain uniform estimates for all derivatives of the graph func-

tions 𝑥(⋅, 𝑡) (cf. [Sta96b]). To obtain corresponding estimates when 𝑑 = 1, we instead rep-

resent the solution as a graph over the “tilted” line through (−1, 0) and (cos(𝜃(𝑇)), sin(𝜃(𝑇)))

and use the “gradient estimate” 𝜃 ≥ 0. The Arzelà–Ascoli theorem and monotonicity of

the flow now ensure that 𝑥(⋅, 𝑡) takes a smooth limit as 𝑡 → 𝑇, at which point the flow

can be smoothly continued by the above short time existence argument, violating the

maximality of 𝑇. We conclude that 𝜃(𝑡) → 𝜋 as 𝑡 → 𝑇.

It now follows from (3) that 𝜃(𝑡) → 𝜋 as 𝑡 → 𝑇. When 𝑑 = 1, we conclude that Γ̂𝜌𝑡
contracts to 𝑜 as 𝑡 → 𝑇. Note that in this case 𝑇 < ∞ since the lower barriers 𝐶𝜃−(𝑡) contract

to 𝑜 in finite time. A more or less standard “type-I vs type-II" blow-up argument (cf. [LZ])

then guarantees convergence to the half Grim Reaper after performing a standard type-II

blow-up. (The flow must be type-II because the limit of a standard type-I blow-up — a

shrinking semi-circle — violates the Dirichlet boundary condition.)

When 𝑑 < 1, we conclude that Γ̂𝜌𝑡 converges uniformly to the minimizing arc {(𝑥, 0) ∶

𝑥 ∈ [−1,−𝑑]} as 𝑡 → 𝑇. But then, for large enough 𝑡, Γ̂𝜌𝑡 may be represented as a graph over

the 𝑥-axis with small gradient, at which point parabolic regularity, short-time existence

and the Arzelà–Ascoli theorem guarantee that 𝑇 = ∞ and Γ̂𝜌𝑡 converges uniformly in the

smooth topology to the minimizing arc.

Finally, since 𝜃 is monotone, there is a unique time −𝛼𝜌 > 0 such that 𝜃(−𝛼𝜌) =
𝜋
2

;

since the Neumann–Neumann circle 𝐶̌𝜃𝜌 , where sin 𝜃𝜌 =
2 sin 𝜌
1+sin2 𝜌

, lies above Γ𝜌, we find (by
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suitably time translating the upper barrier {𝐶̌𝜃+(𝑡)}𝑡∈(−∞,0), as in [BL23]) that

𝛼𝜌 <
1
2 log (

2 sin 𝜌
1 + sin2 𝜌

) .

Time-translating the solution {Γ̂𝜌}𝑡∈[0,∞) by 𝛼𝜌 now yields the desired very old (but not

ancient) solution {Γ𝜌𝑡 }𝑡∈[𝛼𝜌,∞).

Taking the limit as 𝜌 → 0 of these very old (but not ancient) solutions yields our desired

ancient solution.

Theorem 3.2. Given any 𝑑 ∈ (0, 1], there exists a convex ancient Dirichlet–Neumann curve

shortening flow {Γ𝑡}𝑡∈(−∞,𝜔𝑑) in the upper half disc 𝐷+ which converges uniformly in the

smooth topology to the unstable critical arc [−𝑑, 1] × {0} as 𝑡 → −∞. When 𝑑 < 1, 𝜔𝑑 = ∞

and {Γ𝑡}𝑡∈(−∞,𝜔𝑑) converges uniformly in the smooth topology as 𝑡 → +∞ to the minimizing

arc [−1, −𝑑] × {0}. When 𝑑 = 1, 𝜔𝑑 < ∞ and Γ𝜌𝑡 converges uniformly as 𝑡 → 𝜔𝑑 to the point 𝑜,

and there are a sequence of times 𝑡𝑗 ↗ 𝜔𝑑, right endpoints 𝑝𝑗 ∈ Γ𝜌𝑡𝑗 , and scales 𝜆𝑗 ↗∞ such

that the sequence {𝜆𝑗(Γ
𝜌
𝜆−2𝑗 𝑡+𝑡𝑗

− 𝑝𝑗)}𝑡∈[𝜆2𝑗 (𝛼𝜌−𝑡𝑗),𝜆2𝑗 (𝜔𝜌−𝑗−1−𝑡𝑗)) converges locally uniformly in the

smooth topology as 𝑗 → ∞ to the right half of the downwards translating Grim Reaper.

