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Abstract:

Given any non-central interior point o of the unit disc D, the diameter
L through o is the union of two linear arcs emanating from o which meet
aD orthogonally, the shorter of them stable and the longer unstable (under
these boundary conditions). In each of the two half discs bounded by L, we
construct a convex eternal solution to curve shortening flow which fixes o
and meets D orthogonally, and evolves out of the unstable critical arc at
t = —oo and into the stable one at t = +0. We then prove that these two
(congruent) solutions are the only non-flat convex ancient solutions to the
curve shortening flow satisfying the specified boundary conditions. We obtain
analogous conclusions in the “degenerate” case o € dD as well, although in
this case the solution contracts to the point o at a finite time with asymptotic
shape that of a half Grim Reaper, thus providing an interesting example for

which an embedded flow develops a collapsing singularity.
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1 Introduction

Variational problems subject to boundary constraints are ubiquitous in pure and applied
mathematics and physics. One of the simplest such problems is to find and study paths
of critical (e.g. minimal) length amongst those joining a given point o in some domain Q
to its boundary Q. When Q is a Euclidean domain, such paths are, of course, straight
linear arcs from o to 6Q which meet 4Q orthogonally.

While characterizing all such curves is a non-trivial problem in general (even for
convex Euclidean domains, say), the “Dirichlet-Neumann geodesics” in the unit disc in
R? are easily found: when o is the origin, they are the radii; when o is not the origin, there
are exactly two, and their union is the diameter through o.

One useful tool for analyzing such variational problems is the (formal) gradient
flow (a.k.a. steepest descent flow), which in this case is the “Dirichlet-Neuman curve
shortening flow”; this equation evolves each point of a given curve with velocity equal
to the curvature vector at that point, subject to holding one endpoint fixed at o with the
other constrained to 6Q, which is met orthogonally.

While curve shortening flow is now well-studied under other boundary conditions
— particularly the “periodic” (i.e. no-boundary) [And12, AB11a, AB11b, BLT20, DHS10,
GH86, Gag84, Gra87, Hui98], “Neumann-Neumann” (a.k.a. free boundary) [BBC, BL23,
Buc05, Ede20, Hui89, Ko, LZ, Sta96a, Sta96b] and “Dirichlet-Dirichlet” [ALT, Hui98] con-
ditions — we are aware of no literature considering the mixed “Dirichlet-Neumann”
condition.

Our main result (inspired by [BL23]) is the following classification of the convex

ancient solutions which arise in the simple setting of the unit disc.

Theorem 1.1. Given any d € (0, 1], there exists a convex, locally uniformly convex ancient

solution {Ff}te(_m,wd) to curve shortening flow in the unit disc D with one endpoint fixed at
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o := (—d,0) and the other meeting oD orthogonally. The timeslices T each lie in the upper
half-disc, and converge uniformly in the smooth topology ast — —oo to the unstable critical

arc {(x,0) : x € [—d, 1]}, as a graph over the x-axis,
eF’ty(x,t) - Asinh(A(x + d)) uniformly inx as t -» —oo

for some A > 0, where 1 is the positive solution to tanh(A(1 + d)) = 1.

When d < 1, wy = +o0 and the timeslices converge uniformly in the smooth topology
ast — +oo to the minimizing arc {(x,0) : x € [-1,—d]}. Whend = 1, w; < oo and the
timeslices contract uniformly ast — w, to the point o and, after performing a standard
type-1I blow-up, converge locally uniformly in the smooth topology to the right half of the
downward translating Grim Reaper.

Modulo time translations and reflection about the x-axis, {Ff}te(_m,wd) is the only non-flat

convex ancient curve shortening flow subject to the same boundary conditions.

En route to proving Theorem 1.1, we establish the following convergence result (cf.
[ALT, GH86, Gag84, Gra87, LZ]), which is of independent interest (see the proof of Lemma
3.1).

