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Abstract This note shows that the orbifold Jacobian algebra associated to each invert-
ible polynomial defining an exceptional unimodal singularity is isomorphic to the
(usual) Jacobian algebra of the Berglund—Hiibsch transform of an invertible polyno-
mial defining the strange dual singularity in the sense of Arnold.
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1 Introduction

Exceptional unimodal singularities consist of 14 isolated hypersurface singularities—
Q10, Q11, Q125 S115 S12, Uiz, Z11, Z12, Z13, Wiz, Wi, Evo, Ej3 and Ej4 in Arnold’s
notation (see Arnold et al. 2012). Arnold observed a “strange duality” in this class
of singularities, the Dolgachev numbers (a triple of algebraically defined positive
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integers) of one singularity are equal to the Gabrielov numbers (a triple of positive
integers associated to a Coxeter—Dynkin diagram) of another one and vice versa. It
is now naturally understood as one of mirror symmetry phenomena (cf. Ebeling and
Takahashi (2011) and references therein).

Let the polynomial f € C[xy, ..., xy] be invertible (seePeﬁnition 1). For such
polynomials f one can associate an a priori new polynomial f € C[xy, ..., xy], that
is also invertible, called Berglund—Hiibsch transpose of f (see Sect. 2 for details).

For any two exceptional unimodal singularities that are strangely dual in the sense
of Arnold there is a particular choice of the polynomials f1, f> representing them
such that both fj, f» are invertible and also Berglund—Hiibsch transposes of each
other. This was first observed in Kawai and Yang (1995), where the authors show
the coincidence of the elliptic genera of dual pairs up to sign. This fact also plays an
essential role in Ebeling and Takahashi (2011) for a precise formulation and general-
ization of Arnold’s strange duality. However, the choice of an invertible polynomial,
representing an exceptional unimodal singularity is not unique in general (we list all
possible choices of an invertible polynomial, representing an exceptional unimodal
singularity in Table 1).

For an invertible polynomial f € C[x1, ..., xy] and its symmetry group GSL(f)
(see Sect. 2), let Jac(f, GSL( f)) stand for the orbifold Jacobian algebra of the pair
(f, GSE(£)) and Jac(f) be the “usual” Jacobian (or local) algebra. We prove the
following theorem.

Theorem 1 Let f1, f> € C[x1, x2, x3] be invertible polynomials defining exceptional
unimodal singularities (full list is given in Table 1). There exists a Frobenius algebra
isomorphism

Jac(f1) = Jac(fi, {id}) = Jac(fo, GSE(f2))

if and only if the associated singularities of fi and f are strangely dual to each other
in the sense of Arnold. Here f> is the Berglund—Hiibsch transpose of f.

For a fixed singularity and different choices of the invertible polynomial f> rep-
resenting it, the function f> can have different symmetry groups GS%(f>) and even
different Milnor numbers. In particular for U1, one will get the symmetry groups {id},
7./27, 7./37Z and Milnor numbers 12, 12, 15 by ]72 The algebra Jac( f) in the theo-
rem above will still be the same up to isomorphism. Hence Theorem 1 shows many
non-trivial isomorphisms.

In order to visualize the statement of Theorem 1 consider the Fig. 1.

It is worth mentioning that Theorem 1 is compatible with mirror symmetry (using
Frobenius structures). It was found in Krawitz et al. (2010) that for fi, f, as above
there is a Frobenius algebra isomorphism Jac(f1, {id}) = A¥RV (£, (g4,)), where
the latter object stands for the so-called FJRW ring, the analogue of the quantum
cohomology ring associated to the pair (f2, (g,)) and (g,) is the certain symmetry
group of f> (cf. loc. cit). As a corollary to Theorem 1, we get

AFRY (£ (g 1)) = Jac(fo, GSE(f2)),

which is the expected classical mirror symmetry isomorphism.
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Table 1 This table shows all possible invertible polynomials representing an exceptional unimodal singu-
larity of a given type