Proof. Given any sequence of angles 𝜌𝑗 ↘ 0, consider the sequence of corresponding very

old (but not ancient) solutions {Γ𝑗𝑡 }𝑡∈[𝛼𝑗 ,∞) constructed in Lemma 3.1. Differentiating the

Neumann boundary condition and applying the estimate (2) yields the inequality

𝜃𝑡 = 𝜅 ≥ sin 𝜃
𝑎 + cos 𝜃

on each of these solutions. It follows, by the ODE comparison principle, that each

{Γ𝑗𝑡 }𝑡∈[𝛼𝑗 ,∞) satisfies

𝜃 ≤ 𝜃− (4)

for 𝑡 ∈ [𝛼𝑗, 0], where we recall that 𝜃− is the solution to (1). Since 𝜃− is independent of 𝑗,

this implies uniform estimates for the gradient on any time interval of the form [−∞,−𝑇],

𝑇 > 0, when we represent {Γ𝑗𝑡 }𝑡∈[𝛼𝑗 ,−𝑇] graphically over the 𝑥-axis. By parabolic regularity

theory and the Arzelà–Ascoli theorem, we may then extract a smooth limit of the very old
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solutions {Γ𝑗𝑡 }𝑡∈(−∞,0) after passing to a subsequence. This limit is ancient, since 𝛼𝜌 → −∞

as 𝜌 → 0, reaches the point (0, 1) at time zero (since each Γ𝑗𝑡 intersects the convex domain

bounded by 𝐶̌𝜃+(𝑡) for each 𝑡 ∈ (−∞, 0)), and converges uniformly in the smooth topology

as 𝑡 → −∞ to the unstable Dirichlet–Neumann geodesic from 𝑜 due to the estimate (4)

(and parabolic regularity theory). The longtime behaviour follows from the argument

presented above.

3.1 Asymptotics

We now prove precise asymptotics for the height of the ancient solution constructed

in Theorem 3.2, assuming the initial conditions for the old-but-not-ancient solutions

{Γ𝜌𝑡 }𝑡∈[𝛼𝜌,𝜔𝑑) are given by the hairclip timeslices Γ𝜌 = H𝜆𝜌
𝑡𝜌 ∩ 𝐷.

Lemma 3.3. On each old-but-not-ancient solution {Γ𝜌𝑡 }𝑡∈[𝛼𝜌,𝜔𝑑),

𝜅
cos 𝜃 ≥ 𝜆𝜌 tan(𝜆𝜌𝑦) .

Proof. Note that equality holds on the initial curve Γ𝜌 = H𝜆𝜌
𝑡𝜌 ∩ 𝐷. Thus, given any 𝜇 < 𝜆𝜌,

the function

𝑤 ∶= 𝜅
cos 𝜃 − 𝜇 tan(𝜇𝑦)

is strictly positive on the initial curve Γ𝜌, except at the left endpoint, where it vanishes.

Observe that

𝑤𝑠 =
𝜅𝑠

cos 𝜃 + sin 𝜃 ( 𝜅2
cos2 𝜃

− 𝜇2 sec2(𝜇𝑦)) .

In particular, at the left endpoint on the initial curve,

𝑤𝑠 =
𝜅𝑠

cos 𝜃 − 𝜇2 sin 𝜃 = (𝜆2𝜌 − 𝜇2) sin 𝜃 > 0 .

Thus (since 𝑤𝑠 is continuous at 𝑜 at time zero), if 𝑤 fails to remain non-negative at positive

times, then this failure must occur immediately following some interior time 𝑡∗ > 0.

There are three possibilities: 1. 𝑤𝑠(⋅, 𝑡∗) = 0 at the left endpoint, 2. 𝑤(⋅, 𝑡∗) = 0 at the right

endpoint; or 3. 𝑤(⋅, 𝑡∗) = 0 at some interior point, 𝑝∗.
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The first of the three possibilities is immediately ruled out by the Hopf boundary point

lemma.

In the second case, the Hopf boundary point lemma and the Neumann boundary

condition yield, at the right endpoint,

0 > 𝑤𝑠 =
𝜅

cos 𝜃 + sin 𝜃 ( 𝜅2
cos2 𝜃

− 𝜇2(1 + tan2(𝜇𝑦))) = 𝜇 tan(𝜇𝑦) − 𝜇2𝑦 ≥ 0 ,

which is absurd.