Theorem 1.2. Let T be an oriented smooth convex arc in the upper unit half-disc D, with
left endpoint o = (—d,0), d € (0,1], where its curvature vanishes, and right endpoint on oD,
which is met orthogonally. Suppose that the curvature of T increases monotonically with
arclength from o. If d < 1, then the Dirichlet-Neumann curve shortening flow starting from
[ exists for all positive time t and converges uniformly in the smooth topology ast — o to
the minimizing arc joining o to dD. If d = 1, then the Dirichlet-Neumann curve shortening
flow starting from T converges uniformly to the point o ast - w < oo and, after performing
a standard type-II blow-up, converges locally uniformly in the smooth topology to a half

Grim Reaper.

Though the curvature monotonicity hypothesis appears unnaturally restrictive in
Theorem 1.2, we note that some such additional condition is required to prevent the

development of self-intersections at the Dirichlet endpoint (resulting in subsequent
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cusplike singularities). Moreover, as Theorem 1.2 demonstrates in case the Dirichlet
endpoint lies on the boundary, collapsing singularities may form at the Dirichlet endpoint
even when the flow remains embedded. It is not hard to see that this can also occur when
the Dirichlet endpoint lies to the interior (as a limiting case of the flow forming a cusp

singularity just after losing embeddedness, say).
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2 Preliminaries

Fix a point o = (—d,0) € D in the unit disc D ¢ R?, with d € (0,1]. Denote by C; ¢ D
the circular arc which passes through o and meets the boundary of D orthogonally at

(sin 6, cos 0); that is,

Co :={(x,y)€D: (x—=&*+y—n’=r%,
where, defining a := %(d‘1 +d),

_1+d*+2dcos6® a+cosb

(&,7m) :=(cosB,sinf) + r(—sinf,cos6) and r : 2dsing Sino

Consider also the circular arc Cy ¢ D which is symmetric about the y-axis and meets

oD orthogonally at (cos 6, sin 6). That is,
Co i={x*+(y—1)?=#},

where

7 :=cscH and ¥ :=cotH.
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Proposition 2.1. The family {Cs+)}ic(—c00) Where 6 (t) := arcsine?, is a supersolution to

curve shortening flow. The family {Co-(;)}ie(—cow,)» Where 67 is the solution to

dé _ sinf
dt  a+cosf 1)
mm:%

is a subsolution to curve shortening flow.

Remark 1. Separating variables, the problem (1) becomes

[ [ [ oo (2) s (2)
and hence
el =2sin' ™ (6 2(0) cos!™¢ (6_2(0) )

t

In particular, for all d € (0, 1], the solution certainly exists for all t < 0, with 6~(¢) ~ 21+aea+t
ast - —oo. When d € (0, 1), the solution exists up to time wy; = +o0, and lim,_, , , 67(t) = 7.

When d = 1, the solution exists up to time w,; = log2, and lim,_,,,, 67(t) = 7.

Proof of Proposition 2.1. The first claim is proved in [BL23, Proposition 2.1].

To prove the second claim, consider any monotone increasing function 6 of ¢, and
let y(u,t) = (x(u,t),y(u,t)) be a general parametrization of Cy(. Differentiation of the
equation

=&+ -n)=r

with respect to ¢ along y and 6 yields

(x = &)x; — &g6) + (v — (Y — 1eO;) = 176, .

Since the outward unit normal to Cy at (x,y)isv = l(x — &,y —n), this becomes
r

r

x—§ y—1
—Vt'V=—< §o + . 776+”’e)9z-

We claim that
1 __ Y
~(x §,y—n)-(Eg.mo) +ro= S
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Indeed,

L=y -m- Ene)

= %((x, ) — (cos 8, sin §) — r(—sin 6, cos e))) : ((1 + rg)(—sin 6, cos 0) — r(cos 6, sin e))

—((x,y) — (cos 8,sin 0) — r(—sin 6, cos 0))) - (cot 6(— sin 6, cos 6) + (cos B, sin O))

—(x,y) - (cot8(—sin B, cosO) + (cos O,sinB)) + 1 + rcotb

—(x,y)-(0,cscB) —rg,

from which the claim follows.
Since, y < sin6 along Cy, taking 6 to be the solution to the specified initial value
problem yields

_y .'V=L9 —
! sin6 '~ sin®

as claimed. O

Next consider {H;};e(—c ), the fundamental domain of the horizontally oriented hair-

clip solution to curve shortening flow centred at o; that is,

H, :={(x,y) € [0, ) x [0, %] : sin(y) = e’ sinh(x + d)}.

