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Abstract

We investigate some geometric properties of the real algebraic variety A of symmetric
matrices with repeated eigenvalues. We explicitly compute the volume of its intersec-
tion with the sphere and prove a Eckart—Young—Mirsky-type theorem for the distance
function from a generic matrix to points in A. We exhibit connections of our study to
real algebraic geometry (computing the Euclidean distance degree of A) and random
matrix theory.

Keywords Integral geometry - Random matrices - Euclidean distance degree theory
1 Introduction

In this paper we investigate the geometry of the set A (below called discriminant) of
real symmetric matrices with repeated eigenvalues and of unit Frobenius norm:

A ={0 e Symn,R) : 1;(Q) = A;(Q) forsome i # j} NSV~

Here, 11(Q), ..., A, (Q) denote the eigenvalues of Q, the dimension of the space of
symmetric matrices is N := @ and SV~! denotes the unit sphere in Sym(n, R)
endowed with the Frobenius norm || Q|| := +/tr(Q?).

This discriminant is a fundamental object and it appears in several areas of mathe-
matics, from mathematical physics to real algebraic geometry, see for instance (Arnold
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1972, 1995, 2003, 2011; Teytel 1999; Agrachev 2011; Agrachev and Lerario 2012;
Vassiliev 2003). We discover some new properties of this object (Theorems 1.1, 1.4)
and exhibit connections and applications of these properties to random matrix theory
(Sect. 1.4) and real algebraic geometry (Sect. 1.3).

The set A is an algebraic subset of SV =1, It is defined by the discriminant polyno-
mial:

dise(Q) := [ ] (1:(Q) = 2;(@)*.

i<j

which is a non-negative homogeneous polynomial of degree deg(disc) = n(n — 1) in
the entries of Q. Moreover, it is a sum of squares of real polynomials (Ilyushechkin
2005; Parlett 2002) and A is of codimension two. The set Ay, of smooth points of A
is the set of real points of the smooth part of the Zariski closure of A in Sym(n, C) and
it consists of matrices with exactly two repeated eigenvalues. In fact, A is stratified
according to the multiplicity sequence of the eigenvalues; see (1.3).

1.1 The Volume of the Set of Symmetric Matrices with Repeated Eigenvalues

Our first main result concerns the computation of the volume |A| of the discriminant,
which is defined to be the Riemannian volume of the smooth manifold Ay, endowed
with the Riemannian metric induced by the inclusion Agy, C S N-1

Theorem 1.1 (The volume of the discriminant).

|A| n
|SN=3) <2>
Remark 1 Results of this type (the computation of the volume of some relevant alge-
braic subsets of the space of matrices) have started appearing in the literature since
the 90’s (Edelman and Kostlan 1995; Edelman et al. 1994), with a particular emphasis
on asymptotic studies and complexity theory, and have been crucial for the theoretical
advance of numerical algebraic geometry, especially for what concerns the estimation
of the so called condition number of linear problems (Demmel 1988). The very first
result gives the volume of the set ¥ C R" of square matrices with zero determi-

nant and Frobenius norm one; this was computed in Edelman and Kostlan (1995) and
Edelman et al. (1994):

|2

F(H_erl) \/? 12
|S”2_1| - ﬁ 1“(%) En ’

For example, this result is used in Edelman and Kostlan (1995, Theorem 6.1) to com-
pute the average number of zeroes of the determinant of a matrix of linear forms.
Subsequently this computation was extended to include the volume of the set of n x m
matrices of given corank in Beltrdn (2011) and the volume of the set of symmetric
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matrices with determinant zero in Lerario and Lundberg (2016), with similar expres-
sions. Recently, in Beltran and Kozhasov (2018) the above formula and Lerario and
Lundberg (2016, Thm. 3) were used to compute the expected condition number of the
polynomial eigenvalue problem whose input matrices are taken to be random.

In arelated paper Breiding et al. (2017) we use Theorem 1.1 for counting the average
number of singularities of arandom spectrahedron. Moreover, the proof of Theorem 1.1
requires the evaluation of the expectation of the square of the characteristic polynomial
of a GOE(n) matrix (Theorem 1.6 below), which constitutes a result of independent
interest.

Theorem 1.1 combined with Poincaré’s kinematic formula Howard (1993, p. 17)
allows to compute the average number of symmetric matrices with repeated eigenval-
ues in a uniformly distributed projective two-plane L C PSym(n, R) ~ RPN~

E#Lnpa)y = 2l _ 1Al (n (1.1)
©RPNS3) | SNS3 2 '

where by PA C PSym(n, R) ~ RPY~! we denote the projectivization of the discrim-
inant. The following optimal bound on the number #(L N PA) of symmetric matrices
with repeated eigenvalues in a generic projective two-plane L ~ RP?> ¢ RPN~! was
found in Sanyal et al. (2013, Corollary 15):

#(L NPA) < (" ;r 1). (1.2)

Remark 2 Consequence (1.1) combined with (1.2) “violates” a frequent phenomenon
in random algebraic geometry, which goes under the name of square root law:
for a large class of models of random systems, often related to the so called
Edelman—Kostlan—-Shub—Smale models (Edelman and Kostlan 1995; Shub and Smale
1993b, a, c; Edelman et al. 1994; Kostlan 2002), the average number of solutions equals
(or is comparable to) the square root of the maximum number; here this is not the case.
We also observe that, surprisingly enough, the average cut of the discriminant is an
integer number (there is no reason to even expect that it should be a rational number!).

