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Abstract

The universal enveloping algebra of any semisimple Lie algebra g contains a family of
maximal commutative subalgebras, called shift of argument subalgebras, parametrized
by regular Cartan elements of g. For g = gl,, the Gelfand-Tsetlin commutative sub-
algebra in U (g) arises as some limit of subalgebras from this family. We study the
analogous limit of shift of argument subalgebras for classical Lie algebras (g = sp,,
or s0,). The limit subalgebra is described explicitly in terms of Bethe subalgebras
in twisted Yangians Y ~(2) and Y (2), respectively. We index the eigenbasis of such
limit subalgebra in any irreducible finite-dimensional representation of g by Gelfand—
Tsetlin patterns of the corresponding type, and conjecture that this indexing is, in
appropriate sense, natural. According to Halacheva et al. (Crystals and monodromy of
Bethe vectors. arXiv:1708.05105, 2017) such eigenbasis has a natural g-crystal struc-
ture. We conjecture that this crystal structure coincides with that on Gelfand-Tsetlin
patterns defined by Littelmann in Cones, crystals, and patterns (Transform Groups
3(2):145-179, 1998).
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1 Introduction
1.1 Maximal Commutative Subalgebras in S(g) and U(g)

Shift of argument subalgerbas form a family of maximal Poisson-commutative subal-
gebras of the Poisson algebra S(g) of a semisimple Lie algebra g. These subalgebras
are parametrized by regular elements . € g*. More precisely, for any u € g* all partial
derivatives of g-invariants in S(g) along  generate a Poisson-commutative subalge-
bra A, C S(g). For regular 1 € g* the subalgebra A, is known to be a polynomial
algebra in %(dim g + rkg) generators (hence having maximal possible transcendence
degree), see Panyushev and Yakimova (2008). These subalgebras were first introduced
by Mishchenko and Fomenko (1979) and are also known as Mishchenko—Fomenko
subalgebras.

We fix an invariant scalar product on g (thus having g = g*) and a Cartan decom-
position g = n4 @ h @ n_. From now on we assume that the parameter u is a regular
element from h C g = g*. Note that the subalgebra A, C S(g) does not change under
dilations of 1, so the parameter space for the shift of argument subalgebras with € b
is the projectivization of the set of regular Cartan elements, IP(h)"*S.

The space P(h) ¢, which parametrizes the family A, is noncompact. Following
(Shuvalov 2002; Vinberg 1990) we extend this family of subalgebras to some com-
pactification of P(h)"“s. Namely, one can consider /imit shift of argument subalgebras
obtained as the A, () as &€ — 0 where element p(¢) € g is regular and semisimple
for sufficiently small values of &. These subalgebras are also known to be polyno-
mial algebras in %(dim g + rk g) generators, see Shuvalov (2002). In Halacheva et al.
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Gelfand-Tsetlin Degeneration of Shift of Argument Subalgebras... 287

(2017) the parameter space for all possible limit subalgebras was identified with the
De Concini—Procesi wonderful closure of P(h)"¢¢ (regarded as the complement of the
root hyperplane arrangement).

Vinberg (1990) raised the problem of quantization of subalgebras A, i.e. lifting
them to commutative subalgebras A, in the universal enveloping algebra U (g) such
that gr A, = A,. In Rybnikov (2006) this problem was solved for regular . In Ryb-
nikov (2005) it was shown that this lifting is unique for generic . Moreover, according
to Halacheva et al. (2017) this lifting extends uniquely to the limit subalgebras.

1.2 Gelfand-Tsetlin Limit of Shift of Argument Subalgebras for g = gl,

Let ¢ = gl, and let E;; (i,j = 1,...,n) denote matrix units of gl,. Vin-
berg (1990) observed that the limit shift of argument subalgebra lim, . A () for
nE)=Epm+Ej—1p—16+---+ E116" 1 is the associated graded of the Gelfand-
Tsetlin subalgebra G, of U(gl,). This subalgebra is commutative and has simple
spectrum in any irreducible gl,-module. The eigenbasis for this subalgebra in an irre-
ducible finite dimensional representation is called Gelfand—Tsetlin basis. Here we
describe it following Molev (2006).

For irreducible gl,-module V) with the highest weight A = (A1, A2, ..., &,) its
restriction to gl,_; is isomorphic to the direct sum of V/L over all gl,_,-weights pu,
satisfying A; — w; € Zy and u; — Aj+1 € Zy. Iterating this restriction for the chain
of embedded Lie subalgebras gl, D gl,_; D --- D gl; we get a basis of Vj, indexed
by Gelfand-Tsetlin patterns A

Anl A2 cee Ann
An—1,1 An—12 An—1n—1

A21 A2
All

with A; satisfying conditions A;; —A;_1 j € Zy and A;_1 j — A j4+1 € Z. This basis
&, is called the Gelfand-Tsetlin basis of V.

The Gelfand-Tsetlin subalgebra G,, C U(gl,) is generated by the centers of U (g},
k=1, ...,n.Clearly all elements from G, are diagonal in the Gelfand-Tsetlin basis.
The eigenvalues of central generators of U (gl;) are shifted elementary symmetric
functions of the elements of the k-th row in the Gelfand—Tsetlin pattern described
above. In particular, the joint eigenvalues on different elements of the Gelfand—Tsetlin
basis are different. So G, has simple spectrum in any irreducible representation of gl,,.

1.3 The Cases of g = sp,, and g = 02p, 02p+1

Recall that for N = 2n the following elements of gl
Fij == Eij — 0 E_j i, ey
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where i, j € {—n,...,—1,1,...,n} for 6;; := sgn(i)sgn(j) span the subalgebra
On = 5pp, = spy C gly.

For N = 2n and 6 := 1 these elements form the basis of g, = 02, = oy C gly.

For N = 2n + 1, the above elements with i, j € {—n,...,—1,0,1,...,n} and
0;j := 1 span the subalgebra g, = 02,41 = oy C gly.

In this paper we describe the limit of the quantum shift of argument subalgebra,
limg 0 Ape) for u(e) = Fup + Fy1p—16 4+ -+ + F1e"'. As in the gl, case, we
consider the chain of Lie subalgebras g, D g,—1 D --- D g1 embedded in the standard
way (i.e. gi is generated by F;; with —k < i, j < k). The problem is that contrary to
the case of gl,,, the centers of all U (gx) from this chain generate a smaller subalgebra
than is expected from the limiting procedure. In particular, the joint spectrum of such
centers is not simple. It turns out that in both symplectic and orthogonal cases we have
some additional generators of this limit subalgebra. To describe them, we consider
the twisted Yangian Y~ (2) (resp. YT (2)) and its commutative Bethe subalgebra B~
(resp. BT) for the case of sp y (resp. on). By Molev and Olshanski (2000), for both
symplectic and orthogonal cases, there is a homomorphism

o YT (2) = Ug)®1.

We denote by A,T the subalgebra in U (g ) %! generated by the image of commutative
subalgebra BT under this homomorphism and the center of U (gx). The subalgebra
AT C U(gn) generated by the union UZZIA,T is a commutative subalgebra of U (g,,).
The first main result of the present paper is the following

Theorem A The limit of the quantum shift of argument subalgebras limg_,o A () for
(&) = Fyp+ Fy_in_16 + - -+ F116" " in the universal enveloping algebra U (g,)
coincides with A~ for g, = sp,, and with At for gn = 025, 0251 41.

Remark 1 In the case of g, = sp,, the subalgebra lim,_.o A, ) was described by
Molev and Yakimova in (2017). We show that A~ is the same subalgebra.

Now we want to describe the spectra of AT in irreducible finite-dimensional rep-
resentations of g,. According to Halacheva et al. (2017), for any dominant integral
highest weight X the spectrum of any limit shift of argument subalgebra in the corre-
sponding representation V) is simple. On the other hand, there are no explicit formulas
for the joint eigenvalues of Bethe subalgebras in twisted Yangians known. The eigen-
vectors can be obtained by an appropriate version of Bethe ansatz method, see Gerrard
et al. (2017). We do not address Bethe ansatz completeness problem in this paper.
Rather, for the cases g, = sp,, and g, = 02,, 02,+1 We describe some indexing of
the eigenbasis of AT in Vj, by the analogs of Gelfand-Tsetlin patterns. This indexing
depends on the choice of a path in a certain parameter space. We conjecture that this
indexing is natural, i.e. does not in fact depend on any choice.