-
-
-

-
-
.

T
4
L ]
H
H
L
N . N
SN e ~ ~ ~ ~ N

.
~a oS

~~.

........

Figure 1: Some timeslices of (one period of) the “hairclip” solution.

Given any 4 > 0, define {H/},c(_« ) by parabolically rescaling the hairclip by 4. That is,
H? 1= A"'Hy = {(x,y) € [0, 0) x [0, %] : sin(y) = e’ sinh(A(x + d))}.
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Observe that {H};c(_o.c0) Satisfies

L] tan(1y) and L = Atanh(A(x + d)),
cosf sin 6
where 6 € [0, 2] is the angle the tangent vector makes with the x-axis. From this we see,
> g g

in particular, that x is positive and monotone increasing with respect to arclength from o.

Proposition 2.2. For each 6 € (0, %) there exists a unique pair (4,t) such that Hf intersects

oD orthogonally at (cos 6, sin ).

Proof. Given any 6 € (0, %), substituting the point (cos8,sin6) for (x,y) in the defining
equation sin(ly) = e’ sinh(A(x + d)) and solving for ¢ yields for each 1 € (0, ﬁ) the
unique timeslice of the (fundamental domain of the) Hairclip solution which intersects

oD at (cos 6, sin 0); namely,

fo -2 ln( sin(4 sin 6) ) .

sinh(A(cos 6 + d))
At that point, the normal satisfies

sin(A sin 8) cos 8 — tanh(A(cos 6 + d)) cos(Asin 8) sin 6
tanh(A(cos 6 + d)) cos(A sin 6)
tan(A sin 6) cos 6
= — 1,0),
tanh(A(cos 6 + d))g( )

v,(cos8,sinB) - (cosB,sinf) =

where

g(4,0) := tanh(A(cos 6 + d))cot(AsinO)tanb — 1.

Observe that

limg(4,0) =d-sec6 >0, lim g4,6)=-1<0
AN\0 2 T

2sin@
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and
dg _ . 2
Fr i tan 9[(003 6 + d) cot(A sin 8) sech”(A1(cos 6 + d))
—sin 8 csc?(A sin 6) tanh(A(cos 8 + d))]
tan 6 tanh(A(cos 6 + d)) A(cos6 + d) }
= Asin 6 h(4 0+d
A sin(Asin 6) sinh(A(cos @ + d)) cos(4sind) sech(4(cos 6 + d))
B Asin6 ]
sin(4 sin 6)
h
< tan O tan' (/1((:,08 9 +d) [cos(A sin 8) sech(A(cos O + d)) — 1]
Asin(Asin 6)
<0
for 2 € (o, 28;6). It follows that there exists a unique 4 such that
v,(cos6,sinB) - (cosH,sinb) = 0.
The claim follows. O

tanh(A(d+1)))

Remark 2. Note that, since limg_,; g(1,6) = —1, the function g(4, 6) isnon-negative

at 6 = 0solong as 1 > 4, where 4, is the unique positive solution to the equation
A =tanh(A(d + 1)).

Proposition 2.3 (A priori estimates). Let ' ¢ D, be a smooth, convex embedding of a
closed interval with left endpoint o = (—d,0), d € (0,1], and right endpoint meeting D
orthogonally, and suppose that the curvature x of T increases monotonically with respect
to arclength from o. Denote by 6 resp. 0 the least resp. greatest value taken by the turning
angle along T and by x = x(6) the greatest value taken by .

The circle Cy lies below T. Thus,

sin 6

K> — (2)
a+cos6
and _
6 > arccot (ﬂ) , (3)
bsin6
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where b := %(d‘1 —d) and we recall that a := %(d‘1 + d), with the right hand side taken to

be zeroin cased = 1.

Proof. Suppose, to the contrary, that C; does not lie below T'. Then some point of ' must lie
strictly below C3, and hence (since the endpoints of the two curves agree) upon translating
Cs downwards, the two curves will continue to intersect until some final moment, at
which they must make first order contact at some interior point g € I'. At this point,
the curvature x of I must be no less than 1/ r(5) (the curvature of C3). But then, by the
monotonicity of x, x must exceed 1/r(6) on the whole segment of T joining g to 8D, in
which case (since I and C3 make first order contact at D) the point g must lie strictly
above Cz, which is absurd. So C; must indeed lie below T. The first inequality is then

immediate and the second is straightforward. O

(cos b, sin0)

Figure 2: Scaled hairclip timeslice and circular arcs through the prescribed boundary

points o and (cos 6, sin 6).