More generally one can ask about the expected number of matrices with a multiple
eigenvalue in a “random” compact 2-dimensional family. We prove the following.

Theorem 1.2 (Multiplicities in a random family). Ler F : Q@ — Sym(n, R) be a
random Gaussian field F = (fi1, ..., fn) with i.i.d. components and denote by 7w :
Sym(n, R)\{0} — SN~ the projection map. Assume that:

1. with probability one the map w o F is an embedding and
2. the expected number of solutions of the random system { fi = f> = 0} is finite.

Then:
E#F~1(4(A)) = (’;) E#{fi = f, = 0},

where € (A) C Sym(n, R) is the cone over A.
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Example T When each f; is a Kostlan polynomial of degree d, then the hypotheses
of Theorem 1.2 are verified and E#{f; = f» = 0} = 2d|Q|/|S?|; when each f; is
a degree-one Kostlan polynomial and Q = §2, then E#{f; = f>» = 0} = 2 and we
recover (1.1).

1.2 An Eckart-Young—Mirsky-Type Theorem

The classical Eckart—Young—Mirsky theorem allows to find a best low rank approxi-
mation to a given matrix.

For r < m < n let us denote by X, the set of m x n complex matrices of rank r.
Then for a given m x n real or complex matrix A a rank » matrix A € ¥, which is a
global minimizer of the distance function

dista : X, > R, B> ||A—B| := ZZ'“U bij|?
i=1 j=1

is called a best rank r approximation to A. The Eckart—Young—Mirsky theorem states
thatif A = U*SV is the singular value decomposition of A, i.e., U is an m x m real or
complex unitary matrix, S is an m x n rectangular diagonal matrix with non-negative
diagonal entries s; > - -+ > 5, > O and V is an n x n real or complex unitary matrix,
then A = U*SV is a best rank r approximation to A, where S denotes the rectangular
diagonal matrix with S” =s; fori =1, ,r and SN =0forj=r+1,

Moreover, a best rank r approximation to a sufﬁc:lently generic matrix is actually
unique. More generally, one can show that any critical point of the distance function
disty : ¥, — R is of the form U*S'V, where I C {1,2, ..., m} is a subset of size
r and ' is the rectangular diagonal matrix with SI =5 for i eland SI i = 0 for

j ¢ I. In particular, the number of critical points of dist4 for a generic matrix A is
('r') In Draisma et al. (2016) the authors call this count the Euclidean distance degree
of X, ; see also Sect. 1.3 below.

In the case of real symmetric matrices similar results are obtained by replacing
singular values o1 > - - - > o, with absolute values of eigenvalues |A1| > --- > |A,]
and singular value decomposition U X V* with spectral decomposition C” AC; see
Helmke and Shayman (1995, Thm. 2.2) and Lerario and Lundberg (2016, Sec. 2).

For the distance function from a symmetric matrix to the cone over A we also have
an Eckart—Young—Mirsky-type theorem. We prove this theorem in Sect. 2.

Theorem 1.3 (Eckart—Young—Mirsky-type theorem). Let A € Sym(n, R) be a generic
real symmetric matrix and let A = CT AC be its spectral decomposition with A =
diag(Ay, ..., Ap). Any critical point of the distance function

da : %(Asm)\{o} - R
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is of the form CTA,-,jC, where

Ai+ A Ai+Aj
Aij =diag | A1, ..., l2 Lo J

i J

], 1<i<j<n

Moreover, the function dy : €(A) — R attains its global minimum at exactly one
of the critical points CTA,-,jC € € (Agn)\{0} and the value of the minimum of da
equals:
. A=Al
min ||[A—B| = min ———.
BEB(A) I<i<j<n /2

Remark 3 Since € (A) C Sym(n, R) is the homogeneous cone over A C SV~! the
above theorem readily implies an analogous result for the spherical distance func-

a2
tion from A € SV~! to A. The critical points are (1 — M)_l/z CTA,-,jC and
the global minimum of the spherical distance function d¥ is mingea d5(A, B) =

mini—:_ resin Pi—ajl
1<i<j<n arcs NG .

The theorem is a special case of Theorem 1.4 below, that concerns the critical points
of the distance function to a fixed stratum of € (A). These strata are in bijection with
vectors of natural numbers w = (wy, wy, ..., w,) € N” such that Z?:l iw; =nas
follows: let us denote by ¢’ (A)™ the smooth semialgebraic submanifold of Sym(n, R)
consisting of symmetric matrices that for each i > 1 have exactly w; eigenvalues of
multiplicity i. Then, by Shapiro and Vainshtein (1995, Lemma 1), the semialgebraic
sets € (A)Y with wi < n form a stratification of ¥ (A):