In the final case (having ruled out the first two), 𝑤 must attain a negative interior

minumum just following time 𝑡∗. But at such a point, 𝑤 < 0, 𝑤𝑠 = 0 and

0 ≥ (𝜕𝑡 − ∆)𝑤

= (𝜕𝑡 − ∆)𝜅
cos 𝜃 − 𝜅(𝜕𝑡 − ∆) cos 𝜃

cos2 𝜃
+ 2 ( 𝜅

cos 𝜃)𝑠
(cos 𝜃)𝑠
cos 𝜃 − (𝜕𝑡 − ∆)(𝜇 tan(𝜇𝑦)) .

Since

(𝜕𝑡 − ∆)𝜅 = 𝜅3 , (𝜕𝑡 − ∆) cos 𝜃 = 𝜅2 cos 𝜃 and (𝜕𝑡 − ∆)𝑦 = 0 ,

we conclude that

0 ≥ − 2 ( 𝜅
cos 𝜃)𝑠

𝜅 tan 𝜃 + 2𝜇 tan(𝜇𝑦)(𝜇 tan(𝜇𝑦))𝑠 sin 𝜃

= 2(𝜇 tan(𝜇𝑦))𝑠 sin 𝜃 (𝜇 tan(𝜇𝑦) −
𝜅

cos 𝜃)

= 2𝜇2 sec2(𝜇𝑦) (𝜇 tan(𝜇𝑦) − 𝜅
cos 𝜃)

> 0 ,

which is absurd.

Having ruled out each of the three possibilities, we conclude that 𝑤 ≥ 0 for any 𝜇 < 𝜆𝜌.

The claim follows.

In the limit as 𝜌 → 0, we then obtain

𝜅
cos 𝜃 ≥ 𝜆0 tan(𝜆0𝑦) (5)

on the ancient solution, where 𝜆0 = lim𝜌→0 𝜆𝜌.
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We now find that, as a graph over the 𝑥-axis (for 𝑡 sufficiently negative),

(sin(𝜆0𝑦))𝑡 = 𝜆 cos(𝜆0𝑦)𝑦𝑡 = 𝜆0 cos(𝜆0𝑦)
√
1 + 𝑦2𝑥𝜅 = 𝜆0 cos(𝜆0𝑦)

𝜅
cos 𝜃 ≥ 𝜆20 sin(𝜆𝑦) ,

and hence
(
e−𝜆20𝑡 sin(𝜆0𝑦)

)
𝑡
≥ 0 ,

which implies that the limit

𝐴(𝑥) ∶= lim
𝑡→−∞

e−𝜆20𝑡𝑦(𝑥, 𝑡)

exists in [0,∞) for each 𝑥 ∈ (−𝑑, 1).

Recall that 𝜃−(𝑡) ∼ e
𝑡

𝑎+1 for 𝑡 ∼ −∞. In particular, 𝜃(𝑡) ≤ 𝜃−(𝑡) is integrable. We will

exploit this fact to show that the limit 𝐴(𝑥) is positive (at least near 𝑥 = 1). First, we shall

show that 𝜅 is integrable.

Lemma 3.4. There exist 𝜌0 > 0, 𝑇 > −∞, 𝐶 < ∞ and 𝛿 > 0 such that

𝜅 ≤ 𝐶e𝛿𝑡 for 𝑡 ≤ 𝑇

on each old-but-not-ancient solution {Γ𝜌𝑡 }𝑡∈[𝛼𝜌,𝜔𝑑) with 𝜌 < 𝜌0.

Proof. Since

(𝜕𝑡 − ∆) sin 𝜃 = 𝜅2 sin 𝜃 ,

we find that

(𝜕𝑡 − ∆) 𝜅
sin 𝜃 = 2∇ 𝜅

sin 𝜃 ⋅
∇ sin 𝜃
sin 𝜃 .

So the maximum principle guarantees that the maximum of 𝜅
sin 𝜃

occurs at the parabolic

boundary. Now, at the left boundary point, 𝜅
sin 𝜃

= 0, while at the right,

( 𝜅
sin 𝜃)𝑠

= 𝜅
sin 𝜃 (

𝜅𝑠
𝜅 − cos 𝜃𝜅

sin 𝜃 ) = 𝜅
sin 𝜃

(1 − 𝜅
tan 𝜃

) .