1.4 Gelfand-Tsetlin Type Patterns for Lie Algebras sp,,, 02n and 02p41

Molev (2006) describes a uniform way to get Gelfand—Tsetlin type bases (called weight
bases) for all classical Lie algebras, from the representation theory of twisted Yangians.
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Gelfand-Tsetlin Degeneration of Shift of Argument Subalgebras... 289

The weight basis is indexed by combinatorial data similar to Gelfand—Tsetlin patterns.
We give a precise description of this combinatorial data below.

Remark 2 We have to warn the reader that our construction presented in this paper gives
a different basis! The weight basis is not orthogonal with respect to the Shapovalov
form on an irreducible representation, so it cannot be an eigenbasis of a commutative
self-adjoint subalgebra in the universal enveloping algebra U(g). In this paper we
define a different basis, which is an eigenbasis for some self-adjoint commutative
subalgebra, and show that it is indexed by the same combinatorial data. We do not
know any direct relation between Molev’s bases and ours at the moment but expect
that such relation exists.

For g = sp,, the restriction sp,, | sp,,_» is not multiplicity-free, so we cannot
define Gelfand—Tsetlin basis in the same way as in the gl,, case. Rather, one can define a
basis using the action of the twisted Yangian Y~ (2) on each multiplicity space through
the homomorphism ¢, : Y~ (2) — U (sp,,)*P2»-2. The multiplicity spaces turn out
to be irreducible highest weight Y~ (2)-modules thus leading to the generalization of
the Gelfand—Tsetlin basis called weight basis. The elements of the weight basis of
an irreducible representation V; of highest weight A are numbered by the following
combinatorial objects, called C type patterns A

Anl An2 .. Ann
/ / I
)‘nl )‘712 e )‘nn
An—1,1 An—1,n—1
’ ’
)‘n—l,l R )‘n—l,n—l
All

l
)‘11

with A = (A1, ..., Ayp) being the highest weight (which for sp,,, satisfy —A; € Z
and A; — A;j+1 € Z4) and the rest entries being non-positive integers, satisfying the
following inequalities:

0> A =M1 Z Ao Z M2 = 2 Mg = Mokl = Ay = Ak
fork=1,...,n,and

0> Ay = A1 = App = Ag—12 > - > /\ﬁg,k_l > M1 k=1 = A
fork=2,...,n.

In the orthogonal case we similarly have a Y+ (2)-module structure on multiplic-
ity spaces of irreducible highest weight finite-dimensional representation V) of oy
restricted to oy_». For g = 02,41, this Y*(2)-module is not irreducible but it still
provides a weight basis of irreducible representation Vj with elements numbered by

B type patterns A
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290 L. Rybnikov, M. Zavalin

On Anl An2 cee Ann
/ / /
)”nl )‘n2 te )‘nn
On—1 An—1,1 . An—1,n—1
/ /
n—1,1 ce n—1,n—1
o1 All
/
M
with A = (Au1, ..., Ann), 07 € {0, 1} and all A-entries are simultaneously from Z<g

or {m + %|m €Z,m+ % < 0}, satisfying the following set of inequalities
Mi Z M1 = Mg Z M2 = = Mg = k-1 = Mg > Ak
fork =1,...,n,and
Mg = M—11 = Mg = 12 = -0+ = )»;{,k_l > h—1k—1 = Mg
for k = 2,...,n. Additionally, if A consists of integers and o} = 1 then we have
A, < —1
k=1

For g = 09,,, we get an irreducible ¥ *(2)-module structure on multiplicity spaces
and a basis of irreducible 0;,-module V, enumerated by D type pattern A

Anl An2 . Ann

/ /
)Lnl ce )‘n—l,n—l
kn—l,l ce )\n—l,n—l

A2l A22
!/
11

All

with A = (A,1, ..., Aun) and all entries are simultaneously from Z<g or {m + %Im €

Z,m+ % < 0}, satisfying the following set of inequalities

/ / /
—|Ak1l = )‘k—l,l > A2 > )‘k—1,2 > > Akk—1 = )‘k—l,k—l > Akk,

/ i /
A1l = Ay = =12 Z Ay = = Ak Lk—1 = Ay g

whenk =2,...,n.

1.5 Indexing the Eigenvectors by Patterns

Suppose that g = g, is sp,,,, 02, Or 02,4+1. According to Halacheva et al. (2017) the
spectrum of a limit algebra AT = lim,_,o A, (s) in any irreducible finite-dimensional
g-module V, is simple. Moreover, from Theorem A we know that the limit algebra
AT is generated by commutative subalgebras A; = ¢ (BTF) in the successive cen-
tralizer algebras U (gr)%%—!. So the eigenbasis of V, with respect to AT agrees with
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the decomposition of V; = P u Vk“ ® V,, with respect to g,_1. This means that any
eigenvector has the form v = u @ w where u € VAM and w € V), for some u. Applying
the same argument to the factor w and proceeding by induction we obtain that any
eigenvector v with respect to AT in Vj,_has the following form: for some collection of
highest weights A of g (with A, = A) have v = ®Z=1 u where uy is an eigenvector
of BT in the multiplicity space V;‘k A

The multiplicity space V;‘k “! = Homg, ,(Vi,_,, V3,) is known to be the (sum of)
tensor products ®];:1 L(ogj, Brj) ® W where L(ay;, Bj) is the restriction of the
“string” representation of Y (2) to Y¥(2), and W is a 1-dimensional representation of
Y¥(2). The restriction of each factor L(a;, Bx;) to sl C Y (2) is just the irreducible
module with the highest weight ax; — Bi;. So we can regard the eigenbasis for AT in
V;. as an element of the continuous family of eigenbases for @} _, B¥ in the tensor
products X);_, ®];:1 L(agj, Brj) with ay; being free parameters and the differences
ayj — Pi; being fixed integers. The second main result of the present paper is the
following.

Theorem B There is a path a(t) (t € [0, 00)) in the space of parameters ay; such that

o «(0) is the collection of ax; which occurs in our g,-module V;

e the spectrum of @_; BT on D Qi _, ®];=1 L(oj (1), Brj (1)) @ W is simple for
allt > 0;

e the limit of the corresponding eigenbasis as t — —+00 is just the product of the
sly-weight bases in each L(ayj, Brj) = Veuj—Br;-

The weight basis of Vi, ; —g,; is numbered by the integers Ay satisfying the between-
ness conditions from the Gelfand Tsetlin pattern (of the Correspondmg type). So, as a
corollary of Theorem B, we get an indexing of the eigenbasis of AT in our g,-module
V. by the Gelfand-Tsetlin patterns described in Sect. 1.4. By construction, our index-
ing of the eigenbasis depends on the choice of the path «(¢). We conjecture that this
indexing is in fact independent of this choice.

1.6 Relation to Crystals

According to Halacheva et al. (2017) there is a natural g,-crystal structure on the set
of eigenlines for any limit subalgebra from the family A, in the space V;. In particular
we have such a structure on the set of eigenlines for AT acting on V; which is the set
of Gelfand-Tsetlin patterns according to Theorem B. On the other hand, Littelmann
(1998) defines a crystal structure on the set Gelfand—Tsetlin patterns for all classical
types. We conjecture that these two crystal structures on Gelfand—Tsetlin patterns are
the same.

@ Springer



292 L. Rybnikov, M. Zavalin

1.7 The Paper is Organized as Follows

In Sect. 1 we recall some classical facts about twisted Yangians YT (N) and their Bethe
subalgebras following Molev et al. (1996) and Nazarov and Olshanski (1996). In Sect. 2
we discuss shift of argument subalgebras, their limits and their quantization for regular
semisimple u € g* following Vinberg (1990), Shuvalov (2002) and Rybnikov (2006).
Section 3 is devoted to the proof Theorem A. In Sect. 4 we prove Theorem B and
formulate conjectures relating it to Littelmann’s presentation of crystals.

2 Yangians
2.1 Yangian Y(N)

Definition 1 The Yangian Y (N) is the associative unital algebra with infinite family of
generatorst w1thz j=1,...,Nandr € Zs satisfying the following conditions:

(r+1) () (r) L(s+1D) (r) ,(5) (s) (r)
[’ij T ] I:tij T ]— Tt~ T s )

withi, j k,l=1,...,N;r,s € Z= andt“’) = 8.