C(A) = |_| E (A (1.3)

wiw<n

In this notation, the complement of € (A) can be written €' (A) %9 = Sym(n, R)\
% (A). By Arnold (1972, Lemma 1.1), the codimension of € (A)" in the space
Sym(n, R) equals

n
codim(€/(A)") =Y
i=1
Let us denote by Diag(n, R)* := Diag(n, R) N € (A)Y the set of diagonal matrices
in € (A)Y and its Euclidean closure by Diag(n, R)¥. This closure is an arrangement
of W many (_;_, w;)-dimensional planes. Furthermore, for a sufficiently
generic diagonal matrix A = diag(A1, ..., A,) the distance function

(i —D@G+2)
— W
2

da : Diag(n, R)” — R, A =diag(Ai,...,An) —

has W critical points each of which is the orthogonal projection of A on one
of the planes in the arrangement Diag(n, R)¥ and the distance d, attains its unique
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global minimum at one of these critical points. We will show that an analogous result

holds for
da:C(A)Y >R, Ar> ||A— Al = /(A — A)?),

the distance function from a general symmetric matrix A € Sym(n, R) to the smooth
semialgebraic set €' (A)". The proof for the following theorem is given in Sect. 2.

Theorem 1.4 (Eckart—Young—Mirsky-type theorem for the strata). Let A € Sym(n, R)
be a generic real symmetric matrix and let A = CT AC be its spectral decomposition.
Then:

1. Any critical point of the distance functiondy : €(A)” — Ris of the form CT AC,
where A € Diag(n, R)" is the orthogonal projection of A onto one of the planes
in Diag(n, R)¥.

2. The distance function ds : € (A)* — R has exactly W critical points,
one of which is the unique global minimum of d .

Remark 4 Note that the manifold " (A)" is not compact and therefore the function
da : €(A)*Y — R might not a priori have a minimum.

1.3 Euclidean Distance Degree

Let X C R” be a real algebraic variety and let X©  C™ denote its Zariski closure.
The number #{x € X¢n : u — x L T\ Xn} of critical points of the distance to the
smooth locus Xy of X from a generic point u € R can be estimated by the number
EDdeg(X) := #{x € X5, 1 u —x L T, XS} of “complex critical points”. Here,
v L w is orthogonality with respect to the bilinear form (v, w) — v’ w. The quantity
EDdeg(X) does not depend on the choice of the generic point u € R™ and it’s called
the Euclidean distance degree of X (Draisma et al. 2016). Also, solutions x € X gn
tou—x L Ty X;Cm are called ED critical points of u with respect to X (Drusvyatskiy
etal. 2017). In the following theorem we compute the Euclidean distance degree of the
variety €’ (A) C Sym(n, R) and show that all ED critical points are actually real (this
result is an analogue of Drusvyatskiy et al. (2017, Cor. 5.1) for the space of symmetric
matrices and the variety €' (A)).

Theorem 1.5 Let A € Sym(n, R) be a sufficiently generic symmetric matrix. Then the
(g) real critical points of da : € (Agm) — R from Theorem 1.3 are the only ED critical
points of A with respect to € (A) and the Euclidean distance degree of € (A) equals
EDdeg(€¢ (A)) = (3).

Remark 5 An analogous result holds for the closure of any other stratum of €’ (A)™.
Namely, EDdeg(% (A)Y) = W and for a generic real symmetric matrix
A e Sym(n, R) ED critical points are real and given in Theorem 1.4.

1.4 Random Matrix Theory

The proof of Theorem 1.1 eventually arrives at Eq. (3.7), which reduces our study to the
evaluation of a special integral over the Gaussian Orthogonal Ensemble (GOE) (Mehta
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2004; Tao 2012). The connection between the volume of A and random symmetric
matrices comes from the fact that, in a sense, the geometry in the Euclidean space of
symmetric matrices with the Frobenius norm and the random GOE matrix model can
be seen as the same object under two different points of view.

The integral in (3.7) is the second moment of the characteristic polynomial of a
GOE matrix. In Mehta (2004) Mehta gives a general formula for all moments of
the characteristic polynomial of a GOE matrix. However, we were unable to locate
an exact evaluation of the formula for the second moment in the literature. For this
reason we added Proposition 4.2, in which we compute the second moment, to this
article. We use it in Sect. 4 to prove the following theorem.

Theorem 1.6 For a fixed positive integer k we have

(k +2)!
2k+1

/ E [det(Q — ull)z]e_”2 du = /7
ueR Q~GOE(k)

An interesting remark in this direction is that some geometric properties of A can
be stated using the language of random matrix theory. For instance, the estimate on
the volume of a tube around A allows to estimate the probability that two eigenvalues
of a GOE(n) matrix are close: for € > 0 small enough

1
P{min;; |2 (Q) — 1;(Q)| < €} < Z(”)ez + 0(ed). (1.4)

2

The interest of this estimate is that it provides a non-asymptotic (as opposed to studies
in the limit » — oo, Ben Arous and Bourgade 2013; Nguyen et al. 2017) result in
random matrix theory. It would be interesting to provide an estimate of the implied
constant in (1.4), however this might be difficult using our approach as it probably
involves estimating higher curvature integrals of A.

2 Critical Points of the Distance to the Discriminant

In this section we prove Theorems 1.3, 1.4 and 1.5. Since Theorem 1.3 is a special
case of Theorem 1.4, we start by proving the latter.

