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1 Introduction
By definition, put
Wy (21,22) = cz122 +dzp +az; + b,

where z1, zp are arbitrary points from the upper-half plane $§ = {z : J(z) > 0} and
y = (CCI 3 is an integral matrix with the determinant m. By I'o(N) we denote the

Hecke congruence subgroup of SL;(Z),

To(N) = {y - <i 2) | c=0 (mod N), dety = 1}, To(1) = = SLy(Z)

e () 7]

In this paper, we introduce the modular Cauchy kernel Ey(z1, z2), a modular

and let

invariant function of two variables with the asymptotics Exy(z1, z2) ~ as

21 =22
71 — z2. We consider two applications of this kernel. If the genus of the group I'g(N)

is greater than 0, we prove the analogue of the Zagier theorem (1975; Lang 1995) for
the cusp forms of weight2and N > 1. In genus zero case, we give an elementary proof
of the Borcherds formula (Borcherds 1992) for the infinite product of the difference
of two normalized Hauptmoduls, Jrn)(z1) — Jrowv) (22)-
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302 N. Sakharova

In Zagier (1975) and Lang (1995), using the Rankin—Selberg method, Don Zagier
proved that the Hecke operator T (m) on the space of cusp forms of weight kK > 2 can
be defined by a kernel w,, (z1, 22, k):

1 1
om(z1, 22, k) = — = _ : ’
! ad§=m py @1, =2 ad;,,;:m (cz1Z2 +d7s —azy — b)*
(1)

. . . ab .
where the sum is taken over all integer matrices ( ) of determinant m.

cd

Theorem 1 Zagier (1975) Let @ be a fundamental domain of the modular group T’
in H and let

B (-1 )k/zJT
o2k 3k —1)
have

Cx ; then, for every holomorphic cusp form f of weight k > 2, we

[b F@)om(z1, 22, (S @) 2dz1dZ) = f % om(z1, 22) = Com' ™ (T (m) £)(22),
1

where f x g = fcb F(2)8 @) (3(2)F2dzd? is the Peterson scalar product.

In Sect. 2 we give a proof the generalisation of the Zagier theorem. Namely, we prove
that there is the analogous integral representation for the Hecke operators on the space
of weight 2 cusp forms with respect to the I'g(N). Let

M(m,N):{(CClZ)Md—bc:m, (a,Ny=1, ¢=0 (modN)}.

Consider the series

1 1
@m N (21,22) = 5 Y — 2

—75)2’
yeM(m,N) My (21, —22)

which is not absolutely convergent. We define the convergence as the value of this
series in terms of the limit (see Theorem 5 below).

Theorem 2 Let Oy be a fundamental domain of the modular group To(N) in H and
let genus of the group T'o(N) be greater than zero. Then, for every holomorphic cusp
form f of weight 2, we have

F@DOn N (21, 22)d22dZ0 = f % op (1. 22) = 2mim ™ (Ta(m) £)(z1). (3)
Dy

From the standpoint of differential geometry, a more natural way to prove this theorem
is to contract the analogue of the Cauchy kernel. Formally, it will be expressed by the
following series
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1
oy (21, —22)Kpy (21, —22)F

1
Enik(zr22) =5 >

yelo(N)

“

If k = 1, then the series &y (21, z2) does not converge absolutely; but it is just at the
1

edge of convergence, since ) converges for any s such
y€lo(N)

[y (z1,=z22)F Iy (z1,—22)°

that 9t(s) > 1.

Following the Hecke’s trick, we investigate the series

My (21, —22) Ky (21, —22)
Iy (21, —22) 1% |1y (21, —22)

1

En(z1,22,8) = 3 Z Bl &)

y€lo(N)
where s is a complex number. We will prove that this series is regular at s = 1, and
then we will put Ex (21, z2) = limy—1 En (21, 22, ) and prove Theorem 2 in the next
section.

The second part of the present paper is focused on the genus zero case.

Let p = €221, g = ™2 and let Jp,(v)(p) be the normalized generator of the
function field of ' (N). At the beginning of Sect. 3, we will get the following result:

Theorem 3 Let

1 1
ESv@ =5 ),
2 FoATO) (cz+d)

be a standard Eisenstein series in the cusp ioo. Then

(En(z1. 22)(z2 — 22) — 270 ES%y(21)) dzy = d;y log | Jryavy(p) — JFO(N)(Q)|2-
(6)

In the 1980th, Koike, Norton, and Zagier independently proved the following remark-
able products formula for the difference of two normalized Hauptmoduls of the group
I:

Jr(p) —Jr(@) =p~ [T =p'g") ", (7

r>0
r'eZ

where Jr(p) = j(p) =744 = L + 3, c(n)p".