By (4), we can find 𝑇 > −∞ (independent of 𝜌) so that cos 𝜃(𝑡) ≥ 1
2

for all 𝑡 ≤ 𝑇. We thereby

conclude that
𝜅

sin 𝜃 ≤ max {2,max
𝑡=𝛼𝜌

𝜅
sin 𝜃 }
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for all 𝑡 ≤ 𝑇. Since max𝑡=𝛼𝜌
𝜅

sin 𝜃
≤ 𝜆𝜌 tanh(𝜆𝜌(1 + 𝑑)) → 𝜆20 < 1 as 𝜌 → 0, we find that

𝜅 ≤ 2 sin 𝜃 ≤ 2 sin 𝜃− (6)

for all 𝜌 sufficiently small. The claim follows since 𝜃− is comparable to 21+
𝑎

1+𝑎 e
𝑡

1+𝑎 as

𝑡 → −∞.

Corollary 3.5. There exist 𝑇 > −∞, 𝐶 < ∞ and 𝛿 > 0 such that

𝜅
𝑦 ≤ 𝜆20 + 𝐶e𝛿𝑡 for 𝑡 < 𝑇

on the ancient solution.

Proof. Given 𝜌 < 𝜌0, set

𝜂𝜌(𝑡) ∶= 𝜆2𝜌 (exp
(𝐶2
2𝛿
e2𝛿𝑡

)
− 1) ,

where 𝜌0, 𝐶 and 𝛿 are the constants from Lemma 3.4, so that

𝜂′𝜌
𝜆2𝜌 + 𝜂𝜌

= 𝐶2e2𝛿𝑡

and hence, for 𝑡 < 𝑇,

(𝜕𝑡 − ∆)
(
𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦

)
= 𝜅3 − 𝜂′𝜌𝑦

≤ 𝐶2e2𝛿𝑡𝜅 −
𝜂′𝜌

𝜆2𝜌 + 𝜂𝜌
(𝜆2𝜌 + 𝜂𝜌)𝑦

= 𝐶2e2𝛿𝑡
(
𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦

)
.

Since 𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦 = 0 at the left endpoint and (𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦)𝑠 = 𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦 at the right

endpoint, we find that

𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦 ≤ exp (𝐶
2

2𝛿 e
2𝛿𝑡)

(
𝜅 − (𝜆2𝜌 + 𝜂𝜌)𝑦

)|||||𝑡=𝛼𝜌

on each of the old-but-not-ancient solutions with 𝜌 < 𝜌0, and hence, taking 𝜌 → 0,

𝜅 ≤ (𝜆20 + 𝜂0)𝑦

on the ancient solution. The claim follows since, by the mean value theorem, we may

estimate 𝜂0 ≤
𝜆20𝐶

4

4𝛿2
e2𝛿𝑡 for 𝑡 < 0.
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By the estimate (4) and Corollary 3.5, we can find 𝑇 > −∞, 𝐶 < ∞ and 𝛿 > 0 such that

our ancient solution satisfies

(log 𝑦)𝑡 =
𝜅

𝑦 cos 𝜃
≤ 1
√
1 − 4𝐶2e2𝛿𝑡

𝜅
𝑦
≤ (1 + 8𝐶2e2𝛿𝑡)𝜅

𝑦
≤ 𝜆20 + 𝐶4e2𝛿𝑡

for 𝑡 < 𝑇. Integrating from time 𝑡 < 𝑇 to time 𝑇 and rearranging then yields

𝑦 ≥ 𝐵e𝜆20𝑡 , 𝐵 > 0 .

Since the gradient of the solution is bounded by tan 𝜃 ≤ 𝐶e𝜆20𝑡 for 𝑡 ≤ 𝑇, this guarantees

that the limit 𝐴(𝑥) ∶= e−𝜆20𝑡𝑦(𝑥, 𝑡) is positive for all 𝑥 > 𝑥0 where 𝑥0 < 1.

4 Uniqueness

4.1 Unique asymptotics

Consider now any convex ancient Dirichlet–Neumann curve shortening flow {Γ𝑡}𝑡∈(−∞,𝜔)

with Dirichlet endpoint 𝑜 ∈ 𝐷 ⧵ {0}.

Lemma 4.1. Up to a time-translation, a rotation about the origin, and a reflection about

the 𝑥-axis, we may arrange that

– 𝑜 = (−𝑑, 0) for some 𝑑 ∈ (0, 1],

– (0, 1) ∈ Γ0,

– Γ𝑡 lies in the upper half disc for all 𝑡, and

– Γ𝑡 → {(𝑥, 0) ∶ 𝑥 ∈ [−𝑑, 1]} uniformly in the smooth topology as 𝑡 → −∞.