2.1 Proof of Theorem 1.4

Let us denote by €’ (A)¥ C Sym(n, R) the Euclidean closure of €’ (A)". Note that
E(A)Y is a (real) algebraic variety, the smooth locus of ¥’ (A)¥ is € (A)Y and the
boundary € (A)?\% (A)Y is a union of some strata E(A)Y of greater codimension.

The following result is an adaptation of Bik and Draisma (2017, Thm. 3) to the space
Sym(n, R) of real symmetric matrices, its subspace Diag(n, R) of diagonal matrices
and the action C € O(n), A € Sym(n, R) +— CTAC € Sym(n, R). Note that the
assumptions of Bik and Draisma (2017, Thm. 3) are satisfied in this case as shown in
Bik and Draisma (2017, Sec. 3).
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Lemma 2.1 Let X C Sym(n, R) be a O (n)-invariant subvariety. Then for a sufficiently
generic A € Diag(n, R) the set of critical points of the distance dp : Xgn, — R is
contained in X N Diag(n, R).

Let now X = €(A)¥, let A € Sym(n, R) be a sufficiently generic symmetric
matrix and fix its spectral decomposition A = CT AC. By Lemma 2.1 critical points
of dy : ¥(A)Y — R are all diagonal. Since the intersection X N Diag(n, R) =
Diag(n, R)¥ is an arrangement of W planes, critical points of dp are the
orthogonal projections of A on each of the components of the plane arrangement.
Moreover, one of these points is the (unique) closest point on Diag(n, R)¥ to A. The
critical points of the distance d4 : €(A)* — R from A = CT AC are obtained via
conjugation of critical points of dy by C € O(n). Both claims follow. O

2.2 Proof of Theorem 1.3

Letw=(n—2,1,0,...,0) and for a given symmetric matrix A € Sym(n, R) let us
fix a spectral decomposition A = CTAC, A= diag(Aq, ..., Ay). From Theorem 1.4
we know that the critical points of the distance function d4 : € (Agm)\{0} — R are
of the form CTA,-,J- C,1<1i < j < n,where A; ; is the orthogonal projection of A
onto the hyperplane {A; = A;} C Diag(n, R)". It is straightforward to check that

Ajj=diag | A, ..., ‘2

From this, it is immediate that the distance between A and A; ; equals

A — A ]

V2
This finishes the proof. O

A = A jll =,/tr ((A — A,'J)2> =

2.3 Proof of Theorem 1.5

In the proof of Theorem 1.3 we showed that there are (g) real ED critical points of the
distance function from a general real symmetric matrix A to ¥’ (A). In this subsection
we in particular argue that there are no other (complex) ED critical points in this case.
The argument is based on Main Theorem from Bik and Draisma (2017) which is stated
first.

Theorem 2.2 (Main Theorem from Bik and Draisma (2017)). Let V be a finite-
dimensional complex vector space equipped with a non-degenerate symmetric bilinear
form, let GC be a complex algebraic group and let G — O (V) be an orthogonal
representation. Suppose that Vo C V is a linear subspace such that, for sufficiently
generic vy € Wy, the space V is the orthogonal direct sum of Vi) and the tangent space
TU()GCUO at vg to its GC-orbit. Let X© be a GC-invariant closed subvariety of V. Set
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Xg: = X N Vy and suppose that GCXg is dense in X©. Then the ED degree of X
in 'V equals the ED degree of Xg: in Vo.

We will apply this theorem to the space of complex symmetric matrices V =
Sym(n, C) endowed with the complexified Frobenius inner product, the subspace of
complex diagonal matrices Vo = Diag(n, C), the complex orthogonal group G€ =
{C € M(n,C) : CTC = 1} acting on V via conjugation and the Zariski closure
XC ¢ Sym(n, C) of €(A) C Sym(n, R).

Let us denote by G = O(n) the orthogonal group. Since ¥ (A) C Sym(n, R) is
G-invariant, by Drusvyatskiy et al. (2017, Lemma 2.1), the complex variety X© c
Sym(n, C) is also G-invariant. Using the same argument as in Drusvyatskiy et al.
(2017, Thm. 2.2) we now show that X Cis actually GC-invariant. Indeed, for a fixed
point A € XC the map

VA G¢ — Sym(n,C), C+— crac

is continuous and hence the set yA_l(X €y ¢ GC is closed. Since by the above G C
yA_l (X©) and since GC is the Zariski closure of G we must have )/A_l x% = GC.

Now for any diagonal matrix A € Diag(n, C) with pairwise distinct diagonal entries
the tangent space at A to the orbit GCA = {CTAC : C € G®} consists of complex
symmetric matrices with zeros on the diagonal:

TA(GCA)z{vA—Av:vT—l—v:O}:{AeSym(n,(C):an = =ay, =0}

In particular,
Sym(n, C) = Diag(n, C) + TA(G®A)

is the direct sum which is orthogonal with respect to the complexified Frobenius inner
product (Aq, Ay) > tr(AT Ay).

As any real symmetric matrix can be diagonalized by some orthogonal matrix we
have

%(A) = G(€(A) N Diag(n, R)) = {CTAC . C € 0m), A € €(A) N Diag(n, R)} .