Fori, j =1,..., N introduce the power series #;; (1) in ul:
1) =1 1P a4 =Y u e Yy o ], )
r>0

and unite them all in the following T-matrix:

N
T(u):= Y t;)® Eij € Y(N) ® End(W) @
i,j=I1

with W = CV. The defining relations then can be written as a single relation in the
algebra Y(N) ® End(W)®?((u~", v™1)):

Rip(u —v)Ti(u)T2(v) = Lo (v)T1 () Ria(u — v), (&)

where Rio(u —v) =1 — W IS End(W)®2 and the subscript m in

T, (1) means that we act on the m-th copy of the tensor product. Both the left-hand
side and the right-hand side belong to Y(N YIu~ !, v 1] ® End(W®?2) (localized by
a certain multiplicative system), i.e. they can be regarded as operators on W®2 with
the coefficients in Y (N). This relation is usually referred to as ternary relation.
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2.2 Twisted Yangian YT (N)

In this subsection we recall some standard facts about twisted Yangians YT (N) fol-
lowing Molev et al. (1996).

For the symplectic case we set N = 2n and consider a non-degenerate skew-
symmetric bilinear form

(-,-)_ on W = CV defined on basis vectors by the formulas:

(ei,ej)— = sgn(i)di —j, (6)
wherei, j = —n,...,—1,1,..., n. Denote by ¢ the transposition associated with the
form (6), i.e.

(Eij)) =6;;E_j i, @)

where 0;; := sgn(i)sgn(j).

In the orthogonal case we consider a non-degenerate symmetric bilinear form and
the corresponding transposition on End(W) is defined by the same formulas (7) but
with 6;; :== 1. When N =2n + 1 wealsohave i, j = —n,...,—-1,0,1,...,n

For all cases we introduce the S-matrix

Su) =TT (—u) € Y(N) ® End(W), ®)

where T! (1) = Z?,j:—n 0ijt—j —i(u) ® Ejj is the image of usual T-matrix (but with
indices 1, ..., N changed to —n, ..., n) under transposition ¢. The (i, j)-th entry of
S(u) is a power series in 1!

sij @) = 8ij + s u sPu? 4 ©)

The series s;; (1) can be expressed in terms of #;; (u) as

sij) =Y OajtiaW)t—j —a(—u), (10)

a=-—n

and its coefficients have the following presentation:

st = Z Zea,r,(aM C AL (11)

a=—nr=0

Definition 2 Twisted Yangian YT (N) is the subalgebra of Yangian Y(N), generated
by all sl.(jM) (where “—”" corresponds to the construction via transposition associated
with the skew-symmetric bilinear form and “+” corresponds to the symmetric form).

[yt

Remark 3 From now on every time we have symbols “£” or “F” inside the formulas
the upper sign corresponds to Y~ (N) while the lower sign corresponds to Y1 (N).
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Proposition 1 (Molev et al. (1996), Proposition 3.7 and Theorem 3.6) The generators
of twisted Yangian YT (N) satisfy following commutation relations:

[sij (), s (v)] = (skj (u)sit(v) — sgj(v)sir(u))

u—v
1

u-+v
1
+ uz—_vzei,—j(sk,—i (w)s—j1(v) — sg,—i(V)s—j 1 (w)). (12)

Ok, —jsi,—k(u)s—j (V) — 0; —ysp,—i()s—y j(u)) +

and
sij(u) — sij(—u)

o (13)

Oijs—j,—i(—u) = s;j(u)F
Sor |il, 1jl1, [k, |I] < n.

2.3 Maps of the Twisted Yangian YT (N)

There exist maps between YT (N) and U (g,,) which allow us to study representations
of one algebra via representations of the other.

Recall that F;; := E;; — 60;;E_j ; (—n < i, j < n) span the subalgebra g, in
gl(N), then the following proposition holds [Molev et al. (1996), Propositions 3.11
and 3.12].

Proposition 2 (i) The map

1 —1
§1sij(u) — &;j + <M:F§) Fij
defines an algebra homomorphism
E:YT(N) — Ulgn). (14)
(i1) The map

v Fj e si(;) (15)

defines an embedding of U (g,,) into YT(N).

2.4 Commutative Subalgebras of YT (N)

To be able to describe the construction of Bethe subalgebras in YT (N) (following
Nazarov and Olshanski (1996)) we need to introduce additional notation. First of all,
we work with tensors from YJF(N)[[ul_l, o, u,;l 11 ® End(W®N). For the operators

. Pij
Rijui —uj) :=1—-——"—,
Ui —uj
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where P;; is just permuting i-th and j-th terms of the tensors, to be correctly defined
on the above space we need to localize this space by a multiplicative system {(ui_1 -
u;l), (ui_1 + u;1)| —n <1i,j>n; i # j}. Suchlocalization will allow us to work
with specializations of the form u; = u; + a when a # 0 for some —n < k,[ > n as
well.

Set S; := S; (u—i+1) tobe an operator from thelocalizedeF(N)[[ufl, e, u,;l]]®
End(W®N) acting on the i-th copy of W as the S-matrix S(u —i 4+ 1) and as 1 on all
other terms:

n
Si= Y siju—i+ 1) @10V @ E; @ 19070, (16)

i,j=—n
By R’ (u) we denote the following operator from Y¥ (N)[[x~']] ® End(W®2):

v ELQ®E; "o E; ®FE".
Rt(u) —1_ Zz,]- nul] Jt —1— 21,]— nulJ ]z, (17)

where ¢ : End(W®V) — End(W®") is the transposition defined earlier in Sect. 1.2.
Then R; ;= R! ;(=2u + i+ j — 2) is another element of the localization of

YFN)[u;!, ..., uy,' 11 ® End(WEN) acting as R'(—2u + i + j — 2) on the i-th
and the j-th copies of tensor product.
Finally, the following elements of YT [[#~']] ® End(W®") are introduced:

S(u, k) = S1(Rjy ...  Ry)S2(Rby - ...  Rhy) ...~ Sk (18)
and
Clu. k) =Cep 1R jyn - RipgnCraa ... CnoiRy_ yCn. (19)

where ﬁfj = Rl?j(—2u — N +i+j+2)and C € End(W) satisfies C' = —C.
Consider the following series with the coefficients in YT (N):

or(u,C) =tr | Ay - S (u, k) - ]_[ [l R cwhl. (20)

where A y denotes the image of normalised antisymmetrizeray = % > pe&y S81(P)p
under the natural map from the symmetric group &y to End(W®N).

The main results about these series for C € End(W®V) satisfying C' = —C
(Nazarov and Olshanski (1996), Proposition 3.3, Theorems 3.4 and 3.5) are gathered
in the statement below.

Theorem 1 (i) The coefficients of on (u, C) generate the center of Y T(N).
(ii) The coefficients of o1(u, C), ..., on(u, C) generate a commutative subalgebra
of YT(N) called Bethe subalgebra.
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(iii) If C has pairwise distinct eigenvalues, then the coefficients atu™2, u™*, ... of the
serieson(u, C),on—2(u, C), .. .andthe coefficients atu=' u3, ... of the series
on—1(u, C),on_3(u, C), ...arefree generators of this commutative subalgebra.
This commutative subalgebra is maximal.

In this paper we restrict to the Bethe subalgebras corresponding to regular Cartan
(i.e. diagonal) C.

2.5 Commutative Subalgebras in YT (2)

For sp, the regular Cartan element F1; = E1; — E_1,—1 is unique up to a constant fac-
tor. Therefore, the maximal commutative subalgebra (Bethe subalgebra) provided by
the above construction is unique as well. We denote this subalgebra by B~. By Theo-
rem 1(i), the coefficients of oo (1, F11) generate the center of Y™ (2). Other generators
of B~ are the coefficients of o (u, Fi1).