In Sect. 3 we find a Fourier expansion for the Cauchy kernel Ey(z1, z2) and, as a
corollary of the Theorem 3, an infinite product formula for the difference of two
normalized Hauptmoduls of the genus zero group I'g(NV). Let p,s y(r) — is the r-th
Fourier coefficient of the Poincare series with the parameter »* > 0 given by the
formula (22).
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304 N. Sakharova

Theorem 4

, pl,N(rr//dz)dz/rr/
> l—[ 1_[ (1 _ prqr) )

Jrony(P) — Jron(q) = (
r>0d|(r,r’,N)
r'>0

1 1
P q
(®)
Despite some similarity in the formulas, it should be noted that our approach differs
from that of Jan Hendrik Bruinier discussed in Brunier (1999). During the work on
the text of this paper, we found the work Bringmann et al. (2017) of K. Bringmann,
B. Kane, S. Lobrich, K. Ono, L. Rolen related to the very similar issues.
The author expresses her deep gratitude to Professor Andrew Levin for his inspiring

guidance, help and ideas. The author also thank Valery Gritsenko for his detailed
comments and suggestions for the manuscript.

2 The Cauchy Kernel =y (z1, z3, s) and the Zagier Theorem

Since the series (4) does not converge absolutely, we define the sum of the series as the
value of the function Ex(z1, 22, 5) at the point s = 1. For this, we prove the following
theorem.

Theorem 5 The series En (21, 22, §) can be analytically continued to the point s = 1.

Proof

1. Splitting the sum (5) into subsums with respect to the various values of ¢ and
combining each summand with its negation, we get

- —~0 —~>0
En(z1,22,5) = By (21,22, 8) +2 Ex (21, 22, 8),

where the series Eg(zl, 72, §) corresponds to ¢ = 0 and the series E;O(zl, 22, 8)
corresponds to ¢ > 0.

2. Case 1. If c = 0O, then eithera = d = 1 ora = d = —1, and summation over
b € Z is unrestricted. Therefore,

(Z2—21—-b) (2—21—-D)
20 — 21 = bI* |22 — 21 — b|>

E?V(Zl,zz,S) =22 ©)]

b>0

(Z2=21=b)"(z2=21=0)" _ _ 1 1 .
We have b b = B + O | jm=z=7 ) @ b — o0; hence, the

sum (9) is absolutely convergent in the half-plane 9i(s) > %.
3. Case 2,c > 0.
Firstly, note that

1y (z1,22) = ¢ ' [(cz1 + d)(cz2 — a)
+(ad — be)] = ¢ (ez1 + d)(czp — a)] + 1/c.
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Modular Cauchy Kernel Corresponding to the Hecke Curve 305

It is easy to check that if the series

E3°(z1, 22, 9)

_ Z Z (My(le_Z2)_1/c) My(Zl,_EZ)_l/C)
= : Iy (21, —22) — 1/¢|? [y (21, —22) — 1/c|?
¢=0 (mod N) ad=1 (mod c)
(10)

can be analytically continued to some point, then the sum E;O(zl ,Z2,S) can be
analytically continued to this point as well.
Therefore, we will consider the following sum

. - 1 (cz1 +d)*
~>0 452
E‘N (Zl ’ ZZa S) = Z Z C

lczo — al*=2 ez +d|*
c>0 a.d,
¢=0 (mod N)ad=1 (mod c)
(11)

Consider the classical series (see Weil 1976)

*

Su(z, v, 5) = Z Me—vy’

|Z+U|2S

v

3
where 7 is an integer, y is a real number, s is a complex number, and ) denotes

the sum taken over all integers v # —z.
Assume that a = —ag + ck,d = do + lc, k,l € Z.If apdy = 1 (mod c), then
(ap, c) = 1. Hence, the right-hand side of (11) equals

&30z, 22, 9)

1 )
= Z Z MSO (Z2+ e 0, 2s —n) AY)

c>0 l<ap<c
¢=0 (mod N) (ag,c)=1
apdo=1 (mod ¢)

do
X zi+—,0, 25 ).
c

The sum é;o (z1, z2, §) satisfies the periodicity property é;o (z14v,z2+V,5) =

E7°(z1, 22, 5) for v,v’ € Z, and hence E3(z1, 22, 5) has a Fourier expansion of
the following form

~ 0 ’
TGRSO LY Yo Yo at s e ratr),

c>0 l<ag<c rez
¢=0 (mod N) (ag,c)=1 r'eZ
Ll()d()E] (mod C)