3 Existence

For each d € (0,1] and p € (0,2), let I* C D, be a smooth oriented arc satisfying the
2

following properties.

— The left endpoint of I* is 0 = (—d, 0), where its curvature vanishes, and its right

endpoint meets 6D orthogonally at (cos p, sin p).

— I'? is convex.
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— The curvature of I* is monotone increasing with respect to arclength from o.

For example, we could take I'* := Hf: N D, where (4,,t,) are the unique choice of (4, t)

which ensure that H} meets 6D orthogonally at (cos p, sin p).

Lemma 3.1 (Very old (but not ancient) solutions). For each d € (0,1] and p € (0, %) there
exist a, < 0 such that a, > —c as p — 0 and a smooth' curve shortening flow {ry Stela, w0

in D exhibiting the following properties.
- TG =T%,

- Foreacht € [a,,w,), I} is an oriented embedding of a closed interval, with left endpoint

o = (—d, 0) and right endpoint meeting 6D orthogonally.
— For eacht € [a,,wy), T} is convex.

— For each t € [a,,wy), the curvature of I is monotone increasing with respect to

arclength from o.

- Ifd < 1, then w; = co and I converges uniformly in the smooth topology as t — oo to

the minimizing arc {(x,0) : x € [-1,—d]}.

— Ifd =1, then wy € (0,0) and I'Y converges uniformly as t — wy to the point o, and
there are sequences of times t; /' wy, points p; € l“fj , and scales 1; /' o such that

el . .
the sequence {1;( Ater, T p j)}te[/ljmp—tj),/lj%(wp— j-1-1)) converges locally uniformly in the

smooth topology as j — o to the right half of the downwards translating Grim Reaper.

Proof. Form the “odd doubling” I'* of T'* by taking the union of I'* with its rotation through

angle 7 about o. Since I*? is a regular curve of class C? and there exists a ball B about

) 18 given by a family of immersions of the interval [0, 1] which is of class

Co([0,1] % (@, 00)) N CTP15([0,1) % [, 00)) N C7P15((0,1] % [, @,)) for any § € (0,1). Without additional

'More precisely,{I7 }e,

compatibility conditions at the boundary points, higher regularity at the initial time may fail. However, if
the curvature of I'” is odd resp. even at its left resp. right boundary point, then the solution will be smooth

up to the left resp. right boundary point at the initial time.
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(cos p, sin p) (of radius 1/10, say) which is disjoint from the rotation of I'* through angle
7 about o, where I'* meets 4D orthogonally, Stahl’s short-time existence theorem for
free boundary mean curvature flow [Sta96b, Theorem 2.1] yields a solution {I%},c()
to Neumann-Neumann curve shortening flow with boundary on the odd doubling of
oD n B for a short time § > 0. Since this solution is uniquely determined by its initial
condition, it must be invariant under rotation through angle 7 about o, and hence descend
to a solution {I% }tefo.6) to Dirichlet-Neumann curve shortening flow in D with Dirichlet
condition o and initial condition I'*. Denote by T the maximal time of existence of the
latter.

Since the curvature of {I},c(o ) satisfies

6, — Ak =3
x =0 ato, and
x, =x at oD,
where s denotes arclength from o, the maximum principle (and Hopf boundary point
lemma) ensure that x remains positive on I \ {o} for ¢ > 0.