By definition,

. El.QE;
ol(u,C)ztr[Az-Sl-(1—%)@2], 1)

1
where Ay = T(l — Zi,j Eij ® Eji)~
The image of A; is one-dimensional — C - (e_| ® e — e] ® e_1), hence the basis
vectors ¢e_1 ® e_; and e; ® e have zero contribution to the trace in (21). For the
remaining basis vectors before evaluating the trace we get the following images:

1
e_1 Qe > 3 (S1,1(u) - (s—1,—1(u) +s11(u))> (e_1®@e1—e1 Qe_y),

3 —2u

1 1
e1®e_q > 3 (—Su(u) + 3o

(s11(u) + S—1,—1(M))> (e1®e_1—e-1®e1).
Hence we have

o1 (u, Fi) = = (s—1,-1 (w) — s11 (W))

| =

2m+1)
| _

so the elements s, s(f{" jll ) (m € Zso) together with the center of Y™ (2)

generate a maximal commutative subalgebra in Y~ (2) by Theorem 1 (iii). From the

symmetry relation (13) it follows that sﬁmH) = —s(_ZI" ’fll ) Thus we can state that B~
is generated by the center of Y™ (2) and the elements sﬁmH) (m € Z>p).

A similar situation occurs for 0. The element Fi; defines the Bethe subalgebra B+
of Y (2). The non-trivial generators are the coefficients of oy (1, C) but in this case
Ej; = E_j _; leading to:
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2

1
e-1®er > 5 (Sl,l(u) R

(s11(u) —S1,1(u))> e-1®e + -,

(s11(u) — s_1,_1(u))) er®e 1 + -

1 1
ea®e o (—m(u) t35,

After taking the trace we obtain

W, Fi) = 22— (s11w) )

o (u, = S u)—S—_1.-1u .

1 11 64, WUl 1,—1

Aoai . + @m+1) _ Qm+1)
gain from the symmetry relation (13) for Y™ (V) we know that s =-—s

(m € Z=p) and sﬁm) — s(_21m)_l = s(_zfn__ll) (m € Z-g). This observation allows us to

state that the subalgebra generated by the coefficients of oy (u, F11) at w w3, ..
coincides with the subalgebra generated by sﬁmH) (m € Zxp). Together with the
central elements of YT (2) they generate Bethe subalgebra BT C Y+ (2).

The latter results can be united in the following proposition.
Proposition 3 Bethe subalgebra BT C YT (2) corresponding to C = Fyy is generated

by all sﬁmﬂ) with m € Zxo and the center ZY ¥ (2) of the twisted Yangian Y T (2).

2.6 Representation Theory of Yangian Y(2) and Twisted Yangians Y¥(2)
The Yangian Y (2) is a Hopf algebra with the coproduct A on Y (2) determined by
A (tij ) = ti1(w) @ t1j(u) + t;, 1 (u) @ 11, j(u). (22)

This defines a Y (2)-module structure on any tensor products of Y(2)-modules. More-
over, the twisted Yangians YT (2) are left coideal subalgebras in Y (2) with respect to
A, so any tensor product of a Y(2)-module by a YT (2) is still a YT (2)-module. We
will construct all necessary YT (2)-modules by tensoring very simple ones using the
above Hopf coideal structure.

For a pair of complex numbers (o, 8) with o — 8 € Z we consider the irreducible
representation L(c«, B) of gl, with highest weight («, 8). One can define the action of
the Yangian Y(2) on L(«, B) via the evaluation homomorphism:

Y(2) — U (gl) (23)
tij(u) = 8 + Eju', i, j=—1,1 (24)

The coproduct A on Y (2) allows us to construct algebra homomorphism Y(2) —
U (g[2)®k for k € Z. This homomorphism endows the gl,-module

L=L(ay,B1)®--- Q@ L(ax, Br) (25)

with a structure of a Y (2)-module. We can restrict L to the twisted Yangian Y~ (2)
using the expression (10) of the generators sl.(/M) (i,j=-1,1; M € Z>p) in terms of
the generators of Y (2): '
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sij(u) = Otinu)t—j 1 (—u) + 601 jt; 1 (Wit_j1(—u) (26)

Next, for any § € C we have a one-dimensional representation W (8§) of Y+ (2)
spanned by vector w with

u—+aé u—=>0—+1

_ - = —w, 27
u+1/2w’ s_q1,—1(w u+1/2w 27

si@w =

and s —1(u)w = s_1,1 (w)w = 0. From the Hopf coideal structure on Y1 (2) we have
a structure of Y (2)-module on L @ W (§).

2.7 Homomorphism to the Centralizer Algebra

One of the main features of twisted Yangians is the existence of evaluation homomor-
phisms (contrary to the usual Yangians of classical Lie algebras except type A). To
define such homomorphisms, consider the following matrix with the coefficients from
U(gn):

n
Fi=Fj)} ,—n= Y. Fij®Eij € gy ®End(W) (28)
i,j=—n
Consider series with coefficients from the algebra of polynomial functions in the
coordinates /; = A; 4+ p; (given by the components of a weight shifted by p) on the
dual of the Cartan subalgebra (h,)*, which are invariant under the “shifted” action of
the Weyl group:

oy w1212
xn@) =] PERY s

i=1

The coefficients of these series can be regarded as central elements of the universal
enveloping algebra via Harish-Chandra homomorphism. In fact the only property of
Xn we need in this paper is that it is a series of the form

o0
Xn@) =1+ xu,u", (29)

r=1

where yx, , are central elements of U (g,) of the PBW degree r.
We have the following [see Molev and Olshanski (2000), Proposition 4.14 and
Proposition 4.15].

Theorem 2 (i) The map

5 -1
On 2 Su) = xp(u) [ 1— m

2

is a homomorphism of algebras YT (N) — U (g,).
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(ii) Let M = 2m, then for m < n the image of YT (M) under ¢, is contained in the
centralizer subalgebra U (g,)% .

Remark 4 Here YT (M) is naturally embedded in YT (W) as a subalgebra generated
by all sl.(jL) with |i|, |jl=n—m41,...,nand L € Z>o when M is even. In case of

odd M subalgebra YT (M) is generated by si(jl‘) with i, |j|=0,n—m+1,...,n.

In particular, we have a natural homomorphism ¢,, : Y¥(2) — U(g,)%*'. The cen-
tralizer subalgebra U (g,,)%—! acts naturally on any multiplicity space of the restriction
of a g,-module to g,_1, so all such multiplicity spaces are naturally YT (2)-modules.
From Theorem 3.15 (ii) of Molev (2006) we have the following statement.

Theorem3 Let A = (Ay,...,An) and u = (U1, ..., 1y,) be highest weights of
finite-dimensional irreducible representations of sp,, and sp,,_, and VAM denote the
corresponding multiplicity space. Then the action of Y~ (2) on VAM defined as a com-
position of homomorphism @, to U (sp,,,)*P2-2 and a natural projection is irreducible
and isomorphic to

L(ar, 1) ® - ® L(an, Bn), (30)

where a1 = —1/2 and
of = min{A;j_1, ni—1}—i+1/2,i=2,...,n, 3D
Bi = max{r;, ui} —i+1/2,i=1,...,n. (32)

Similarly, Theorems 3.14 (ii) and 3.16 (ii) of Molev (2006) imply the following in
both orthogonal cases:

Theorem4 Let A = (Ay,...,Ap) and u = (U1, ..., uy) be highest weights of
finite-dimensional irreducible representations of 02,41 and 02,1 and V)f‘ denote the
corresponding multiplicity space. Then the action of Y (2) on V)fl defined as a compo-
sition of homomorphism ¢y, to U (02,41)°%" and a natural projection is isomorphic
to the direct sum of two irreducible submodules, VE ~U @ U, where

U=L©Op1)QL(x2,82)® QL (atn, B) @ W(1/2), (33)
U'=L(=1)®L(2,)® QL () ®W(/2), (34)

if the \; are integers (it is supposed that U' = {0} if B1 = 0); or

U=L(=1/2,B)@L(a2,p2) ® - QL (ctn, Br) @ W (0), (35)
U'=L(=1/2,p)®L (22, 2) ® - ® L (atn, B) @ W (1), (36)

if the A; are half-integers, and the following notation is used

of =min{h;_, ui—1}—i+1,i=2,...,n, 37
Bi = max{r;, u;i}—i+1,i=1,...,n. (38)
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Theorem5 Let A = (Ay, ..., y) and u = (1, ..., dn—1) be highest weights of
finite-dimensional irreducible representations of 02, and 02,2 and VAM denote the
corresponding multiplicity space. Then the action of Y+ (2) on VAM defined as a com-
position of homomorphism ¢, to U (02,)°?~2? and a natural projection is irreducible
and isomorphic to

L(o1, 1) ® -+ ® L(ap—1, Pr—1) ® W(—ap), (39)
where oy = min{—|A1], —|u1|} —1/2, ap = o1 + A1 + u1l,

o =minfhi, i) —i+1/2, i=2,...,n—1, (40)
Bi = max{Aip1, g1} —i+1/2, i=1,....n—1. 41)

Remark 5 In the original text by Molev (2006) the action on the multiplicity space
is defined via the homomorphism from Y ¥(2) to Mickelsson—Zhelobenko algebra
Z (gn, gn—1). That homomorphism is a composition of ¢, : YT(2) — U (g,)%!
and a natural projection U (g,)%~' — Z (gn, gn—1) (composed with the sign twist
automorphism s;; (u) + sgn(i)sgn(j)s;;j(u) in the orthogonal case). In our text we
do not consider algebra Z (g,, g,—1) since we are only interested in combinatorial
description of the weight bases provided by Molev’s paper.