This, together with the inclusion ¢ (A) C GC(xCn Diag(n, C)), imply that the set
GCxCn Diag(n, C)) is Zariski dense in X C. Applying Theorem (2.2) we obtain
that the ED degree of XC in Sym(n, C) equals the ED degree of X© N Diag(n, C) in
Diag(n, C). Since XCﬁDiag(n, C) = {A € Diag(n,C) : A; = Aj,i # j}istheunion
of ('2’) hyperplanes the ED critical points of a generic A € Diag(n, C) are orthogonal
projections from A to each of the hyperplanes (as in the proof of Theorem 1.3). In
particular, EDdeg(X(c) = EDdeg(X(C N Diag(n, C)) = (g) and if A € Diag(n, R)
is a generic real diagonal matrix ED critical points are all real. Finally, for a general
symmetric matrix A = CT AC all ED critical points are obtained from the ones for
A € Diag(n, R) via conjugation by C € O(n).
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The proof of the statement in Remark 5 is similar. Each plane in the plane arrange-
ment Diag(n, R)¥ yields one critical point and there are W many such
planes. O

3 The Volume of the Discriminant

The goal of this section is to prove Theorems 1.1 and 1.2. As was mentioned in the
introduction, we reduce the computation of the volume to an integral over the GOE-
ensemble. This is why, before starting the proof, in the next subsection we recall some
preliminary concepts and facts from random matrix theory that will be used in the
sequel.

3.1 The GOE(n) Model for Random Matrices

The material we present here is from Mehta (2004).
The GOE(n) probability measure of any Lebesgue measurable subset U C
Sym(n, R) is defined as follows:

1 2
]P{U} = fn—ﬂ/ efw dA,
2 o Ju

where dA = Hlsis j<n dA;; is the Lebesgue measure on the space of symmetric

matrices Sym(n, R) and, as before, |A|| = /tr(A2) is the Frobenius norm.

By Mehta (2004, Sec. 3.1), the joint density of the eigenvalues of a GOE (n) matrix

A is given by the measure Z Iy ’@|A(k)|dk where dA = []/_,dA; is the

Lebesgue measure on R”, V. C R” is a measurable subset, A% = A% + -+ )\% is
the Euclidean norm, A(A) = ]_[151-< j<n (Aj — A;) is the Vandermonde determinant
and Z, is the normalization constant whose value is given by the formula

zn=/ A dh = Vor" ]‘[m 2), G.1)
" ot reé)

see Mehta (2004, Eq. (17.6.7)) withy = a = % In particular, for an integrable function
f : Sym(n, R) — R that depends only on the eigenvalues of A € Sym(n, R), the
following identity holds

f(A) = — /f(/\l,-.., n) _7|A(/\)Idk (3.2)

A~ GOE(n)
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3.2 Proof of Theorem 1.1

In what follows we endow the orthogonal group O (n) with the left-invariant metric
defined on the Lie algebra 77 O (n) by

1
(u,v) = 5tr(uTv), u,v e T10(n)

The following formula for the volume of O(n) can be found in Muirhead (1982,
Corollary 2.1.16):

7
[T T (%)

Recall that by definition the volume of A equals the volume of the smooth part Agy, C
SN=1 that consists of symmetric matrices of unit norm with exactly two repeated
eigenvalues. Let us denote by (S”~2), the dense open subset of the (n — 2)-sphere
consisting of points with pairwise distinct coordinates. We consider the following
parametrization of Agy, C sh-1.

[0(m)| = (3-3)

p:OMm) x (") = Agm, (C, ) CTdiag(ry, ..., %) C,

where A1, ..., A, are defined as

Mn—1 _ Mn—1

V2TV

In Lemma 3.1 below we show that p is a submersion. Applying to it the smooth coarea
formula (see, e.g., Biirgisser and Cucker 2013, Theorem 17.8) we have

Al =1, M =2, ooy Apm2 = Up—2, Ayo1 = 34

/ P~ (A)dA = / NJc.yp d(C, w) (3.5)
A€Asm (C,1)e0 (n)x(§n2),

Here NJ(c, ) p denotes the normal Jacobian of p at (C, ) and we compute its value
in the following lemma.

Lemma 3.1 The parametrization p : O (n) x (S"=2), = Ay, is a submersion and its
normal Jacobian at (C, u) € O(n) x ("2, is given by the formula

_ 2
n(nz l)_l HUn—1

Nlcwp =2 Wi

n—2
[T twi—wil]]
i=1

1<i<j<n-2

Proof Recall that for a smooth submersion f : M — N between two Rieman-
nian manifolds the normal Jacobian of f at x € M is the absolute value of the
determinant of the restriction of the differential Dy f : TxM — Ty )N of f at x
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to the orthogonal complement of its kernel. We now show that the parametrization
p:0O(n)x (S”*Z)* — Agnm i a submersion and compute its normal Jacobian.