For similar reasons, positivity of x; is also preserved. Indeed, using the commutator

relation

[at’ as] = Kzas s
the identity 0 = x; = Ax at o, and the positivity of x away from o, we find that
(0, — A)xg = 4x’xg
(x,) =0 at o, and
x, >0 at dD,

so the claim once again follows from the maximum principle.
Since 6, = ¥ > 0 and 6 < 7 (when d < 1, the maximum principle prevents I from
ever reaching the minimizing arc — a stationary solution to the flow) we find that 6

must attain a limit as ¢t — T. We claim that this limit is 7. Indeed, if 0 < 6, < « for all
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t € [0,T), then, representing the solution as a graph over the line {(—d,y) : y € R}, the
“gradient estimate” (3) yields a uniform bound for the gradient, at least when d < 1. But
then, by applying parabolic regularity theory (see, for instance, [Lie96]) to the graphical

Dirichlet-Neumann curve shortening flow equation

x . p—
X = T s In [0,57(1)]
1 x0,0)=0
x,(¥(8), 1) = cotB(r),

where y(t) :=sin 5(t), we obtain uniform estimates for all derivatives of the graph func-
tions x(-, t) (cf. [Sta96b]). To obtain corresponding estimates when d = 1, we instead rep-
resent the solution as a graph over the “tilted” line through (-1, 0) and (cos(8(T)), sin(6(T)))
and use the “gradient estimate” 6 > 0. The Arzela-Ascoli theorem and monotonicity of
the flow now ensure that x(-,t) takes a smooth limit as t — T, at which point the flow
can be smoothly continued by the above short time existence argument, violating the
maximality of T. We conclude that 5(t) —mast—T.

It now follows from (3) that 6(t) - = ast — T. When d = 1, we conclude that I
contracts to o as t — T. Note that in this case T < oo since the lower barriers Cy-(;) contract
to o in finite time. A more or less standard “type-I vs type-II" blow-up argument (cf. [LZ])
then guarantees convergence to the half Grim Reaper after performing a standard type-II
blow-up. (The flow must be type-II because the limit of a standard type-I blow-up —a
shrinking semi-circle — violates the Dirichlet boundary condition.)

When d < 1, we conclude that [’ converges uniformly to the minimizing arc {(x,0) :
x € [-1,—d]} as t — T. But then, for large enough ¢, I’ may be represented as a graph over
the x-axis with small gradient, at which point parabolic regularity, short-time existence
and the Arzela-Ascoli theorem guarantee that T = co and I converges uniformly in the
smooth topology to the minimizing arc.

T

Finally, since 6 is monotone, there is a unique time —a, > 0 such that 5(—ocp) =3

2sin

since the Neumann-Neumann circle C‘ep, where sin6, = e f , lies above I'*, we find (by
sin” p
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suitably time translating the upper barrier {Co+()}e(_w.0)> @s in [BL23]) that
5 i
4y < Llog (_P) .
2 1+sin”p
Time-translating the solution {I**},¢o ) by @, now yields the desired very old (but not

ancient) solution {I' }ie(a, c0)- O

Taking the limit as p — 0 of these very old (but not ancient) solutions yields our desired

ancient solution.

Theorem 3.2. Given any d € (0, 1], there exists a convex ancient Dirichlet-Neumann curve
shortening flow {T;};e(_w 0, N the upper half disc D, which converges uniformly in the
smooth topology to the unstable critical arc [-d,1] x {0} ast - —co. When d < 1, wy = o
and {T'}1e(—co ) CONVerges uniformly in the smooth topology as t — +co to the minimizing
arc [-1,—d] x {0}. Whend = 1, wy < co and I'{ converges uniformly as t — w, to the point o,
and there are a sequence of times t; / wg, right endpoints p; € Ffj , and scales A; /' oo such

that the sequence {1 j(Fi -p j)}te[a}%(ap—tj),aj%(wp— j-1-1))) converges locally uniformly in the

21+
j J
smooth topology as j — oo to the right half of the downwards translating Grim Reaper.

Proof. Given any sequence of angles p; \, 0, consider the sequence of corresponding very
old (but not ancient) solutions {I”/ btela; o) CONStructed in Lemma 3.1. Differentiating the

Neumann boundary condition and applying the estimate (2) yields the inequality

= = sin@

0, =%> ————
a+ cosf

on each of these solutions. It follows, by the ODE comparison principle, that each