3 Shift of Argument Subalgebras and Their Quantization

3.1 Construction of Poisson-Commutative Subalgebras

A semisimple complex Lie algebra g can be identified with its dual space g* via the
Killing form, therefore we can think of Poisson algebra S(g) as the space of functions
on g. By the classical result of Chevalley, the Poisson center S(g)¥ is a free polynomial
algebra in n = rk g generators ®1,..., ®,. For g = sp,,,, 02,41 and 02, we can

write these generators explicitly as follows. Consider the following matrix with the
coefficients from S(g):

n
Fi=(Fi)}—,= > Fj®E;j€g®End(W) 42)

i,j=—n
Then the following elements are free generators of S(g)¥ for g = sp,, and g = 02,41:
O, =TrF¥ (r=1,2,...,n) (43)
For the case of g = 0y, Poisson center S(g)? is freely generated by

O, =Tr F” (r=1,2,...,n—1) and Pf(F) = Vdet F2". (44)
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Remark 6 When appropriate we regard the matrix F and its powers as elements of
S(g) ® End(W) or as elements of U (g) ® End(W). In the latter case we denote it by
F.

For any element u € g we define a Poisson-commutative subalgebra A, called
shift of argument or Mischenko—Fomenko algebra. This algebra is generated by all
possible derivatives of @, along p, i.e. by all elements of the form 8,’1 D,.

Consider regular power series in the sense of Vinberg’s work (1990) u(e) = po +
nie + -+ ,ulsl . They are such series from g ® C[[e]] that for sufficiently small
nonzero values of ¢ elements w(¢) are regular and semisimple.

The dimension of the k-th graded component (A )k = Aue) N sk (g) does not
depend on ¢ for sufficiently small nonzero values of ¢. Since the coefficients of the
derivatives of g-invariants are convergent power series in ¢, it follows that Pliicker
coordinates of subspace (A )ik C Sk (g) are convergent power series in €. Hence
there is a well defined limit Ay := lim,_, (A, (¢))x in the corresponding Grassmann
variety. That allows us to define the commutative subalgebra lim, .o A ) 1= DAg.
It is called limit shift of argument subalgebra.

The following theorem provides us with maximal Poisson-commutative subal-
gebras constructed from regular semisimple © € g and regular series u(e) =
wo + p1e + - - + el such that all u; belong to some fixed Cartan subalgebra b
and 3(ro) N3(u1) N---N3(uwy) = b (Tarasov 2002, Theorems 1 and 2).

Theorem 6 (i) For regular semisimple element w € g all partial derivatives 8;2(1),
withk = 0,1, ...,deg ®, freely generate a maximal commutative subalgebra
Ay, of transcendence degree equal to %(dim g+ rk g) in the Poisson algebra S(g).

(ii) Limit shift of argument subalgebras limg_,o A (s) are maximal commutative sub-
algebras in S(g) of the same transcendence degree %(dim g+ rkg).

3.2 Explicit Description of Limit Shift of Argument Subalgebras

Shuvalov (2002) gives an explicit description of the limit shift of argument subalgebras
in the following terms. Consider a regular power series u(¢) = po+pie+---+ wie!
and set

3i =3g(o) N---Nzg(u;) (=0,...0, 3.1 =g.

Clearly, we have 3; = . We define subalgebras Ay (k =0, ...,/ + 1) of Poisson
algebra S(g) inductively:
o Ag= Ay
e Ay is the subalgebra generated by Ax—1 and the derivatives of the invariants of
3k—11n S(34—1) along pux;
e A; is the subalgebra generated by A; and 3; = b.
The following result holds for regular power series i (g) with all ;s lying in some

Cartan subalgebra ) C g and satisfying 3(ap) N 3(x1) N --- N 3(u;) = bh (Shuvalov
(2002), Theorem 1).
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Theorem 7 (i) For reductive complex Lie algebra g and regular series ju(g) = Lo +
w1 + - -+ et the limit shift of argument subalgebra coincides with Ajy1:

lim A, ) = A1
e—0

(i1) Limit shift of argument subalgebra limg_,o A, ) is freely generated by some of
the derivatives of the invariants of 3x—1 along i fork =0, ..., l and by 31 = b.

3.3 Quantization of Shift of Argument Subalgebras

The problem of lifting shift of argument commutative subalgebras to universal envelop-
ing algebra was solved in the case of regular semisimple ;. € g* in Rybnikov (2006).
Here is the key theorem which provides us with quantization of A,.

Theorem 8 (Rybnikov (2006))

(i) For regular p € g* there exists commutative subalgebra A, C U(g) of the
universal enveloping algebra such that grA, = Ay.

(i1) Moreover, there exists commutative subalgebra AcC (U(g) ® S(9))8, such that
for evaluation map at . € g*:

ev, 1 U(g) ® S(g) = U(g) ® Clg*] — Ul(g), (45)
we have ev, (A) = Ay,

A result similar to Theorem 8 (ii) holds for limit shift of argument subalgebras as
well. It has been proved in Halacheva et al. (2017) (Theorem 10.7 and Theorem 10.8).
Namely, the lift limg_. o A ) of the limit Mischenko-Fomenko algebra corresponding
to regular series () = jo + p1€ + - - - + e’ can be constructed inductively:

o Ao = ey, (Ag) C U (9)% (Ag is provided by Theorem 5(ii));
e By Theorem 5, we have the universal quantum shift of argument subalgebra Ay C
(U Gr) ® S (3x)1%, then Agty = evy,, (Ag) - Ag.

Theorem 9 (Halacheva et al. 2017) Quantization of the limit shift of argument subal-
gebra coincides with A;:

lim Au(a) = Al.
e—0

4 Proof of Theorem A
4.1 Isotypic Components

Consider the action of g-invariants S(g)? = C[®y,..., ®,] on S(g). We have the
following well-known result of Kostant (1963, Theorem 0.12).
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Theorem 10 (Kostant) S(g) is a free S(g)®-module, S(g) = S(g)? ® H, where the
space of generators H = @ m; Vy is the sum of all irreducible finite-dimensional
representations V) of Lie algebra g with highest weight A taken with the multiplicity
m), = dim V, (0), where V,(0) is the 0-weight subspace of V.

In particular, the isotypic component of Vj in S(g) is a direct sum of dim V) (0)
copies of S(g)¥ ® V,. The space of generators of each copy is homogeneous of some
degree. We will be interested in such isotypic component for V, being the adjoint
representation. The multiplicity dim V) (0) is in this case just the rank of g, and the
degrees are the exponents of g, i.e. m, := deg®, — 1 forr =1, ..., n. The space of
degree m, generators of this isotypic component can be given in the following way.
Consider the following homomorphism of g-modules:

T:9® S(g) — S(g),
w® P> d,P. (46)

Under this homomorphism 4 ® @, — 9,®, (r =1, ..., 1k g) and since ®, is a
central element we have [g, u® ®,] = [g, 1] ® ®,. From this it follows that 9, ®, lies
in isotypic component corresponding to the adjoint representation of g with g-action
defined on 9, ®, as

g 0uPr = g Pr.

Moreover, the following fact is true.

Theorem 11 Kostant (1963)

(i) Homg (g, S(9)) is a free S (g)8-module.
(ii) This module is generated by T, € Homg (g, S (9)):

T g g® ® > S(g) (47)
forr=1,...,n=rkg.