Note that p is equivariant with respect to the right action of O(n) on itself and
its action on Agy, via conjugation, i.e., for all C, C e O(n) and n € 5§72 we have
p(CC‘, n) = C‘Tp(C, ,u)C~'. Therefore, D(c,;)p = CTD(LM)p C and, consequently,
Nlc,;,yp = Nl ;) p. We compute the latter. The differential of p at (1, u) is the
map

Dyp : T1Om) x TyS" ™ — Tp(1 ) Asm,

. . T . . .
(C, 1) = C diag(ry, ..., y) +diag(hy, ..., Ay) C +diag(Ag, ..., Ap),

where )li =p; forl <i <n—2and ).\,,_1 = in = ﬁ:‘f‘z’ . The Lie algebra 77 O (n)

consists of skew-symmetric matrices:
. . T .
T]lO(n)={Ce]R"X”:C =—C}.

Let E; ; be the matrix that has zeros everywhere except for the entry (i, j) where it
equals 1. Then {E; ; — E;; : 1 <i < j < n}is an orthonormal basis for 770 (n).
One verifies that

Da,yp(Ei; —E;ji,00=0; —A)(E;j+Ej;), and
D1 p(0, ) = diag(h1, . . ., An).
This implies that p is a submersion and
(ker D1 yp)t =span{E; j — Ej;:1<i < j<n, (i,j)#@0—1,n}& T,(5"2),.

Combining this with the fact that the restriction of Dy ;) p to T, (S"~2) is an isometry
we obtain

n(nfl)i]

NJawp=v2 I1 A = Aj
I<i<j=n, (i,))#(n,n—1)
wozb = M1
=2 l_[ |Mi_ﬂj|nﬂi—f )
I<i<j<n-2 i=1
which finishes the proof. O

We now compute the volume of the fiber p_l (A), A € Ay that appears in (3.5).

Lemma 3.2 The volume of the fiber over A € Agy equals |p~1(A)| = 2" (n — 2)!.
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Proof Let A = p(C, 1) € Agm. The last coordinate u,_1 is always mapped to the
double eigenvalue 1,1 = A, of A, whereas there are (n — 2)! possibilities to arrange

U1, ..., fn_2. For a fixed choice of u there are |O(1)|""2|0(2)| ways to choose
C € O(n). Therefore, by (3.3) we obtain [p~1(A)| = |O(1)|"2|0Q)| (n — 2)! =
22227 . (n =2)! = 2"x(n — 2)\. o

Combining (3.5) with Lemmas 3.1 and 3.2 we write for the normalized volume of
A:

n(n 1) _1-2,
Al V2T

ISN=3] 7 mr(n — 2)!|SN-3)

n—2

IR TS] H d(c,m,

|
(C,)E0 M) x (8"2),

where A(uy, ..., up—2) = H1§[<j§n_2(l/«i — ;).

The function being integrated is independent of C € O(n). Thus, using Fubini’s
theorem we can perform the integration over the orthogonal group. Furthermore, the
integrand is a homogeneous function of degree w Passing from spherical
coordinates to spatial coordinates and extending the domain of integration to the
measure-zero set of points with repeated coordinates we obtain

"(”_1)71,2
Al _ V2 7 T om)
ISN=3] 7 m(n—2)!|SVN3| K

lix)?
xf ALy, ... “” L oM du
,LLE]R"_I
where
O =) (+1) n(n+1) nn+1
K:/ @YD 027 g = 252 —21“(—( ) ).
0 4
Let us write u = =
from p,—1 to u. Considering the eigenvalues w1, ..., u,—2 as the eigenvalues of a

symmetric (n — 2) x (n — 2) matrix Q, by (3.2) we have

n(n—l)_2
Al V2T oM Zys .
|SN-3| m(n=2) SV K Jyer 0~GOE(n-2)

[det(Q — ul)?] e~ du
3.6)
Using formulas (3.1) and (3.3) for Z,,_» and | O (n)| respectively we write

n(n+1) n—2

PAS AR n—2 ra+ 2)

lOn)| - Z, ——— V21
TN T 1]1 ra
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n(n+1)

27T e = ird)

[T T (%) (G2

\/§3n_2f[ n<n4+1) (n _ 2)!
rresh

_ ﬁSn—Gnn(nTﬂ)fl,

where in the last step the duplication formula for Gamma function I (%)I‘ ( %) =
22-n /7 (n—2)! has been used. Let us recall the formula for the volume of the (N —3)-

dimensional unit sphere: |S¥ 73| = 2T / F(NTJ). Recalling that N = @ we

simplify the constant in (3.6)

n(n+1)
22—

n=b) _,, no=l) _,, )
2 2 — -2
\/E ) [O(n)| - Zy— _ V2 .\/ESrlfﬁn_n(n;rl)_l ) F( 5 ) 2"

(-2 |SN3K 7 (n—2)! i 'r(invl;l),l) VR

Plugging this into (3.6) we have

|A| =l ry / 9y i
_ = E det(Q —ul “dy. 3.7
ISN=31 /! \2) Jier Q~GOE(n—2)[ el(Q —ul)T]e " 3.7)

Combining the last formula with Theorem 1.6 whose proof is given in Sect. 4 we
finally derive the claim of Theorem 1.1: % = (3).