Type f fv2) f (v3) Strange dual
Q10 x‘l‘ +x§ +x1x32 - - E14
o1 x%xz +x% +x1x32 - - Z13
O x]3x3 +x23 +x1x§ x]5 +x% +x1x32 - 012
S11 x;‘ +x§X3 +x1x32 - - W3
S12 x?xz +x22x3 +x1x§ - - S12
Uyp x‘l‘ +x§ +x§ x‘l‘ +x§ +x32x2 xf +x§x3 + x%xz Urn
Z11 xf—&—xlx%-‘,-x% - - E3
Z12 xi‘xz +x1x3 +x32 - - Z12
Z13 x%xg +x|x%+x32 x?—&—x%’)q +x% - 011
Wia xf +x%x3 +x32 xf —0—)(31 +x32 - Wi
W13 x‘l‘xz + x§x3 + x32 x‘l‘xz + xé + x32 - S11
Epp x] 4+ x5 +x2 - - Epp
E;3 x?x2+x§+x32 - - Z11
E14 x;‘x_g +x%+x32 x§+x§+x32 - Q10

Namely, the polynomials in each row are all right—equivalent to each other

It’s important to note that similar results concerning the unimodal singularities
are obtained in an apparently different context, in the study of matrix factorizations
by the work of Carqueville et al. (2016) and Newton and Ros Camacho (2046). We
expect that the Hochschild cohomology group of the category of G-equivariant matrix
factorizations will naturally yield the relationship between theirs and ours. We hope
to elaborate on this subject in the near future.

2 Orbifold Jacobian Algebra of an Invertible Polynomial
2.1 Invertible Polynomials

For a non-negative integer N and f = f(x1,...,xy) € C[xy, ..., xy]apolynomial,
the Jacobian algebra Jac(f) of f is a C-algebra defined as

Jac(f) = <C[x1,...,x,v]/<i i)

ax; T dxy

If Jac(f) is a finite—dimensional C—algebra, f has at most an isolated critical point
at the origin. Then set s := dimc Jac(f) and call it the Milnor number of f. In
particular, if N = 0 then Jac(f) = Cand uy = 1.

@ Springer
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2} + a8 + o, {id} o} + a3 +23,2/3Z

3+x%,Z/2Z . ot + 2dxs + woa?, {id}

z§+zlz§+zg,{id} z‘f#»z%ﬂ;ﬁ»z%,l/?Z

T;‘ + CI‘% + mgzg, {id}

af + ajes + 23, {id} ot +adws + 23, 2/27

o} + 23 + 23, 2/3Z

o + adzs + aoad, {id}

ot + adws +23,2/22

afwy + a3 + a8, 2/22 afy + x12f + 23, {id}

T‘f + .’L‘gl‘g + mzmg, {id} z?:z:g + 7113 + T%, {id}

aSwo + a3 + 22,2/2Z

2w + x123 + 23, {id}

w3 + x12d + 23, {id}

2} + 2122 + 23, {id}

ziws +af + 23, {id}

z‘llzz + zé + zz {id}

Fig. 1 This figure depicts the isomorphisms between the different orbifold Jacobian algebras. The nodes
of this figure are the pairs (f, G) where f is an invertible polynomial and G < GSL( f). All the pairs
(f, G) considered are those from Table 2. The edge between two nodes labeled by (f1, G1) and (f2, G2)
is drawn if and only if Jac( f1, G1) = Jac(f2, G2)

The Hessian of f is defined as

2
hess(f) := det <£> .
i,j=1,..,N

B)Cl‘ axj'

In particular, if N = 0 then hess(f) = 1.

A polynomial f € Clxy, ..., xy]is called a weighted homogeneous polynomial if
there are positive integers wi, ..., wy and d such that

FOPxr, Ay = A F (e, xw)
for all A € C*. A weighted homogeneous polynomial f is called non-degenerate if it

has at most an isolated critical point at the origin in CV, equivalently, if the Jacobian
algebra Jac(f) of f is finite-dimensional.

@ Springer
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Definition 1 Let f € C[xy, ..., xy] be a non-degenerate weighted homogeneous
polynomial. It’s called invertible if the following conditions are satisfied.

— The number of variables (= N) coincides with the number of monomials in the
polynomial f, namely,

N
f(xt, .o xN) =Zcinxfij

i=1  j=I

for some coefficients ¢; € C* and non-negative integers E;; fori, j =1,..., N.
— The matrix E := (E;;) is invertible over Q.