Similar results hold for U (g). Note that U (g) is isomorphic to S (g) as a filtered
g-module via the symmetrization (PBW) map S(g) — U(g). For any x € S (g) we
denote by Symm(x) its image in U (g) under the symmetrization map. Let ZU (g) =
U(g)¥ be the center of the universal enveloping algebra U (g), then U(g) is a free
ZU (g)-module described as follows.

Theorem 12 Kostant (1963)

(1) Homg (g, U (9)) is a free ZU (g)-module.
(i1) This module is generated by the symmetrizations of all t.: Symm o 1, €
Homg (g, U (g)) forr=1,....,n=rkg.

We use the above general theorems to describe explicitly some natural subspace in
the (quantum) shift of argument subalgebra.
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Lemma 1 The quantum shift of argument subalgebra A, contains the center ZU (g)
and the elements Symm (audD,)for r=1,...,n

Proof The associated graded of Ain § (g @ g) can be regarded as a subalgebra in
the algebra of polynomial functions in x, y € g. According to Rybnikov (2000) it
is generated by the coefficients at the powers of 7 in ®,(x + ry) for all generators
®, € S(g)%. So by Theorem 11 grA contains (S (g) ® 1)% and (S (g) ® g)?. Hence
both (U (g)®1)% and (U (g) ®g)? belong to the universal shift of argument subalgebra
AcuU (g) ® S(g). On the other hand by Theorem 12 we have surjective maps

ev, : [U(g) ® 11° — ZU(y),

and

ev, : [U(g) ® g]? — @ ZU (g)Symm (9, ;) ,
r=1

hence the assertion. O

Proposition 4 (i) For any g-module homomorphism t : g — S (g) we have T(u) €
Ay
(i) For any g-module homomorphism T : g — U (g) we have T(u) € A,,.

Proof Clearly, for any € g we have 7,(u) € A, and by Lemma 1 we have
Symm (z,) (1) € A,. Since S (g)? is contained in A, and ZU (g) is contained in
Ay, by Theorems 11 and 12 we get the assertion. O

4.2 Image of BT in the Centralizer Algebra U(gp) %1

Recall the free generators 02(2 and s(2m+1) of the Bethe subalgebra BT C YT (2).

Lemma 2 The images of the generators s( "D ynder @y lie in the isotypic component

of U(gy) corresponding to the adjoint representation of gn. More precisely, we have
©On(s §2m+1)) = T(Fun) for some g,-homomorphism © : g, — U (gy).

Proof From the commutation relations (12) of YT (N) we obtain that

(1. 5100 ] = Bt ) = 60 ) = 01180151 @)+ O 8 151~ (w) (48)

and

H M M M M
[s.( ) s,il )] =§; s( ) _ 5kjsi(l ) _ Gi,_lék,_,s +9k —jb—j, zs }( 49)

ij —=1j

for fixed M € Z>y.

Note that ¢, (s( )) F;j hence by (49), the image of s{zmH) lies in isotypic
component of the adjomt representation of g,,. O
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We consider the limit shift of argument subalgebra lim,_.o A () where u(e) =
an + Fn—l,n—lg +---+ Fllgnil-

Proposition 5 The images of the noncentral generators sﬁmﬂ) of BT in U(gy)%-!
lie in the subalgebra limg_,o A, ey C U(gn).

Proof By Theorem 9 the subalgebra lim,_.o A, ) C U(g,) is generated by the sub-
algebras A, in U(gx). By Lemma 2 and Proposition 4 the images of the generators

sﬁmﬂ) of BF in U(gk)9! belong to Ag,, in U(gi). O

So for proving Theorem A it remains to show that the subalgebra AT in U (g,,) gen-
erated by the centers of all U (gx) and by the images of sﬁmH) € BT inall U(gy)9—!
has the same size as limg_.o A ), i.e. has algebraically independent generators of
the same degrees as A, with generic u has (the proof of this occupies the next sub-
section). Then the subalgebra generated by all ¢ (sﬁm“)) and by athe centers of all
U (gr) is the limit subalgebra lim,_, A (). Moreover, according to Tarasov (2002)
the subalgebra limg_, 0 A, ) is maximal commutative hence the elements ¢y (az(m))
lie in limg_, ¢ A (¢) as well and Theorem A follows.

Remark 7 InMolev and Yakimova (2017), Example 5.6, Molev and Yakimova describe
the subalgebra lim,_, o A ) for g, = sp,,, as the subalgebra generated by the centers
of U(gy) and by T (Fy) for all the homomorphisms 7 : g — U (gx) as above. In the
next subsection we show that A~ is generated by the same elements. Moreover, we
give a similar description for the cases g, = 02, and g, = 02,41

4.3 Generators of the Limit Subalgebra

Let F® (k = 1,...,n) be the submatrix of F [see (42)] lying in the intersection of
rows and columns with |i[, | j| < k. Alternatively, in both symplectic and orthogonal
cases one can treat F®) as F-matrix for g; contained in g, as the span of F; ; with
1 < il,|j| < k foreven N and O < |i|,|j| < k. The Poisson center of S(gx) is
generated by the traces of even powers of F*) when gy = spy; or gx = 02441, i.e.

by the elements <I>§,]f) = Tr (F(k))zm with m = 1,...,k. For g = o0y we have

generator Pf (F®)) = /det (F (k))Zk instead of @,(Ck) = TrF?*. Similarly, we define
F® (k =1, ..., n)as the submatrix of F lying in the intersection of rows and columns
with |i|, |j| < k. For gy = sp,, and gx = o2x+1 the center of U(gx) C U(gy) is
generated by the elements S\ := Tr (?(k))zm withm =1, ..., k (and for g; = 0t
we consider symmetrization of the Pfaffian-type element Symm (Pf (F (k))) instead
of S,Ek)). Clearly we have gr S,(,f) = @f,lf).

Proposition 6 (i) The elements @i (sﬁm_l)> , S,(f) inU (gr)% fork =1, ...,nand

m =1, ..., k, are algebraically independent elements of U (g,,) for g, = sp,, and
9n = 02n+1-

(ii) The elements @i (sﬁm_l)> , S,(,f), Symm (Pf(F(k))), in U(gr)% for k =
I,...,nandm =1, ...,k — 1, are algebraically independent elements of U (02,).
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Proof The filtration on Y(2) given by deg(tl.(;")) = m induces filtrations on both

Y~ (2) and YT (2). The associated graded of Y¥(2) with respect to this filtration is
a commutative algebra. The homomorphisms ¢y : YT(2) — U(gy) are compatible

with this filtration on YT (2) and the PBW filtration on U (g ). Therefore to prove the

Lemma it is sufficient to prove that gr ¢y (sﬁm_l)) and gr ¢ (O’z(zm) ) under gr ¢y

are algebraically independent elements of S(g,) = gr U(g,). Throughout the proof
of this Proposition we omit “gr” in the formulas and suppose that everything is in the
associated graded algebra.

Consider the symplectic case first (the orthogonal cases will be similar).

From the definition of the homomorphism ¢; in Theorem 2(i) we conclude that

Ok (sl(jm)) is
we =[]+ T [0
r=1 L

where [(ff (k))m]ij stands for the (i, j)-th entry of the matrix (F*))” and Xk,r are some
central elements of degree r.
So we just need to prove that the following elements of S(sp,,) are algebraically

independent:
2m—1
X = DL, ykm=[(F<">) } : (51)
kk

wherek=1,...,nandm =1, ..., k.

(i) Let A1 be the subalgebra in S(g,) generated by {CD%‘), 0Fu <I>,(,]f)|m =1,...,k}.
Note that yg,n = 0F, 43,(,]; ) The subalgebra Ay 1 is generated by the Poisson center
of S(gx) and first derivatives of all central elements of S(gy) along Fyj. Consider-
ing another set of central generators, namely, the coefficients of the characteristic

polynomial Agfz m =1,...,k, we see that Ay ; coincides with the subalgebra
generated by Ag;)l and BpkkAgZ form = 1,..., k. Hence we can rely on the

results of Example 5.6 (Molev and Yakimova 2017) for the case of g, = sp,,
from which it follows that ®%’, 3, ®% (k = 1,....,n,m = 1,...,k) freely
generate the subalgebra of g, formed by all A;; withk=1,...,n.