(r/ btela, c0) Satisfies

6<6- (4)

for ¢ € [«;,0], where we recall that 0~ is the solution to (1). Since 6~ is independent of j,
this implies uniform estimates for the gradient on any time interval of the form [—c0, —T],
T > 0, when we represent {Ff }ela,~1) graphically over the x-axis. By parabolic regularity

theory and the Arzela-Ascoli theorem, we may then extract a smooth limit of the very old
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solutions {I‘{ }re(—0,0) after passing to a subsequence. This limit is ancient, since a, - —oo
as p — 0, reaches the point (0,1) at time zero (since each F{ intersects the convex domain
bounded by Cg.(, for each ¢ € (—,0)), and converges uniformly in the smooth topology
ast — —oo to the unstable Dirichlet-Neumann geodesic from o due to the estimate (4)
(and parabolic regularity theory). The longtime behaviour follows from the argument

presented above. O

3.1 Asymptotics

We now prove precise asymptotics for the height of the ancient solution constructed
in Theorem 3.2, assuming the initial conditions for the old-but-not-ancient solutions
. e : A
{rr btela, g are given by the hairclip timeslices I* = Ht: ND.
. . 0
Lemma 3.3. On each old-but-not-ancient solution {I; Stelay wq)

K

“osO > A, tan(4,y).

Proof. Note that equality holds on the initial curve I'* = Hif N D. Thus, given any u < 4,

the function

wi= tan(uy)
e 4

is strictly positive on the initial curve I'*, except at the left endpoint, where it vanishes.

Observe that

W, = 2 4 sing ©__ 2sec’(uy)
57 cosB cos2e M K]

In particular, at the left endpoint on the initial curve,

Ks 2w 22N
w, = —— — u*sinf = (12 — sin6 > 0.

Thus (since wy is continuous at o at time zero), if w fails to remain non-negative at positive
times, then this failure must occur immediately following some interior time t, > 0.
There are three possibilities: 1. w(-,¢,) = 0 at the left endpoint, 2. w(-,¢t,) = 0 at the right

endpoint; or 3. w(-,t,) = 0 at some interior point, p.,.
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The first of the three possibilities is immediately ruled out by the Hopf boundary point
lemma.

In the second case, the Hopf boundary point lemma and the Neumann boundary
condition yield, at the right endpoint,

x . i
0>ws= s + sin 6 (0052 5~ w1+ tanz(uy))) = utan(uy) — u2y >0,

which is absurd.
In the final case (having ruled out the first two), w must attain a negative interior

minumum just following time ¢,.. But at such a point, w < 0, w, = 0 and

_ (6, =AMk x(8; —A)cosb ( x ) (cos B),
~ cosf oo *\cose coso (6; — A)(u tan(uy)) .

Since

@, —Ax=x>, (3, —A)cosO =x%cos6 and (3, —A)y =0,

we conclude that
0> -2 <L> xtan 6 + 2u tan(uy)(u tan(uy)), sin 6
cosf/,

= 2(u tan(uy)), sin 6 (l‘ tan(uy) — ﬁ)

= 21> sec*(uy) (M tan(uy) — ﬁ)

>0,

which is absurd.
Having ruled out each of the three possibilities, we conclude that w > 0 for any u < 4,.

The claim follows. O
In the limit as p — 0, we then obtain
£ > 2, tan(Ay) (5)
cosf =0 oY

on the ancient solution, where 4, = lim,_ 4,.

Arnold Mathematical Journal, Vol.11(3), 2025 107


http://dx.doi.org/10.56994/ARMJ

Mat Langford, Yuxing Liu, George McNamara

We now find that, as a graph over the x-axis (for ¢ sufficiently negative),
(sin(Ao)); = cos(Aoy)y; = Ao cos(Aoy )\ 1+ ¥ = Ao cos(Aoy) ——= > 23 sin(A).
and hence
(e‘/lgt sin(/loy)) >0,
t

which implies that the limit

A(x) 1= lim e %ly(x, 1)
t—>—o00

exists in [0, o0) for each x € (—d, 1).
Recall that 6 (t) ~ es+1 for t ~ —oo. In particular, 5(t) < 67(¢) is integrable. We will
exploit this fact to show that the limit A(x) is positive (at least near x = 1). First, we shall

show that % is integrable.

Lemma 3.4. There exist p, > 0, T > —oo, C < co and § > 0 such that
k<Ce for t<T

on each old-but-not-ancient solution {T” btefa, wy) With p < po.