Definition 2 For an invertible polynomial f we define the Berglund—Hiibsch trans-
pose f of f to be the following polynomial:

N N £
flxr, ... xn) :=Zc,- HX,”
i=1 j=1

Definition 3 The group of maximal diagonal symmetries of an invertible polynomial
f(x1,...,xn) is defined as

Gy = {(xl,...,,\N) € (CYV | FOuixts ..., Anxy) = f(xl,...,xN)}.

We shall always identify Gy with the subgroup of diagonal matrices of GL(N; C).
Set also!

G (f) := G NSL(N; C).

Each element g € G 7 has a unique expression of the form

g=diag(e[a—l],...,e[a—N]) with0 <a; <, (1)
r r

where e[a] = exp(2m+/—la) and r is the order of g. We use the notation
(ar/r,...,an/r) for the element g. The age of g is defined as the rational number

|
age(g) := - Za,-.
i=1

Note that the age(g) is an integer if g € GSL(f).

! One often uses the notation GSI rather than GSL( f), however we need to change it a bit because of
many embedded subscripts and superscripts in the text.

@ Springer
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2.2 Orbifold Jacobian algebra

Let f = f(x1,...,xy) be an invertible polynomial and G a subgroup of GS&(f).
A G-twisted Jacobian algebra of f, denoted Jac'( f, G), was introduced in Basalaev
et al. (2016) axiomatically. It was also shown in Theorem 2 of loc. cit. that it exists
and is uniquely defined up to an isomorphism when f is an invertible polynomial. The
structure of Jac’'(f, G) can be then given as follows (see Section 4 of loc.cit.).

As a C-vector space, Jac'(f, G) is given by

Jac(f, G) = @) Jac(£*)v,. )

geG

where f8 := frix(g), Fix(g) € CN is the fixed locus of g and v, is a generator (a
formal letter) attached to each g € G. Note that f¢ is also an invertible polynomial
and there is a surjective map Jac(f) —> Jac(f¥) (see Proposition 5 in Ebeling and
Takahashi (2013) and Basalaev et al. (2016), Proposition 7). It is also important that
Jac/(f, G) is equipped with a Z/27Z-grading according to the parity of N — N,, the
codimension of the fixed locus Fix(g), for each g € G.

We are now ready to introduce the product structure on Jac’(f, G). For simplicity,
we assume that G is a cyclic group whose order is a prime number. Denote also
Io:={i|glx))=x;} €{l,...,N}forany g € G.

For each pair (g, i) of elements in G and ¢(x), ¥ (x) € Jac(f), the product is
defined as follows:

— Suppose that I, U I, U Iy, = {1,..., N}. Then

[¢(X)]vg o [ (xX)]vn
3
= (—1)%(N*Ng)(Nng*1> e [—%age(g)] [P ¥ (X)Hg nlvgn, ®)
where Hy j, € C[x1, ..., xy] is defined by the following equation in Jac(fgh)
L fhess(f ) Hy ] = —— hess(£¢")], @
M gig.hy M pah

and f (&7 is the invertible polynomial obtained by the restriction of f to the locus
Fix(g) N Fix(h).
— Suppose that I, U I, U Iy, # {1, ..., N}. Then

[p(X)]vg o [ (X)]vp := 0. )

This completes the definition of Jac'(f, G). It is easy to see that viq = [1]viq is the
identity of Jac’(f, G).

Note that we have a natural action of G on Jac(f$) for any g € G and that the
product structure is invariant under the G-action.

@ Springer
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Definition 4 Let f and G be as above. The G-invariant Z/2Z-graded subalgebra
Jac(f, G) := (Jac’(f, G))G is called the orbifold Jacobian algebra of (f, G).

An important property of this algebra is the following

Proposition 1 (Basalaev et al. 2016) The algebra Jac(f, G) is a Z./27Z-graded com-
mutative Frobenius algebra. Namely, there is an even non-degenerate pairing 1 f,G
such that

nre(XoY,Z)=ns6(X,YoZ), X.,Y, Z¢€lac(f,G), (6)
n1.6 (vid, [hess(f)]via) = [G] - puy. N

3 Proof of Theorem 1

The proof of Theorem 1 is done by direct calculation. In what follows let the notation
be as in Theorem 1.

Skipping the trivial cases when f; = fz and G (. fz) = {id}, to prove the theorem
we only need to show that Jic(fl) = Jac(fz, CN;SL(fz)) for each row of Table 2.