For g, = 02,41 we again consider the subalgebra A, 1 in S(g,) generated
by {<I>£,If ), Fy CD,(jf) [m =1, ..., k} and prove that its generators are algebraically
independent. As in the symplectic case, it is convenient to consider also another set

of generators of S(gy )%, namely AN

2m>
For them we have 812% Ag;z € S(gr—1)%-1. It follows from the result of Shuvalov
(2002, Theorem 1) that the limit shift of argument subalgebra is freely generated
by some subset of partial derivatives of some generators of S(gi)9 along Fyx. In
our case we have that, on the one hand, the second and higher derivatives already
lie in the subalgebra generated by (J;_; _, Ak.1. On the other hand the sum
of numbers of generators of these Ay 1 (i.e. the central generators and their first
derivatives along Fi) equals %(rk gn +dim g, ) i.e. the trancendence degree of a

the sum of the principal minors of size 2m.
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shift of argument subalgebra A,, with regular p, so they freely generate the limit
shift of argument subalgebra.!

(ii) For g, = 02, we have df,Pf € S(g,—1)%~'. Thus, the above argument still
works and the statement is implied by Theorem 1 (Shuvalov 2002). O

Now we can proceed to Theorem A of this paper.

Proof of the Theorem A For g = sp,, and g = 02,41 the Poincaré series of the sub-
lagebra lim,_.o A (¢) coincides with that for A, with generic u € "¢ and is equal
to:
‘ 1
P () = H 2k—Tyn—k+1 2kyn—k+1"
L =2k (7= 528

(52)

On the other hand the elements g (s\;" "), S are algebraically independent by

Proposition 6 hence generate a commutative subalgebra AT with the same Poincaré
series.
When g = 0, the Poincaré series for the limit subalgebra is equal to:

n—1 1

n
1
Paye () = L[l (1 _x2k—1)"—k (1- x2k)”_k ,l:[l 1 —xk

(53)

By Proposition 5 and by Theorem 9 we have
o (sﬁ”’*‘)) LS & Tim A, ).
e—0

The elements ¢y <02(2m)> commute with both ¢y (sﬁm_l)) and S,Em). Hence,

limg—0 Ay ) C AT, but due to the maximality of limit subalgebras (Shuvalov 2002)
this inclusion actually turns to an equality, so Theorem A follows. O
5 Proof of Theorem B

5.1 Asymptotics of the Eigenbasis

Let oy, B1, - - ., a, Bx be fixed numbers such that o; — B; are nonnegative integers.
Consider the following representation of Y (2):

Lzi,...,zi) =L(z1+a1,z21+B1) @ Q@ L(zk +a, zx + Br).  (54)

where z; € C are free parameters.

L(z1,...,zr) is naturally a Y~ (2)-module, so the commutative subalgebra B~
acts on L(zy,...,2r). We can make the space L(zi,..., zx) independent on the
z;’s by identifying it with the tensor product L = Vy,_g ® -+ ® Vg, g, as the

! We thank the referee for this argument.
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U (sly)®*-module. Then the image of B~ in End(L) depends on z;, we denote it by

B~ (z1, ..., zk). Let us describe the limit of B~ (zy, ..., zx) as z; — o0:
Lemma 3 Suppose that z; = tu; (i = 1,...,k) and u; # uj. Then (he limit‘of the
commutative subalgebra lim;_,ooB~(tuy, ..., tuy) is generated by h® = 190~ g

h@19%=D ¢ U(slh)®, foralli = 1,... k.
Proof First, we compute the image of s11(u) in U (gl,)®:
A 1) = A (o —1 (—u) — 11, )ty 1 (—u)
= A @) A (g c1) = A (. 210) A (11 ()
= Z 1,y i1, jy (1) @ tiy i Wty jp (=) @ -+ @ by 1 W)ty —1(—u)

01,02, ik—1€{—1,1}
JisJ2sees Jk—1€{—=1,1}
- Z 1 -y jy (=) @ tiy iy Wty jp (=) @ -+ @ tiy_y —1(W)j_y 1(—u) —

i1,02,..0k—1€{—1,1}
Jisjzse jk—1€{=1,1}
Z (61,,-1 +E1,i1”71)(8*1,j1 _Efl,j1”71)®"'®

i1y, i1 €{—1,1}
Jia2sejk-1€{=1,1}

(aik—lsl + Eik—l-lu_l) (‘S.ik—l,—l - E.fk—ls_lu_l) - (GR))
> (Bri + Ergu") (0-1jy — E-pju™) ® - ®

01,02, ik—1€{—1,1}

Jusg2sesje—1€{=1,1}

(Sik—l’*l + Eik—lﬁl"_l) (‘Sjk—l.l - Ejk—1~1u_l)' (56)

Note that Eq; and E_j _jacton L (z; +«;,z; + Bi) as z; + O"er—ﬂ’ + % and z; +

%ﬂ" — % respectively, where / is the standard generator of s[; which acts as diag(o; —
Bi,ai —Bi —2,...,—a; + Bi +2, —a; + Bi). The element E; _; acts simply as the

sl generator e and E_j | acts as f.

We want to find the image of each sﬁmﬂ) (m € Zx) regarded now as an element
of C[z1, ..., 2k]® U(sl)®*, i.e. express it in terms of the standard generators e’ :=
196D @e@1®k—) i) .= 18(-Dg)g18k- i) .— 18(-D g @19k and
the parameters z;. The limit + — oo depends on the leading term of this expression,
i.e. on the highest degree component in the variables z;.

The image ofsﬁmH) (m € Z=0)inC [z1, . .., zx]®U (s1r)®¥ cannot have monomi-
als of the degree greater than 2m. Indeed, the expression of this image in the generators
of C[z1, ..., zx] @ U(slr)®* is the sum of two terms given by (55) and (56). Consider
the term (55). Suppose that at least one of the i1, i2, . .. ix—; is equal to -1 or at least one
of j1, ja, ..., jk—1 is equal to 1. Then among the pairs (1, i1), (i1, i2), ..., (ix—1, 1),
-1, j1), (J1, j2)s ..., (jk—1, —1) there are at least two consisting of different ele-
ments. In such case the factors of the summand corresponding to the choice of
I = (i1,i2,...,ik—1) and J = (j1, j2, ..., jk—1) Will contribute to the degree of
u~! but not to the degree in z;. Since every u~! increases the degree of the polyno-
mial component by at most 1 it follows that under our assumption we cannot get a
polynomial of the degree more than 2m — 1. Now suppose we have I = (1,1, ..., 1)
and J = (—1,—1, ..., —1). The corresponding summand is:
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(1 +hu! <Z% — h2/4) u_2> ® (1 +hu! + (Z% — h2/4) u_2) -
® (1 +hu ! (z,% - h2/4) u_z) (57)

Clearly, if we need to get u =21 in one of the tensor terms we have to choose A~

which bounds the maximal possible degree of the coefficient with 2m.

In the term (56) we have at least two pairs among (1, i1), (i1, 2), ..., (ix—1, —1),
-1, j1), (1, j2), - - -, (jk—1, 1) consisting of different elements, independently of the
choice of I = (i1, i2,...,ixk—1) and J = (j1, j2, ..., jk—1). So the above argument

guarantees that all possible monomials in (56) have the degree not exceeding 2m — 1.
On the other hand, the degree of 2m in z; can be obtained only in the case described
above (57) and the corresponding term can be explicitly written as:

k
ezt ) @K, (58)

where e, (z%, ey z?, ceey z,%) denotes elementary symmetric polynomial of degree m
in variables z? with j # i. Here h® as usual stands for 190D @ h @ 19— ¢
U (s1r)®k.

Let us slightly modify the non-trivial generators sizmH) (m € Zxp) of B™:

ﬁm—ﬁ—l) - (2m+1)(t) —2msﬁm+1) (59)

for t € C and recall that z; = fu;.