Remark 6 The proof can be generalized to subsets of A that are defined by an eigen-
value configuration given by a measurable subset of ($”2),. Such a configuration
only adjusts the domain of integration in (3.7). For instance, consider the subset

(S" 1 ={(t1s s pn1) € (8" D | a1 < i for 1 <i <n—2}.
It is an open semialgebraic subset of ($"2), and A := p(O(n) x (5"2))) is the

smooth part of the matrices whose two smallest eigenvalues coincide. Following the
proof until (3.7), we get

AL =y / 5 5
it L S E det(Q —ul)*1 “du,
ISN=31 7 St \2) Juer Q~GOE(n—2)[ UQ —ul)"Ligrumyle ™ du

where 1{¢p.,1) is the indicator function of Q — u1 being positive definite.
3.3 Multiplicities in a Random Family
In this subsection we prove Theorem 1.2.
The proof is based on the integral geometry formula from Howard (1993, p. 17).

We state it here for the case of submanifolds of the sphere S¥ 1. If A, B ¢ SV~ are
smooth submanifolds of dimensions @ and b respectively and a + b > N — 1, then
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! |ANgB|dg = |S¢H0-N+1| 4] |Bb| (3.8)
[ON)| Joy 1S4] 1571

Note that the intersection A N g B is transverse for a full measure set of g € O(N)
and hence its volume is almost surely defined.
Denote F =7 o F : @ — SV=1. Then, by assumption, with probability one we
have:
#F U (E(A) = #F (A = #F(Q) N A.

Observe also that, since the list (f1, ..., fy) consists of L.i.d. random Gaussian fields,
then for every g € O(N) the random maps F and go F have the same distribution
and

E#F Y4 (M) =E#F(Q)NA =E#g(F(Q) N A

E#(g(F(R) N A)dg

~ 1o Jow
1 ~
=K #(e(F(Q2))NAI
o o (g(F(Q)) N A)dg
1 ~
=F #(g(F(Q) N Agm) d
0] Jow, (g(F(2)) )dg
IF(Q)] Al _<ﬁ |F(Q)
1S2] |S¥=31 0 \2 182

In this derivation we have applie}cj (3.8) to Agpm, F (Q) c SN~ (for almost any g €
O(N) the embedded surface g(F(€2)) intersects A only along Agy). Let us denote
by L = {x; = xp = 0} the codimension-two subspace of Sym(n, R) given by the
vanishing of the first two coordinates (in fact: any two coordinates). The conclusion
follows by applying (3.8) again:

F@I_p ] #(g(F(Q) N L)dg = E#F (L) = E#{fi = fo = 0).
2 STl Joow
This finishes the proof. O

4 The Second Moment of the Characteristic Polynomial of a GOE
Matrix

In this section we give a proof of Theorem 1.6. Let us first recall some ingredients and
prove some auxiliary results.

Lemma4.1 Let P, = pl-m? ﬁm ]_[f":()(Zi)! and let Z»,, be the normalization con-
stant from (3.1). Then P,, = pl=2m 7, .
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Proof The formula (3.1) for Z,,, reads

2m (i m 2i—1 2
Vo HF 5+1 (2L +0)r(Z+1
sz = 2]‘[2m M — (Zn)’nl | ( 2 + ) (2 + )
i=1

r Q) Ho(2)

Using the formula I'(z)I"(z + %) = ﬁZl_ZZF(Zz) (Spanier et al. 2000, 43:5:7) with
z =1+ 1/2 we obtain

m
Zom = 27" [ [ V2" 22206 + 1/2)

i=1

m
=22 " [t = 22" Py,

i=1
This proves the claim. O

Recall now that the (physicist’s) Hermite polynomials H;(x), i =0, 1,2, ... form

afamily of orthogonal polynomials on the real line with respect to the measure e dx.
They are defined by

. d
Hi(x) = (—1)’ex2Fe—x2, i>0
X

and satisfy
2w, ifi=j

4.1
0, else. @D

/ H; () H;(u)e ™ du =
ueR
A Hermite polynomial is either odd (if the degree is odd) or even (if the degree is

even) function: '
H;(—x) = (=)' H;(x); 4.2)

and its derivative satisfies
H{(x) = 2i H_1 (x); 4.3)

see Spanier et al. (2000, (24:5:1)) and Gradshteyn and Ryzhik (2015, (8.952.1)) for
these properties.
The following proposition is crucial for the proof of Theorem 1.6.

Proposition 4.2 (Second moment of the characteristic polynomial). For a fixed posi-
tive integer k and a fixed u € R the following holds.

1. If k = 2m is even, then

2m)! e 27201
B det(Q —u1)? = 2 :
Q~GOE (k) 2-m pars @2

det X (u),
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where

o Hyj (1) Hy () )
i) = <H2j+1(u) — Hy;(u) Hyjy () — Hy;(w) )

2. If k =2m + 1 is odd, then

JTQ2m +1)! i 2722

E  det(Q —ul)’> = — detY;(u),
08w (Q ) 24m+2T (m + 3) pard @) j(
where
2 Haj(u) H3 ()
Yi(u) = 0 Hyjp1(u) — Hy;(u) Hy; y(u) — Hy;(u)
!
e Han@) Hj, ()

Proof In Section 22 of Mehta (2004) one finds two different formulas for the even
k =2m and odd k = 2m + 1 cases. We evaluate both separately.
If k = 2m, we have by Mehta (2004, (22.2.38)) that

m

o @m) Py 2! (sz(u) Rgi,(u)>
Edet(Q —ul)” = 7 jX_(:)Qj)! det Roji1 () Ry )

where P, = 21_’”2ﬁm ]_[f»":o (2i)! is asin Lemmad4.1, Zy,, is the nqrmalization con-
stant (3.1) and where Ry (u) = 272/ Hpj(u) and Rpj11(u) = 2= 3+ (Hy ;11 (u) —
H,; i (u)). Using the multilinearity of the determinant we get

—2j-2

@2))!