Further, note thatif GS“( f>) = {1} and fi, f> donot coincide but belong to the same
right-equivalence class, the proof follows since the Jacobian algebra is an invariant of
the right-equivalence class. Therefore, it is enough to show the statement for each row
of Table 3.

3.1 Computations

From now on, we shall use the notation of Table 2. In order to check that two algebras
are isomorphic, we represent J ac(fé, G ( f~2)) as a quotient algebra of a polynomial
ring in three variables. Namely, we will compute relations in Jac( fz GS( ]72)) and
show the existence of a surjective algebra homomorphism from Jac( f1), which turns
out to be an isomorphism for dimension reasons.

3.1.1 Qioand Eq4

For fo = x} +x3 +x2, and GSL(f2) = (g) = (3.0, ). Jac(f2. GSL(/2)) is a
10-dimensional C-vector space, whose basis can be chosen as

2 4 6 2 4 6
vid, [x71vid, [x7Tvid, [x7]1vid, [x2]vid, [x7x2]vid, [x7x2]vid, [x7x2]vid,
Vg, [x2]vg.

The only non—trivial® non-zero products in Jac(fz, GSL( fi)), calculated by (3), are
given by

2 Here and henceforth we skip the products of the unit vig with the other basis vectors.

@ Springer
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Table 2 To prove Theorem 1, we need to show Jac( f1) = Jac( fz, G SL(fi)) for every row of this table

Type of fi f h GSL(f) Type of f>
Ey4 x84 x3 423 iy + 23 + 13 {id} Q10
Q10 xf 403 +xa3 X432 ((1/2,0,1/2)) E4
o xxy +x3 + 2123 x0xy +x3 +x3 ((1/2,0,1/2)) Zi3
3 3 2 5 2 3
0 23+ xdxs + xxy 422 4 3 ((1/2.1/2.0)) 01
012 x? +x:2; + x]xg x% +x§’X3 +x2x§ {id} Q12
012 xf +x§’ +x1x32 xfxz +x% + x33 ((1/2,1/2,0)) Q1
Si I g b oxpd + a2 (0,1/2,1/2)) Wis
Uny I w3 13 ((0,2/3,1/3)) Unp
U v d a3 w4 adag + 42 (0,1/2,1/2)) Unp
Unp X+ x5 + a3 x4 x3x3 + xox2 {id} Ur2
U w3+l w3 a3 ((0,2/3,1/3)) Upp
Ui xf 403 +x003 X} +x3xs 43 ((0,1/2,1/2)) Uiz
Urp x‘l‘ + x% + x2x32 x‘l‘ + x%)@ + )52x32 {id} Uyp
Uyp x4 x3x3 + xox3 xf+x3 +x3 ((0,2/3,1/3)) Un2
Upp x4 x3x3 + xox3 xf+x3x3 423 ((0,1/2,1/2)) Un2
Wi x5+ x2x3 + 5 5 4 xd 4 2 ((0,1/2,1/2)) Wia
Wio x? +x§ + x% x? +x% +x2x§ {id} Wiz
Wia X} 43y +x2 X+ a3 +x2 ((0,1/2,1/2)) Wiz
W13, x‘l‘xz + xé + x32 x‘l‘xz + x%x3 + x32 {id} S11
Z13, x? +x1x§ +x32 xfxz +x% + xle {id} (]

Table 3 1t is enough to show Jac(f1) = Jac(fz, GSL(E)) for every row of this table to prove Theorem 1

Type of f1

S

f2

GSt(f2)

Type of f2

Q10
011
Q12
St

Uiz
Uiz
Wi

xf-i—x% +x1x§
x?xz +x§ +x1x32
)cl5 +x% +x1x§
xf +x%x3 +x1x§
xi‘—i—x% +x§
x?+x§ +x2x§
xf +x§+x§

xlg +xg —|—x§
xlﬁxz +xg +x§
xlsxz +x% +x§
x‘l‘ +x1x§ +x§
xf +x§5 +x§’
x? +x%x3 +x§
xl5 -i-xé1 -i-x32

((1/2,0,1/2))
((1/2,0,1/2))
((1/2,1/2,0))
(0, 1/2,1/2))
((0,2/3,1/3))
((0,1/2,1/2))
(0,1/2,1/2))