12)
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306 N. Sakharova

where the coefficients a(r, ¥/, s, ¢) are the products of the corresponding Fourier
coefficients of So (z2 + %, 0, 25 — n) and S, (Zl + % 0, 2s) The calculation

of the Fourier expans10n of Sq(z,y,s), expressed in terms of modified Bessel
functions of the second kind (the MacDonald function), can be found in Weil
(1948) (VII, 11). Letting s — 1, we get for r, r’ > 0:

sh_r)n] Z Z a(r,r',s,c)

c>0 l<ap<c
¢c=0 (mod N) (ap,c)=1
apdp=1 (mod ¢)

K(r,r';c)
=— E 4714rr’—2 ,
C
c>0
¢c=0 (mod N)

*

. 2ni(m+bm ) .
where the function K (@, b; n) =" 1<m<n, € m " n /) is a Kloosterman
(m,n)=1,
mm*=1 (mod n)
sum.
There is a well-known estimation Weil ( 1948) Kuznetsov (1980) of the Dirichlet

series for the Kloosterman sums y_,_, X .9 which is as follows:

Lemma 1 Ifa > 1 is fixed, then for R(s) > 3/4

|K (a, b; n)| d(n)
Z |2§ - f Z |2s 1/2° (13)

nzo n nz0 |
where d(c) = og(n) is the divisor function d(c) = oo(n).

Using the Weil estimate and the Dirichlet series, involving the divisor function,

> d
>N, (14)

s
c=1

W < /7 £(3/2), so the coefficient

lim Z Z a(r,r',s,c)
s—1
c>0 l<ap<c
c=0 (mod N) (ag,c)=1
apdp=1 (mod ¢)

we obtain )

c>0

is absolutely convergent.
Other nonzero terms containing a (0, r’, s, ¢), a(r,0, s, ¢) and a(0,0, s, ¢) are com-
puted in a similar way.

O
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Modular Cauchy Kernel Corresponding to the Hecke Curve 307

Let us define En(z1, 22) as the value of the holomorphic function En(z1, z2, §) at
s=1:

En(z1,22) = lim En(z1, 22, 5).
s—1

From the behavior of Ey(z1, z2, §) under modular transformations, we immediately
obtain the behavior of the function Ey(z1, z2):

b
En(yzi,22) = (cz1 + d)* En(z1,22), for y = <i d) er.

1

Remark 1 In order to define the sum wy, y(z1, 22, k) = _
m ZyeM(m,N) Ly (Zl, —Zz)k

for k = 2, let us consider the series

hm Qm,N(le 22’ S)
s—1

= 2
. 71, =X
— lim My( 1 2)

I )22 —Z)25+2
=1 M) [ty (21, —22)| [ty (21, —22)|

= wm,N (21, 22). (15)

Using the same argument as in the proof of 5, one can prove that the series
Qm.n (21, 22, §) can be analytically continued to the point s = 1. Therefore, we can
put wy (21, 22) = lims— 1 1,5 (21, 22, 5).

The derivatives of the “almost holomorphic” function Ey(z1, z2) have the following
form:

Lemma 2

12 p(N)

_m dz1 — wn(z1,22) d22,

3 En(z1,22)(z2 — 22) =

where (N) = N I,y (1 + %) is the Euler function.

Proof The computation of the derivative with respect to 7; consists of the termwise
differentiation and the calculation of the asymptotics of the two series

1 1
) |28 _Z \|25—2
2 S eToth) [ty (21, —22) 1% |1y (21, —22)|
1 1
and — —

Y eTo) Iy (21, —22) 1272 1y (21, —22) 1>
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The last series are holomorphic for 9i(s) > 1 with the simple poles at s = 1, of

3 N
residues — # Therefore,
23(z21)3(z2)

. d - 2 12 9(N)
lim —(z2 — 22)*7'E ,22,8) = —————.
lim dZ1(Z2 22) N(z1,22,8) R
The termwise differentiation by 7, gives
d _ e = 2
— EnGL 2@ -2 =@ -2
dz
ty (21, —22)2 _
-5 Y e V)lle o G | 16
yelTo(N) My(Z1, —22 My (21, =22
It follows that
.ood ~ 9e 1 1 -
lim ——2 E1(z1, 22, 5)(22 — ¥ == ) 1. 722)? —on (1, 22)-
s—>1dz Jeraony My @1 22
A7)
By the same argument, it can be shown that the function wy (z1, z2) is holomorphic
with respect to z1 and antiholomorphic with respect to z5. O

Proof of Theorem 2 Note that it is sufficient to prove this theorem for the case of the
determinant m = 1, since

-1
o, N(21,22) =m Th(m)wy N(21, 22),
where the Hecke operator T (m) acts on the first variable z;.