2m)! Py o 2
Edet(Q — ul)? = . "Z ) det X (u).
mn i=0

Py

T = 21=2m  Putting everything together yields the first

By Lemma 4.1 we have
claim.

In the case k = 2m + 1 we get from Mehta (2004, (22.2.39)) that

. . Ry R, .
,  @Cm4+1!P, m on2j-1 82j 2j(u) /2./(14)
Edet(Q — ul)” = ~ Z 2! det | &2j+1 Rojy1(u) Ry; (u) |,
2l 5 W Som+2 Roms2 (1) Rb (1)

where Py, Ryj(u), Ryjy1(u) are as above and

2
g=/ Ri() exp(—) du.
uelR
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By (4.2), the Hermite polynomial H>;y1(u) is an odd function. Hence, we have
g2j+1 = 0. For even indices we use Gradshteyn and Ryzhik (2015, (7.373.2)) to

get g = 272 /27 % By the multilinearity of the determinant:

2 N2 Qm A DI Py 27272 ‘
Edet(Q — ul)? = ETE=r— 12_(:) oy det Y; (u). (4.4)

From (3.1) one obtains Zo,,+1 = 22T (m+ %) Zom, which together with Lemma 4.1
implies
P, B 2—2m
Zom+1 B «/51" (m + %)

Plugging this into (4.4) we conclude that

m o 2j-2
Edet(Q — ul)? = v @m 4 1)! Zz ! det Y; (u). (4.5)

24mE2T (4 3)

Everything is now ready for the proof of Theorem 1.6

Proof of Theorem 1.6 Due to the nature of Proposition 4.2 we have to make a case
distinction also for this proof.
In the case k = 2m we use the formula from Proposition 4.2 (1) to write

2m)! e 272771
/ E det(Q — uIl)ze_“2 du = ( 1271) Z - / det X (u) du.
uelR 24m =0 (2])' uelR ’

By (4.3) we have Hi/(u) = 2iH;_1(u). Hence, X j(u) can be written as

< Hyj(u) 4jHj—1(u) )
Hyji1(u) —4jHaj1(w) 227+ 1DHyj(u) —8j2j — DHaj o))"

From (4.1) we can deduce that

f det X (u) du = 2(2j + 12X )7 + 1622571 2j — DW=
uelR

=25 QT @)+ 1).
From this we see that

m n-2j-1

2 @t

j=0

/ deth(u)du=ﬁ2(4j+l) =T (m+1DQ2m+1). (4.6)
ueR

j=0
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and hence,

2 2m)! 2 2)!
fMER Edet(@ —ul?e™ du= T /x o+ 0Em + 1) = BED

Plugging back in m = % finishes the proof of the case k = 2m.
In the case k = 2m + 1 we use the formula from Proposition 4.2 (2) to see that

JTRm+ 1) 2722
2!

2
Edet(Q — ul)>e™ du = .
/u 24m 2T (m + 3) =

/ detY;(u) e du.
u

Note that the top right 2 x 2-submatrix of Y (u) is X (u), so that det Y; (u) is equal to

@A v + P e <H2j+1(u) — ) Hyy ) - Héf,(a)) _
(m + 1)! j! Hopyo (1) H,,  ,(u)
4.7
Because taking derivatives of Hermite polynomials decreases the index by one (4.3)
and because the integral over a product of two Hermite polynomials is non-vanishing
only if their indices agree, the integral of the determinant in (4.7) is non-vanishing
only for j = m, in which case it is equal to

/ Hom1 ) Hypy o (1) e du = 202m + 2)22" 1 2m + 1)1 /7,
uelR
by (4.1) and (4.3). Hence,

/ detY;(u) e du
uelR

B {(2m+2)! /MGR det X, (1) e—u2 du + % 22m+2(2m + 2)!\/E7 if j =m,

(m+1)!

((2nr1n:12))!! Juer det Xj(“)ew2 du, else.
We find that
detY;i(u)e™ du
N J
=0 2! u
2m +2)! 2m +2)! e~ 27272 2
=— det X ; “q
m VT ) ;) 2))! / etXjwye ™ du
@m +2)! Qm +2)! 7
=— — DCm + 1
P TR B
_JT (2m+3)!
2 m!
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where we used (4.6) in the second step. It follows that

2m + 1)! 2m +3)!
f Edet(Q — ul)? e du = VT @m + )3 VT @m+3)
ueR 22 +3) 2 ml
_ xm+ 1)ICm +3)!
C BT+ Hym!

It is not difficult to verify that the last term is 272”2,/ (2m + 3)!. Substituting
2m + 1 = k shows the assertion in this case. O
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