Ei4
Z13
012
Wi3
U
Uz
Wia

2 2 4
[x{]vid o [x7]via = [x]]vid,
2 2
[x71vid o [x2]via = [x{x2]vid,
6 6
[x7]vid o [x2]vig = [x]x2]vid,

2 2 4
[x71vig o [x7x2]vid = [x7x2]vid,

@ Springer

2 4 6
[x1]vid o [x7]via = [x7]vid,

4 4
[x}1vig o [x2]vig = [x]x2]vid,

[x2]vig 0 vg = [x2]vg,

4 2 6
[x]1vig o [x7x2]vid = [x7x2]vid,
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2 4 6 6
[x7]vig o [xTx2]via = [x7x2]vig, Vg 0 Vg = 16[x7]vig,

vg o [x2]vg = 16[x16x2]vid.

For example the product vgo[x2]v, is calculated as follows. We have f¢ = xg =f (8.8)
and

1
. [hess(f¢) Hy o] = ~13 - 2x2Hy g1,

2 1 1 6
[hess(f¢ )] = —T[hess(f)] = —[8 - 7x} -3 2xz - 2].
,bLfgz 1% 14

So we see by equation (4), that H, , = 16x16. With this we get by equation (3)
1
Vg 0 [X2]ug=(—1)2B-DE=1=D ¢ [—5 : 1] X2 Hyg gl 2=(=1)(=D[x2 - 16x]vig.

Frorn~ the rnu~1tiplication table above we see that [xlz]vid, [x2]vid, vg generate
Jac(f>, GSL(f>)) and are subject to the following relations

16(1x71vi)*” = vg? =0, ([x2]via)®* =0, [x7]vig 0 vg = 0.

On the other hand, the Jacobian algebra Jac( f1) is given by

Jac(fi) = Clyi, 2. vl / (497 + 53,93, yivs).

Therefore, we have an algebra isomorphism

~

~ ~ 1
Jac(f1) —> Jac(fo, GSL (), y1 = [xflvid, y2 = [x2lvia, y3 > §¢—1vg,

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

o 6 R e Faty 214
7,654 (f) (vid, [X1X2]vid> =73 ThGL() (vid, [hess(f2)Jvia) = 2 = 2
s 1 1-10 1
1 f1.{id) (vid, [y1y2]Uid) =220 M-l (vid, [hess(f1)]via) = 20 2

3.1.2 Q11 and Z13

For fo = x0xy + x3 + x3, and GSL(f2) = (g) = ((3.0. 1)), Jac(fo. GSL(f)) is a
11-dimensional C-vector space, whose basis can be chosen as

2 4 2 4 2
vid, [x71vid, [x7] Tvid, [x2]vid, [x7x2]vid, [x]x2]vid, [x5]vig,

2.2 4.2
[x7x5]vig, [x]x5]vid, vg, [x2]vg.

@ Springer
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The only non-trivial non-zero products in Jac(fz, GSL( f;)), calculated by (3), are
given by

[x71via o [x{1via = [x] Tvid, [x71via o [x{1vig = —3[x3 Jvid,
[x1vig o [x}1via = —3[xFx3vid, [x71vid o [x2]vig = [x{x2]vid,
[x7Tvid © [x2]Ta = [x]x2]via, [x2]vig 0 [x2]via = [x3]via,
[x2]vig 0 vg = [x2]vg, [x71vid o [x7x2]0ia = [x}x2]vid,
[x2]vig 0 [xlzxz]’ﬁid = [X%X%]vid [xlzlevid o [X12x2]vid = [xi‘x%]vid,
[210id © [x{x21Tia = [x]x3 Jvid, [x71vig © [¥3 Tvia = [x{x3 Jvid,
[Xf]vid o [Xglvid = [xi‘x%]vid, [x12]vid o [x12x§]vid = [xi‘x%]vid,
Vg O Vg = 12[xi‘x2]vid, Vg o [x2]v, = 12[xi‘x%]vid,

which show that [xlz]vid, [x2]vid, vy generate Jac( ﬁ, GSL(ﬁ)) and are subject to the
following relations

12(xF1via) 2 [x2]vid — (v9)°2 = 0, ([x71via)*® + 3([x2]via)°* = 0,

2
[x7lvig o vy = 0.