If f is acusp form of weight 2 with respect to the group I'g(N), then T> (1) f(2) = f(2)
and we need to check that

o f(@)on(z1, 22)dz2d7 = 27if (21).

Let B(a, &) be a circle of radius ¢ centered in z = a. We have
/ wn (21, 22) f(22) dzpdZp = lim
Dy e—0
a _ _
— (En(z1, 22)(22 — 22) f(22)) dz2dZ2
ON\B(z1.e) 922

_ / Ex (21, 22)(22 — 32) f(22) dz2 — lim
Dy e—0

f En (21, 22)(22 — 32) f(22) da, (18)
dB(z1,¢€)
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Modular Cauchy Kernel Corresponding to the Hecke Curve 309

where the last equality follows from the Green’s formula. The first integral is equal
to zero, since the integration is over the boundary of the fundamental region and the
integrand is a modular-invariant function. Note that

1 1 1
En(z1,22) = = +5 Z

(z2 —z)(z2 — 21) etow), M (z1, —z2) 1y (21, —22)
y#I

so the second integral faB(z. o) En(z1,22) f(z2) dza is equal to —2mif (z1) by the
Cauchy formula. O

3 The Cauchy Kernel =y (z1, z3, s) and the Borcherds Products

In this section we calculate the Fourier coefficients of the Cauchy kernel Ey(z1, z2).
As a simple corollary of the Fourier expansion, we obtain Theorem 3.

Consider the standard nonholomorphic Eisenstein series, corresponding to the cusp
100:

1 z+d)?
E;flo(z,s):5 Z (CZ;) (19)

2s+2
yerantov €2 T4

We define the weight 2 series as a limit: ES° (z1) = limy1 ER’(z1, 5).

The calculation of the Fourier coefficients of the non- holomorphlc Eisenstein series,
as well as the proof of analytic continuation to the point s = 1, is rather standard
and we omit it. For the non-holomorphic Eisenstein series, the expansion in powers
of p = €>i%1 is the following:

lim E(z1,5)
s—1

3¢(N 1
N(g(())—élnzgrp E ) E ()Z—Ee”vp,
d <l r>0 c=0 (nz)odN) e, I|r r=0
c>

(20)

where p (n) is the Mobius function.
The Poincare series in the cusp ioo with a complex parameter s are defined by the
following formula (see Zagier 1975)

e—2nir’yzl

|
P (z,8) = = E
N,r ’ 2 2s—2
2 eriton T Dlez+d]

21

These series have the Fourier expansion depending on the sign of the parameter r':

Lemma3 Let

lim Pr’(Zl, 2’ s+ 1) — eZﬂir’m + Zpr/’N(r)eZJTier’
s—1

r>0
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310 N. Sakharova

then for r' > 0:

Pr’,N(V)=—27T\/Z, > K(_r’r’c)h(‘”’W), (22)
r C C

c=0 (mod N)
c>0

and forr’ < 0:

r K(-r,7",c) 41’
pr N(r) =21 [— E Ji ( ,
r c c

¢c=0 (mod N)
c>0
z c+ioo z c+ioo
h(z) = — / 2 G () = — / 12 gy
Ari Je—ioo i Je—ico
(23)
are the Bessel functions of the first kind (modified and unmodified, respectively).
Now we will evaluate the Fourier coefficients of the function Ey (z1, z2).
Theorem 6 Ler p = €272, g = 27122 § = ¢¥i22 then
L g ( )( 22)
T ay\&1,22)(22 — 2
i N K1, 22) L2 2
[e¢]
=>eanr' + Y. pen® P — Y pen®) PG . (24)
r=0 r>0,r'>0 r>0,r'<0

Proof of Theorem 6. (i) Note that ., (z1,22) — iy (21,22) = (cz1 + d)(Z2 — 22),
therefore

1 Z My (21, 221y (21, 22) (22 — 22)

—k =
E1(z1,22)(z2 — 22) . —
Iz, 22) %y (21, 22)18

yelo(N)

1 Z 1 My (21, 22)
2 (czi +d) \ Iy (21, 22) 1% |y (21, 22) |22

y€lo(N)
My (z1, 22) ) . 25)

Iy (21, 22) 1272 1y (21, 22) %

It can be easily shown that the limit of the right-hand side of (25) as s approaches
1 equals to the limit