Proof. Since

(0, — A)sin® = x?sin 8,

we find that

X x  Vsinf
0, —A)—— =2V—- .
@ ) sin 6 sin6 sin6
So the maximum principle guarantees that the maximum of L@ occurs at the parabolic
sin

boundary. Now, at the left boundary point, ﬁ = 0, while at the right,

(K)_ x (E_COS@K)_ x 1 K
sin6/, siné\x  sin6/ up tand /|

By (4), we can find T > —oo (independent of p) so that cos 6(¢) > % for all t < T. We thereby

conclude that

x x
—— <max3{2, max —
sin t=a, sin®
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forallt < T. Since MaX;—q, ﬁ < A, tanh(4,(1 + d)) — /13 <1asp — 0,we find that

X <2sinf < 2sinf~ (6)

for all p sufficiently small. The claim follows since 6~ is comparable to 2P Teemn as

t > —o0. O
Corollary 3.5. There exist T > —oo, C < oo and § > 0 such that

<AZ+cCe® for t<T

on the ancient solution.

Proof. Given p < p,, set
CZ
np(t) =23 (exp (Eez‘”) - 1) :
where p,, C and § are the constants from Lemma 3.4, so that
!/
2779 = (220t
A5+ 1,

and hence, for¢t < T,

(6 = &) = (A3 +1p)y) =1 =Ly
77/
<C2Mi— —2 249y
= 2 ot
A+ 1

= C2e®(x — (A5 +7,)y).

Since x — (43 +7,)y = 0 at the left endpoint and (x — (13 +7,)y); = x — (13 +17),)y at the right
endpoint, we find that

CZ
K — (A2 +7,)y <exp| =<e® | (x— (47 + np)y)'
26 t=a,
on each of the old-but-not-ancient solutions with p < p,, and hence, taking p — 0,

K < (A3 +10)y

on the ancient solution. The claim follows since, by the mean value theorem, we may

. A2ct
estimate 7, < szem fort <o. O
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By the estimate (4) and Corollary 3.5, we can find T > —o0, C < o0 and & > 0 such that

our ancient solution satisfies

_ x 1 x
(logy); = <

}cosé B V1 —4C2e25t y

for ¢t < T. Integrating from time ¢ < T to time T and rearranging then yields

<1+ 8C2625t)§ < A%+ Cle®
y

y > Bel!, B>0.

Since the gradient of the solution is bounded by tan 6 < celt for ¢ < T, this guarantees

that the limit A(x) := e"l(z)ty(x, t) is positive for all x > x, where x, < 1.

4 Uniqueness

4.1 Unique asymptotics

Consider now any convex ancient Dirichlet-Neumann curve shortening flow {I';};¢(— o 0

with Dirichlet endpoint o € D \ {0}.

Lemma 4.1. Up to a time-translation, a rotation about the origin, and a reflection about

the x-axis, we may arrange that

o = (—d,0) for some d € (0,1],

(Oa 1) (S FO)

I; lies in the upper half disc for all t, and

I; = {(x,0) : x € [-d, 1]} uniformly in the smooth topology ast — —co.

Proof. Up to a time translation, we may arrange that w > 0. Up to rotation and a reflection,
we may then arrange that o = (—d,0), d € (0,1], and (cos@(O), sin5(0)) lies in the upper
half-disc. This ensures that (cos §(t), sin 5(t)) lies in the upper half-disc for all t < 0. Indeed,
if 6(¢,) = 0 for some ¢, < 0, then convexity and the boundary conditions guarantee that

I, ={(x,0) : x € [=d,1]}; S0 {[';};e(—0 ) 1 the stationary unstable critical arc.
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Denote by Q, the region lying above I’ U{(0,x) : x € [-1,—d]} and set Q := U,.,Q;. The

first variation formula for enclosed area yields

iuwmg=—fxm=—@m—gm
dt .

t

and hence o
area(Q;) = area(Qg) + f (5(1') —-0(1))dr.
t

Since area(Q) is finite, 6 — 6 must converge to zero along some sequence of times ¢; - —oco.
Since 6 > 0, this ensures that Q is the upper half-disc, and hence I, converges uniformly to
the unstable critical arc as t — —oo. Parabolic regularity theory then guarantees smooth
convergence.