On the other hand, the Jacobian algebra Jac( f1) is given by

Jac(f) = Cly1, y2, ys]/(3yfyz + 3,97 4+ 33, 2y1y3)

Therefore, we have an algebra isomorphism

~ ~ 1
Jac(f1) —> Jac(f2, GSL (), yi = [xFlvid, y2 = [x2]via, y3 > Ev—lvg,

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

1
4.2
Nf.G4(f) (vid, [xlxz]vid) =I5

1-11

1 1
1 f1.,{id} (Uid, [y%yﬁlvid) = Jog M-t (vid, [hess(f1)]via) = Tos — 18

3.1.3 Qpand Q13

For fo = xjx2 +x3 + 23, and GS4(f2) = (g) = (3. 3, 0), Jac(f2, GSL(fa)) s a
12-dimensional C-vector space, whose basis can be chosen as

2 4 3 2
vid, [x71vid, [x7 Tvid, [x1x2]vid, [x7x2]vid, [x3]vig, [x7x3]vig,

4 3
[x7x3]vid, [x1x2x3]vid, [X7 X2x3]Vid, Vg, [X3]Ug.

@ Springer
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The only non-trivial non-zero products in Jac(fz, GSL( f;)), calculated by (3), are
given by

[x71vig o [x{lvia = [x]]vig, [x71vig o [x]Tvia = —2[x1x2]via,
[x7Tvia © [x]Tvig = —2[x7x2]vid, [x71via © [x1x2]vig = [x{x2]vid.
[x71via o [x3]vig = [x{x3]vid, [x1via o [x3]vid = [x]x3]vid,
[x1x2]vig © [x3]via = [x1x2x3]vid, [x3x2]vid © [x3]via = [x7x2x3]vid,
[x3]vid © vg = [x3]vg, [x71vig o [x7x3]via = [x}x3]vid,
[xvid o [xFx3]via = —2[x1x2x3]via,  [X1x2]vid © [¥{x3]via = [x7 x2x3]vid,
[x71vid o [x{x3]via = —2[x1x2x3]via,  [x]vig © [x{x3]via = —2[x]x2x3]vig,

2 3 3
[x7]1vig o [x1x2x3]via = [x{x2x3]via,  vg 0 vy = 10[x7x2]vig,

3
Vg © [x3]vg = 10[x1x2x3]vid,

which show that [xlz]vid, [x3]vid, vy generate Jac( fi, GSL(E)) and are subject to the
following relations

[xilvig 0 vg = 0, (v)7 + 5(Ix{lvia)™ = 0. (Lx3]vig)*? = 0.
On the other hand, the Jacobian algebra Jac( f1) is given by
_ 4 2 2
Jac(f1) = Clyr, v2, 331 [ (531 33, 393, 20133).

Therefore, we have an algebra isomorphism

~ ~ ~ 1
Jac(f1) —> Jac(fo, G3“(f2)), yi > [xf1vid, y2 > —Z[Xs]vid, V3 > Ug,

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

1

7,65 (f) (vid’ [x%x2x3]vid) =15

4 4
1o tid) (vid, [Y2)’32]Uid) = 25 Mitid) (vid, [hess(f1)]via)
4121
720 157

3.1.4 811 and W3

For fo = x{ + x1x3 + 23, and GSM(f2) = (g) = ((0. 3. 1)), Jac(f2. G5 (f2)) is a
11-dimensional C-vector space, whose basis can be chosen as
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2 3 2 2 2.2 3.2
vid, [x1]vid, [x7]vid, [x71vid, [x5]via, [x1x5 Jvia, [x7 x5 Jvid, [x7 x5 Jvig,

2
Vg, [x1]vg, [x7]vg.

The only non-trivial non-zero products in Jac(ﬁ, GSL( fg)), calculated by (3), are
given by

[x1Jvig o [x11via = [x]]vid, [x1]vid © vy = [x1]v,,

[x1]vid © [x1]vg = [x7]vg, [x1]vid © [x{1vig = [x7vid,
[x71vid 0 vy = [x{1vg, [x1]vig o [x3]vig = [x133]vid,
[x71vig © [¥3 Tvia = [x{x3 Jvid, [x71vig © [x3 Tvig = [x7x3 Jvid,
[Xglvid o [x%]vid = —4[x13]vid, [x1]vig o [ch%]vid = [x%x%]vid,
[x71via o [x1x31via = [x7x31via, [x1Tvig © [x7x3via = [x7x31vid,
Vg 0 Vg = 8[x1x§]vid, Vg o [x1]vg = 8[x%x%]vid,
[x1]vg o [x1]vg = 8[xfx§]vid, Vg © [xlz]vg = 8[x%x§]vid,

which show that [x1]viq, [x%]vid, vg generate Jac( fi, GSL(ﬁ)) and are subject to the
following relations