Ey (1, 22)(z2 — 22)

thl Z 1 ( My (21, 22) My (21, 22) > 26)

> \2s 2s
=12 (cz1 +d) \ |y (21, 22)] [y (21, 22)|
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Modular Cauchy Kernel Corresponding to the Hecke Curve 311

(i1) First we find the coefficients of the Fourier expansion of the inner series in (26)
in powers of ¢ = ¢?"1%2 and § = €>"%2. For the fixed ¢, d, with (¢, d) = 1, all
the pairs of integers a, b, such that ad — bc = 1, have the form a = ag + nc,
b = bg + nd, where ag, by are some fixed solutions. Hence,

Z My (21, 22)
(cz1 + d)ly (21, 22)[*

y€lo(N)
_ __ aozitbo
_ (cz1 + d)z = ( cz1+d + n) 7
Z |C21 +d|2s+2 Z aoz1+b 2s " ( )
c.deZ, n=—00 ‘Zz — 0 +n
¢=0 (mod N) ezt

(e.d)=1

Using the Fourier expansion of the sum Y GH1) (see Weil 1976), we get:

nE€ZL |z+n|>
= aoz1+bo
too 72 — CZ] +d + ragz1 by
lim 1 = —2mi + Z 2rir' T G
s—>1 apzi+ho 3 .
n=-00 7o — “en¥d +n r’'>0

(28)
From (28) and (27) and similar computations for the first series in (26), it imme-
diately follows that

En(z1,22)(z2 — 22)

= 2ni lim (Ef\’,"(m,s) + Z Py(z1,8) q" — Z Py(z1.8) 4" ) .

r’'>0 r’'<0

(29)

m}

Using the theorem 6 and the properties of the Poincare series, it can be obtained that
the function Ey(z1, 22)(z2 — Z2), viewed as a function of the first variable z;, has a
simple pole on the curve Dy = {(z1,z2) € H x H| z0 = yz1, ¥ € ['o(N)} and for
all zo € H it is equal to zero in all cusps of ['g(V).

Proof of Theorem 3 Now we assume that the genus of I'g(N) is zero. The normalized
function Jr vy (p) is amodular function of weight 0 with a simple pole with the residue
1 in i oo and holomorphic in H. Hence the meromorphic 1-form d;, log |Jryn)(p) —
Jro(;\z)(q)|2 has simple poles at the points z; = yzp and at the z; = ioco. Thus, the
differential forms in the left-hand side and in the right-hand side of (6) have the same
poles with the same residues. As a consequence, the difference of these differential
forms is a holomorphic 1-form invariant under the modular transformation. Therefore,
it is equal to zero.

]
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312 N. Sakharova

It is not difficult to show that for 7’ < 0 the Poincare series limg_,1 P (z1, 2,5 + 1)
is a cusp form of weight 2, and therefore, for the genus zero group I'g(N) it is equal
to zero. In this case we can prove the formula (7) of the Borcherds product.

Proof of Theorem 4 Let p,s y(r) be the n-th Fourier coefficient of the Poincare series
with the parameter r’ > 0 given by the formula (22).

From the Fourier expansion of Ex(z1, z2) it follows that

Qri)™' En(z1,22)(z2 — 22) — EX (21, 8) =

K(—r,r'";¢) A rr’ .
h P q

o0
:Zp_rqr—ZZn'\/; Z _C’

r>0 r,r’>0 c=0 (mod N) ¢
c>0
r
—ZP CEDIE- NS >
r>0 r,r’>0 c=0 (mod N) O<m|(r,r’,c)
>0
K<_:n_r2/’1’n;) A ~/rr’
I . (30)
c/m

In the last equality there was used the Selberg identity for the Kloosterman sums
Kuznetsov (1980):

Lemma4 ,
rr c
K@, r':c)= Kl—.1;,—). 31
(r.r's 0) Zm(m2 m) (31)
O<m|(r,r’,c)
If N =dd',m =dmo,c/m =d'coand r/mo = ro, r’ /mo = r{), then, continuing the
equality (30), we get

Sry-ny Y [

r>0 d|N m0>0r0 ry>0
co>0
K( ’220,1 C‘ZN> 4 [ror)) ,
I promogromo —
coN/d Nco

:_—_Z ) Z 7 plN(VOrO/dZ) romo g™ —

d|N ry,r{>0mo>0 "o

-1 dzl 2 2 L pin (710 1og (1= ")

9= 7' >0d|(r,r',N)

d pun(rr'/d?)-d?frr’
N T

r,r'>0d|(r,r',N)

This completes the proof. O
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