Since the flow is monotone, I, must then lie in the upper half disc for all t. We have
thus shown, when d < 1, that w = o0 and I', converges smoothly to the minimizing arc
ast — oo and, when d = 1, that w < oo and I', converges uniformly too ast - w. Up to a

further time-translation, we may therefore arrange that the point (0, 1) lies in T, O

Lemma 4.2. For every t € (—o0,w), k; > 0.

Proof. Since x, > 0 at both endpoints, the claim may be obtained by applying the maxi-

mum principle exactly as in [BL23, Lemma 3.3]. O

Proposition 4.3. There exists A € [0, o) such that
y(x, 1) = Al (sinh(A(x + d)) + 0(1)) (7)
uniformly as t - —oo.

Proof. Denote by {I'; };¢_ ) the constructed solution. Since T, and I'; both contain the
point (0, 1), the contrapositive of the avoidance principle guarantees that I’ must intersect
I'; away from o at every time ¢ < 0. It follows that the value of 8 on the second solution
must at no time exceed the value of 6* on the constructed solution. But then, applying
the gradient bound (3) and estimating sin 6* < Ae%! + o(e!) yields
b y< bsin® — <tan6 < 2sin < 2sin 6* < 2(Aeh’ + o(ehi"))
1+a 1+ acosb B a
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ast — —oo, and hence, whend < 1,
lim sup €%y (1) < oo. (8)
t—>—o00

Since the height function y satisfies the (intrinsic) Dirichlet-Robin heat equation

(6 —A)y=0

y=0 at o, y,=y at (cosg,sing),

we may apply Alaoglu’s theorem and elementary Fourier analysis as in [BL.23, Proposition
3.4] to obtain (7).

When d = 1, we need to work a little harder to obtain (8): at any time ¢ < 0, either
y(t) < y*(t), as desired, or y(t) > y*(¢t). In the latter case, the avoidance principle and
the Dirichlet condition ensure that y*(-,t) — y(-,t) attains a positive maximum at an
interior point. Since the Dirichlet-Neumann circular arc Ca lies below I'; (with common
boundary), we can find some ¢, > ¢t and x, € (-1, cos 6(t,)) such that the advanced arc

Céao) touches I'; from above at the interior point (x,, y*(xo, t)), and hence

Yo Xo) = ¥ (X, 1) =1 Ag and 3¢,))x(Xo) = Yx(x0, 1) =: By,

where

1+ cosb

Yo(x) = r(0) =\Vr2(6) — (x + 1)2, r(6) := pr

/ Xo+1
VO— rg—(x0+1)2=A0 and 0 =Bo,
2
\Jr?2 = (3 + 1)2
0

That is,

where ry := r(5(t0)). Rearranging, these become

Byr Xo+1 r
00 and 70=A0+O—:A0+ 0

\/1+ B2 Bo \/1+ B2
which together imply that

AJ1+B2—1)ry=An/1+B2= 4 p
+t 5y~ L)l =4Ap\ L+ 0= Xo+1 000
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Eliminating r, and rearranging, we conclude that

Ao 1

(xo +1)Bo 1+w/1+B§

We claim that this is only possible (when —t is sufficiently large) if x, is close to one.

9

Indeed, the asymptotic linear analysis yields, for some A € (0, ),

Ag = Y*(xp,t) = Aehot (sinh(4y(xg + 1)) + 0o(1))
s as t - —oo.
By = yi(xo, ) = Adget (cosh(Ag(xp + 1)) + 0(1))

(Note that, recalling (6), we may estimate y*_ < %* < 2sin6* < celt, which justifies the

uniform C! convergence of et *(-,t).) Recalling (9), we conclude that

tanh(1g(xp + 1)) 1
— — aS t —» —oo.
Ao(xo + 1) 2

This implies that x, =1 —o0(1) ast - —c0 and hence, as t - —oo,

_ — _ B
sin 8(t) < sin6(ty) = (1 + X(to)ry" ~ (L + x)ry" = —0  <B,~el
\/1+ B}
as desired. O

4.2 TUniqueness

Uniqueness may now be established using the avoidance principle, as in [BL23, Proposi-
tion 3.5]. Combined with Theorem 3.2 and the asymptotics (7), this completes the proof
of Theorem 1.1.
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