(63 1via) 2 + 4([x11via)>* = 0, [x3]vig 0 vg = 0,

(vg)°% — 8[x1]vig o [x3]via = 0.
On the other hand, the Jacobian algebra Jac(f1) is given by
Jac(f1) = Clyr, y2, 331 [ (493 33, 29233, 93 + 23133).

Therefore, we have an algebra isomorphism

1R

~ ~ 1
Jac(f1) — Jac(fo, GS(f2)), y1 + [x1]vid, Y2 > EV—lvg, y3 > [x3]vid,

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

N7 GSL(F (vid, [XfX§]vid> = i
£2.G>(f2) 16

1-11 1

1
1 f1,{id} (vid, [y13y3]Uid) = 176 M-l (vig, [hess(f1)]via) = T6 = 16

3.1.5 Uy and Uy, part 1

For fo = x} +x3 +x3, and GS-(f2) = (¢) = ((0. 3, ). Jac(f2, GSH(f2)) is a
12-dimensional C-vector space, whose basis can be chosen as
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2 2
Vid, [X1]vid, [x7]vid, [x2x3]vid, [X122x3]vid, [X]X2X3]Vid,

2 2
Vo2, [X1]vg2, [x71vg2, v, [X1]vg, [XT]Vg.

The only non-trivial non-zero products in Jac(fz, GSL( f;)), calculated by (3), are
given by

[x1]via © [x11via = [x7 Jvia. [x1]vid 0 vg2 = [x1]V,2,

[x1]via 0 [x1]vg2 = [x{]vg2, [x1]via © vg = [x1]vg,

[x1]via o [x1]1vg = [x{]vy, [xTvia 0 v = [x{1v,2,

[x7vida] o Vg = [X%]vg, [x1]vig o [x2x3]vig) = [x1x2X3]vid,
[x71vig 0 [x2x3]via = [x{xox3lvia,  [x1]vid o [x1x2x3]via) = [xTx2x3]via,
Vg 0 Vg2 = 9[x2x3]vid, Vg o [x1]ug2 = 9[x1x2x3]vid,

Vg o [xf]vgz = 9[)6%)62)63]1)1(1, [x1]vg 0 Vg2 = 9[x1x2x3]Vid,

[x1]vg o [x1]v,2 = 9[xTx2x3]via. [xT1vg 0 v,2 = 9[xTx2x3]via,

which show that [x1]vig, vg, V.2 generate Jac(fi, GSL( fi)) and are subject to the
following relations

([x110i)* = 0, ()% =0, (v2)? = 0.

On the other hand, the Jacobian algebra Jac( f1) is given by

Jac(f1) = Cly1, y2, ya]/(4yf, 3y3, 3y32)~

Therefore, we have an algebra isomorphism

= 1 1 1

Jac(f1) —> Jac(f2, GSE(f2)), yi— g[xl]vida 2= ﬁvgv y3 = ﬁvgz,

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

7G5 (vid, [x12x2x3]vid> =

Ev
3
304 tid) (vid, [y12y2y3]Uid> =135 M-l (vid, [hess(f1)]via)
_ 3.12 _ 1
o432 12
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3.1.6 Uy and Uiy, part 2

For fo = x} + x3x3 + x3, and GSL(f2) = (g) = ((0. 3. D)), Jac(f2. GSL(f2)) is a
12-dimensional C-vector space, whose basis can be chosen as

2 2 2 2.2
vid, [x1]vid, [x7]vid, [x3]vid, [x1x5]via, [x7x5]vid, [x2x3]vid,

2 2
[x1x2x3]vid, [x7x2x3]vid, Vg, [x1]Vg, [X]]vg.

The only non-trivial non-zero products in Jac(ﬁ, GS( ]72)), calculated by (3), are
given by

[x1]vig o [x11via = [x]]vid, [x1]vig 0 vg = [x1]vg,

[x1]via o [x1]vg = [x]]vg. [x{1vid 0 vg = [x7]vg.