The limits of the images of the new generators sfzmH) (t) (m € Z>p) ast — 00

are:

lim sfz’”“)(t) — Zem s, ... Lup) @h? (60)
Due to the definition of the Y™ (2)-module L the elements s(zmﬂ) withm > k — 1
act by zero on L, so sﬁm+l)(z‘) with m > k — 1 act by zero as well. From (60) it

follows that the t — oo limit of the subalgebra generated by the images of s{zm'H) (1)

with m < k — 1 is generated by {h(’) li =1,...,k}. Indeed, we just need to show that
the following matrix is non-degenerate:

A k
2 2 2
(ej(ul,...,ui,...,uk)>_ o 61)
i,j=1
First we notice that its determinant is a skew-symmetric polynomial in (u%, u%, ey u,%).
Then we look at the coefficient before highest monomial u2k 2. %k_4 Cas ”%-1-

Such monomial in the above determinant appears just once, namely, as the product
of the diagonal elements. Therefore, the determinant of our matrix coincides with
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the Vandermond polynomial which proves the non-degeneracy of the matrix. Hence
the limit lim; oo B~ (tuy, ..., tug) is the subalgebra generated by h e U(5[2)®k
i=1,...,k). O

Now let us turn to the orthogonal case. Consider the following Y+ (2)-module:
L'z, .. 2, 8) = Lz1, ..., z) @ W), (62)

where W (8) (§ € C) is one-dimensional representation of Y1 (2) introduced earlier
in Sect. 1. Then asymptotically the spectrum of L'(zy, ..., z,, 8) is simple due to the
following lemma.

Lemma4 Suppose that z; = tu; (i = 1,...,k) and u; # uj. Then the limit of the
commutative subalgebralim,_ .oBT (tuy, ..., tuy) is generated by h(i)—i—((S—%)-id €
U(sh)® @ C[8], foralli =1, ..., k.

Proof By using the formula for coproduct of s, (1) (|a|, |b] = 1):

AGsap@) = Y tacWtp _a(—u) ® scalu) (63)
c,de{-1,1}
we find that
Ay = Y @ (—u) @ tiy iy Wy (—u)
I]yeees ixr—1€{—1,1}
JtsesJi—1€{=1,1}
c,de{—1,1}

- ® tikfl,c(u)[jkfl,—d(_”) ® Sca(u)
= Z ti it—1, —j (—u) @ty i, Wty j (—u)

i,enik—1€{—1,1}
Jtseesk—1€{=1,1}

® - ® iy 1.1 (u)tjk,1,7] (—u) ® s11(u)
+ Z 1,0 (-1, j (1) ® tiy i, W)L}y, jp (—u)

i1,.ig—1€{—1,1}
Jisees ji—1€{=1,1}

Q- ®tip_y,—1tj_y 1(—u) @s—1,-1(u)
since s1,—1 (1) and s_p 1 (u) act as zeros on W (§).
Therefore, by making similar observations as in the symplectic case we derive that

the image of sﬁmﬂ) in U (sl)®* ® C[5] has the following term with the highest
degree polynomial coefficient:

k

~ . 1
Zem(z%,...,zf,...,z,%)@)(h(’>+<a—§>-id), (64)
i=1
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where ¢, (z%, el z?, R z,%) are the same symmetric polynomials as before. Hence
we conclude that the su_balgebra lim;_, o0 BT (tuy, ..., tuy) coincides with the subal-
gebra generated by {h") + (8 — %) cidli =1, ..., k). O
Corollary 1 For z; = tu; with t being large enough and u; # u ;

(1) The subalgebra B~ acts on L(z1, ..., zx) with simple spectrum.

(ii) The subalgebra BT acts on L'(z1, ..., 2k, 8) with simple spectrum.
(iii) The subalgebra Bt acts on L'(z1,...,72,1) ® L'(z1,...,2,0) or

L'(z1, ..., 2k, %) ®L(z1—1,..., 2%, %) with simple spectrum.

Proof (i), (ii) immediately follow from Lemmas 3 and 4.

(iii) In odd orthogonal case when A; are integers by Lemma 4 we notice that this
subalgebra is generated by h) (i = 1,...,k) and 2D acts differently on the first
components of U and U’, therefore, the joint spectrum is simple. In the second case

when }; are half-integers we have subalgebra {h(®) — % -id|i = 1,...,k} acting on
U and subalgebra {h® + % -id|i = 1, ..., k} acting on U’. Hence, the spectrum is
simple. O

5.2 Proof of Theorem B

Now we can index the spectrum of AT in Vj by a combinatorial datum.

We set a1, B1, ..., o, Br as in Theorems 3 and 4. Note that the condition that
BF(z1, ..., zx) has simple spectrum in L is a Zariski-open condition on the parameters
z;. Since it is satisfied in the limit it is in fact satisfied for all (zy, ..., zx) belonging
to some Zariski open dense subset Uy C CF. Moreover, according to Halacheva
et al. (2017), Corollary 11.6, the spectrum of Ay = ¢ (BTF) on the multiplicity space
VA“ = L(ag, 1) ®...Q Lok, Br) is simple, hence the point 0 = (0, ..., 0) belongs
to Ug. Since the real codimension of Uy in C¥ is 2 we have a path z(¢) (¢ € [0, 00))
connecting 0 with the limit described above, such that z(¢) € Uy for all ¢ € [0, 00).
For definiteness we can consider the complex line {z; = (I — 1)z| z € C} in the space
of parameters C* and choose the path z(f) going along the real half-line [0, 00) on this
complex line and avoiding the “bad” points on it in the counter-clockwise direction.

For any ¢ € [0, oo] the corresponding subalgebra BT (z(¢), ..., zx(¢)) has simple
spectrum in L hence the corresponding eigenbasis is a finite cover of the segment
[0, oc]. So the parallel transport from O to co gives a bijection between the eigenbasis
of BT in V/\M (at z(0) = 0) and the eigenbasis at the limit # — oo which is just the
weight basis of L asa U (s1>)®*-module.

In the symplectic case this weight basis is just the product of the weight bases of the
slp-modules Vi, g, ..., Vo —p, - It is naturally indexed by the collections of integers
M), ..., A} such that ; > A] > f;. This means that

0> A} > max(ri, 1)
min(ki, 1) > Ay = max(Az, 42)

min(Ag—1, hk—1) > Ay > Ak.
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Similarly, in the odd-dimensional orthogonal case the weight basis is indexed by
the collections of o, )Jl, e, )\;( where o € {0, 1} indicates one of the two summands
in the decomposition of the multiplicity space, A, € Z + 1; indicates the sl>-weight
in the i-th tensor factor, and the following obvious inequalities hold:

1
min (0, —o + 5) > A} > max(Ai, 1)

min(Aq, 1) > Ay > max(Az, 12)

min(Ag—1, k—1) > Ay > Ag.

And in the even-dimensional orthogonal case the basis of Vﬁik)_]) can be naturally
indexed by the collections of integers A, (i = 1,...,k) such that o; > A} > B;. It

means that we have

0> A} > max (A1, 41)
min (A1, 1) > A, > max (A2, 42)

min (Ag—1, pk—1) = Ap = Ak.

So in all cases we get an indexing of the spectrum of BT in the multiplicity space
V)fL by collections of numbers which form the intermediate row between A and u
in the (B, C, or D type) Gelfand-Tsetlin table. Doing the above procedure for all
k=n,n—1,...,1we getthe indexing of the eigenbasis of AT in V; by the Gelfand—
Tsetlin patterns of the corresponding type. O

5.3 Speculation on Definiteness of Indexing and Relation to Crystals

Note that the indexing of the eigenbasis of AT in V; depends on the choice of the
path z(z). We conjecture that it can be made independent of this choice if we put some
reasonable restrictions on z(¢). Namely we can restrict to real values of the parameters
zzsuchthatzy > zp > -+ > zj.

Conjecture 1 Under the above assumptions on the parameters, the algebra B~
(resp. BY) acts on L(z1,...,zx) (resp. L'(z1,...,2k-1,8), L'(z1, ..., 26, 1) ®
L'(zi,...,zk,0) 0or L'(z1, .. ., 2k, %) ®L(z1—1,...,z, %)) with simple spectrum.

The obvious consequence of Conjecture 1 is that for any path z(¢) in the real sector
71 > z3 > -+ > 7;— the indexing of the eigenbasis of AT in V is the same, since
this sector is simply-connected.

The set of Gelfand—-Tsetlin patterns of classical type (with the upper row fixed to be
A) carries a structure of the normal crystal By due to Littelmann (1998). On the other
hand, the set of eigenlines of a shift of argument subalgebra in the representation V)
has a structure of the normal crystal B) as well, due to Halacheva et al. (2017).
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Conjecture 2 These crystal structures are the same.
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