Proof. Up to a time translation, we may arrange that 𝜔 > 0. Up to rotation and a reflection,

we may then arrange that 𝑜 = (−𝑑, 0), 𝑑 ∈ (0, 1], and (cos 𝜃(0), sin 𝜃(0)) lies in the upper

half-disc. This ensures that (cos 𝜃(𝑡), sin 𝜃(𝑡)) lies in the upper half-disc for all 𝑡 < 0. Indeed,

if 𝜃(𝑡∗) = 0 for some 𝑡∗ < 0, then convexity and the boundary conditions guarantee that

Γ𝑡∗ = {(𝑥, 0) ∶ 𝑥 ∈ [−𝑑, 1]}; so {Γ𝑡}𝑡∈(−∞,𝜔) is the stationary unstable critical arc.
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Denote by Ω𝑡 the region lying above Γ𝑡 ∪ {(0, 𝑥) ∶ 𝑥 ∈ [−1,−𝑑]} and set Ω ∶= ∪𝑡<𝜔Ω𝑡. The

first variation formula for enclosed area yields

𝑑
𝑑𝑡 area(Ω𝑡) = −∫

Γ𝑡
𝜅 𝑑𝑠 = −(𝜃(𝑡) − 𝜃(𝑡))

and hence

area(Ω𝑡) = area(Ω0) + ∫
0

𝑡
(𝜃(𝜏) − 𝜃(𝜏)) 𝑑𝜏 .

Since area(Ω) is finite, 𝜃 − 𝜃 must converge to zero along some sequence of times 𝑡𝑗 → −∞.

Since 𝜃 > 0, this ensures thatΩ is the upper half-disc, and hence Γ𝑡 converges uniformly to

the unstable critical arc as 𝑡 → −∞. Parabolic regularity theory then guarantees smooth

convergence.

Since the flow is monotone, Γ𝑡 must then lie in the upper half disc for all 𝑡. We have

thus shown, when 𝑑 < 1, that 𝜔 = ∞ and Γ𝑡 converges smoothly to the minimizing arc

as 𝑡 → ∞ and, when 𝑑 = 1, that 𝜔 < ∞ and Γ𝑡 converges uniformly to 𝑜 as 𝑡 → 𝜔. Up to a

further time-translation, we may therefore arrange that the point (0, 1) lies in Γ0.

Lemma 4.2. For every 𝑡 ∈ (−∞,𝜔), 𝜅𝑠 > 0.

Proof. Since 𝜅𝑠 ≥ 0 at both endpoints, the claim may be obtained by applying the maxi-

mum principle exactly as in [BL23, Lemma 3.3].

Proposition 4.3. There exists 𝐴 ∈ [0,∞) such that

𝑦(𝑥, 𝑡) = 𝐴e𝜆20𝑡(sinh(𝜆(𝑥 + 𝑑)) + 𝑜(1)) (7)

uniformly as 𝑡 → −∞.

Proof. Denote by {Γ∗𝑡 }𝑡∈(−∞,𝜔) the constructed solution. Since Γ0 and Γ∗0 both contain the

point (0, 1), the contrapositive of the avoidance principle guarantees that Γ𝑡 must intersect

Γ∗𝑡 away from 𝑜 at every time 𝑡 < 0. It follows that the value of 𝜃 on the second solution

must at no time exceed the value of 𝜃∗ on the constructed solution. But then, applying

the gradient bound (3) and estimating sin 𝜃∗ ≤ 𝐴e𝜆20𝑡 + 𝑜(e𝜆20𝑡) yields

𝑏
1 + 𝑎𝑦 ≤

𝑏 sin 𝜃
1 + 𝑎 cos 𝜃

≤ tan 𝜃 ≤ 2 sin 𝜃 ≤ 2 sin 𝜃∗ ≤ 2(𝐴e𝜆20𝑡 + 𝑜(e𝜆20𝑡))
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as 𝑡 → −∞, and hence, when 𝑑 < 1,

lim sup
𝑡→−∞

e𝜆20𝑡𝑦(𝑡) < ∞. (8)

Since the height function 𝑦 satisfies the (intrinsic) Dirichlet–Robin heat equation

⎧

⎨
⎩

(𝜕𝑡 − ∆)𝑦 = 0

𝑦 = 0 at 𝑜 , 𝑦𝑠 = 𝑦 at (cos 𝜃, sin 𝜃) ,

we may apply Alaoglu’s theorem and elementary Fourier analysis as in [BL23, Proposition

3.4] to obtain (7).