[x1vid © [x31vid = [x1X3 Jvid, [x}1via o [¥31via = [x{x3vig,

[x31vig o [x31vid = —2[x2x3]vid, [x1]vig © [x163via = [x7x3vid,

[x31vid 0 [X1x3]vid = —2[x1x2x3]vid,  [x1X3 Jvig © [x1x3 Jvig = —2[xx2x3]vid,
[x31vig o [x1x3 Jvia = —2[x7x2x3]vid,  [x1]vid © [x2x3]via = [X1X2x3]vid,
[xlz]vid o [x2x3]vig = [x12x2x3]vid» [x1]vig o [x1x2x3]vig = [x]x2x3]vldv

Vg 0 Vg = 6[x2x3]vid, Vg o [x1]vg = 6[x1x2x3]vid,

[x1]vg © [x1]vg = 6[xFx2x3]vid, vg o [x} v, = 6[x7x2x3]vid,

which show that [x|]viq, [x%]vid, vg generate Jac( ]72, GSL(fz)) and are subject to the
following relations

([x1Tvi)® = 0, ()™ + 3([(x¥31via) ™, [¥3Tvid 0 vg = 0.
On the other hand, the Jacobian algebra Jac(f1) is given by

Jac(f1) = Cly1, y2, y3]/<4yf, 3y +y3, 2yzy3>.

Therefore, we have an algebra isomorphism

~

Jac(fi) > Jac(fo, GH(B)) 1 %[m]via, v2 o> 2Tk, ¥3 > vg

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

1
Mo (v Iefomlu) = .

6 6

g " lid) (vid, [y12y32]vid> 9. 0g M-t y (vid, [hess(f1)]via)
_ 6-12 _ 1
S 9.96 12
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3.1.7 Wiy and Wy,

For f, = x] + x5 + x3, and GSL(f2) = (g) = ((0. 3. 1)), Jac(f2, GSL(f2)) is a
12-dimensional C-vector space, whose basis can be chosen as

2 3 2 2 2.2 3.2
vid, [x1]vid, [x7]vid, [x7]vid, [x5]vid, [x1x5]via, [x7x5]vid, [x] x5 ]vid,

2 3
Ve, [xX1]vg, [x7]vg, [x7]vg.

The only non-trivial non-zero products in Jac(fi, GS( fi)), calculated by (3), are
given by

[x11vig o [x11via = [x]]vid, [x1]vig 0 vg = [x1]vyg,

[x1]via o [x1]vg = [x{]vg. [x1]via o [x7]vg = [x]]vg,
[x1]vig o [xT]vig = [} ]vid, [x71vig 0 vg = [x{]v,,

[x71via o [x1]vg = [x] vy, [x7 Tvia © vy = [x]]vg,

[x11vid © [x31vid = [x1X3 Jvid, [x71via 0 [¥3 Tvia = [x{x3 Jvid,
[x7vid o [x31vid = [x3x3]vid, [x1]vid © [x1x3]vig = [x7x3 Jvig,
[x71vid o [x1x3]vid = [x7x31vid, [x11vid © [x7x31via = [x7 %3 1via,
Vg O Vg = S[xg]vid, vg o [x1]v, = 8[x1x%]vid,
[x1]vg o [x1]vg = 8[x}x3]vid, vg o [x7]vg = 8[x7x3vid,
[x1]vg o [x%]vg = 8[xfx§]vid, Vg © [x?]vg = 8[x?x§]vid,

which show that [x1]vjg and v, generate Jac( fi, GSL( fi)) and are subject to the
following relations

(x11vi)** = 0, (v)° = 0.
On the other hand, the Jacobian algebra Jac( f1) is given by

Jac(f1) = Cly1, y2, %]/(5)’?, 4y3, )’3)'

Therefore, we have an algebra isomorphism

~

7z SL, 1
Jac(f1) —> Jac(f2, G772 (f2)), y1+ 3

1
2[X1]Uld, y2 = Evgv

which is, moreover, an isomorphism of Frobenius algebras since by (7) we have

N%.65L(Fh (vid, [X?X%]vid) = i
f2,G>=(f2) 20

3 i) <vid, i yz]vid> = g ago Mt (vig, [hess(f1)]via)
_ 16-12 _ 1
480 0 20
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