When 𝑑 = 1, we need to work a little harder to obtain (8): at any time 𝑡 < 0, either

𝑦(𝑡) ≤ 𝑦∗(𝑡), as desired, or 𝑦(𝑡) > 𝑦∗(𝑡). In the latter case, the avoidance principle and

the Dirichlet condition ensure that 𝑦∗(⋅, 𝑡) − 𝑦(⋅, 𝑡) attains a positive maximum at an

interior point. Since the Dirichlet–Neumann circular arc 𝐶𝜃(𝑡) lies below Γ𝑡 (with common

boundary), we can find some 𝑡0 > 𝑡 and 𝑥0 ∈ (−1, cos 𝜃(𝑡0)) such that the advanced arc

𝐶𝜃(𝑡0) touches Γ∗𝑡 from above at the interior point (𝑥0, 𝑦∗(𝑥0, 𝑡)), and hence

𝑦𝜃(𝑡0)(𝑥0) = 𝑦∗(𝑥0, 𝑡) =∶ 𝐴0 and (𝑦𝜃(𝑡0))𝑥(𝑥0) = 𝑦∗𝑥(𝑥0, 𝑡) =∶ 𝐵0 ,

where

𝑦𝜃(𝑥) = 𝑟(𝜃) −
√
𝑟2(𝜃) − (𝑥 + 1)2 , 𝑟(𝜃) ∶= 1 + cos 𝜃

sin 𝜃 .

That is,

𝑟0 −
√
𝑟20 − (𝑥0 + 1)2 = 𝐴0 and 𝑥0 + 1

√
𝑟20 − (𝑥0 + 1)2

= 𝐵0 ,

where 𝑟0 ∶= 𝑟(𝜃(𝑡0)). Rearranging, these become

𝑥0 + 1 = 𝐵0𝑟0√
1+ 𝐵20

and 𝑟0 = 𝐴0 +
𝑥0 + 1
𝐵0

= 𝐴0 +
𝑟0√
1+ 𝐵20

,

which together imply that

(
√
1 + 𝐵20 − 1) 𝑟0 = 𝐴0

√
1+ 𝐵20 =

𝐴0
𝑥0 + 1𝐵0𝑟0 .
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Eliminating 𝑟0 and rearranging, we conclude that

𝐴0
(𝑥0 + 1)𝐵0

= 1

1 +
√
1 + 𝐵20

. (9)

We claim that this is only possible (when −𝑡 is sufficiently large) if 𝑥0 is close to one.

Indeed, the asymptotic linear analysis yields, for some 𝐴 ∈ (0,∞),

⎧

⎨
⎩

𝐴0 = 𝑦∗(𝑥0, 𝑡) = 𝐴e𝜆20𝑡 (sinh(𝜆0(𝑥0 + 1)) + 𝑜(1))

𝐵0 = 𝑦∗𝑥(𝑥0, 𝑡) = 𝐴𝜆0e𝜆
2
0𝑡 (cosh(𝜆0(𝑥0 + 1)) + 𝑜(1))

as 𝑡 → −∞ .

(Note that, recalling (6), we may estimate 𝑦∗𝑥𝑥 ≲ 𝜅∗ ≤ 2 sin 𝜃∗ ≤ 𝐶e𝜆20𝑡, which justifies the

uniform 𝐶1 convergence of e−𝜆20𝑡𝑦∗(⋅, 𝑡).) Recalling (9), we conclude that

tanh(𝜆0(𝑥0 + 1))
𝜆0(𝑥0 + 1)

→ 1
2 as 𝑡 → −∞ .

This implies that 𝑥0 = 1 − 𝑜(1) as 𝑡 → −∞ and hence, as 𝑡 → −∞,

sin 𝜃(𝑡) ≤ sin 𝜃(𝑡0) = (1 + 𝑥(𝑡0))𝑟−10 ∼ (1 + 𝑥0)𝑟−10 = 𝐵0√
1+ 𝐵20

≤ 𝐵0 ∼ e𝜆20𝑡

as desired.

4.2 Uniqueness

Uniqueness may now be established using the avoidance principle, as in [BL23, Proposi-

tion 3.5]. Combined with Theorem 3.2 and the asymptotics (7), this completes the proof

of Theorem 1.1.
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