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Abstract

Let F be an infinite division ring, V be a left F-vector space, r > 1 be an integer.
We study the structure of the representation of the linear group GL (V) in the vector
space of formal finite linear combinations of r-dimensional vector subspaces of V
with coefficients in a field. This gives a series of natural examples of irreducible
infinite-dimensional representations of projective groups. These representations are
non-smooth if F is locally compact and non-discrete.

Let F be a division ring (a.k.a. a skew field), and V be a left F'-vector space. Define
multiplication in the associative unital ‘matrix’ ring Endr (V) so that V becomes a
left End (V)-module. In particular, End (V') is opposite to F if dim V = 1.

Assume that dimV = r + ' > 1 for a pair of cardinals r = (r, r’). Denote by
Gr(r, V) the set of all F-vector subspaces of V of dimension r and of codimension
r’ (r-subspaces for brevity). If r < dimV + 1 we set Gr(r, V) := Gr(r, V) for
r’ = dim V —r. For instance, Gr(1, V) is the projective space P(V) := F*\(V\{0});
Gr(0, V) and Gr((dim V, 0), V) are points.

For any associative ring A, denote by A[Gr(r, V)] the set of all finite formal linear
combinations Z?j:l a;[L ;] with coefficients a; in A of F-vector subspaces L; of V
in Gr(r, V).

The set A[Gr(r, V)] carries a natural structure of an A-bimodule: a - (Zi a;[L;]) -
a':=7Y;aa;a'[L;].
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Let G := GLF(V) := Autp (V) be the group of invertible elements of End g (V).
The natural G-action on Gr(r, V) is transitive and gives rise to an A-linear G-action
on A[Gr(r, V)].

Obviously, the module A[Gr(r, V)] admits a proper submodule A[Gr(r, V)]°
formed by all finite formal linear combinations Y jajlL ] with > jaj =0, whichis
nonzero if r # 0 and r’ # 0.

Our goal is to describe, for any coefficient field K, the structure of the K[G]-
module K[Gr(r, V)]. Namely, for any infinite ', we show (in Theorem 4.3) that a
canonical nonzero submodule M| (constructed in Lemma 1.1) of Z[Gr(r, V)]° has the
property that K ® M is the only simple submodule of each nonzero K [G]-submodule
of K[Gr(r, V)].

This irreducibility result is deduced from the case of dim V = 2 (§3). It is also
shown in Lemma 3.3 the irreducibility of the representation of SL, (Q) induced by any
non-trivial one-dimensional representation of a proper parabolic subgroup in SL; (Q).

The module K [Gr(r, V)]° coincides with K ® M if and only if either r or r’ is
finite.

Several remarks on the case of finite F are collected in §5.

When F is a local field, one usually studies either unitary or smooth (i.e. with open
stabilizers; they are called algebraic in Bernstein and Zelevinsky (1976)) representa-
tions, while the representations considered here are non-smooth. However, the latter
representations are smooth if F is discrete and r is finite; for a field F, they arise as
direct summands of “restrictions” of certain geometrically meaningful representations
of automorphisms groups of universal domains over F, cf. (Rovinsky 2018, §4).

1 Generators of A[Gr(r, V)]° for an integer r

For any ring A and any set I', denote by A[I'] the set of all finite formal linear
combinations Zjv: 1 a;jlg;] with coefficients a; in A of elements g; € I'.

If T is a group, we consider A[T"] as associative ring with evident relations [g][g'] =
[gg'], alg]l = [glaforall g, g’ € T anda € A. The element [1] is the unit of the ring.

The A[G]-module A[Gr(r, V)] = A ® Z[Gr(r, V)] is generated by [L] for any
L € Gr(r, V).

The following lemma shows that, for an integer r, the A[GLF(V)]-module
A[Gr(r, V)]° = AQZ[Gr(r, V)]°is generated by [L]—[L']forany L, L’ € Gr(r, V)
withdim(LN L") =r — 1.

Lemma 1.1 Letr be apair of cardinals. Let L, L’ be r-subspaces in V with dim(L /LN
L") =dim(L'/LNL") = 1. Then the G-submodule M| = M (r, V) of Z[Gr(r, V)]°
generated by the difference [L] — [L'] contains all differences [Lo] — [L1] of r-
subspaces with dim(Lo/Lo N Ly) = dim(L1/Lo N L1) < 0o, but does not contain
differences [Lo] — [L1] of other pairs of r-subspaces.

In particular, M| coincides with Z[Gr(r, V)1° if and only if at least one of r and r’
is finite.

Proof Let ¢ = dim(Lo/Lo N Ly). Fix complete flags Eg =0 C E{ C E; C --- C
E.=Lo/(LoNLy)and Fp =0C Ff C F, C--- C F. = L1/(LoN L) and set

@ Springer



0-Cycles on Grassmannians as Representations of Projective Groups 375

L; = Ec_i + F,-, where E denotes the preimage of a subspace E € V /(Lo N L1)
under the projection V. — V /(Lo N L1). Then L, L', ..., L, are r-subspaces, while
L:_, N L;isahyperplane in both L} _, and L} foreachi, 1 <i <c.

As G acts transitively on the set of pairs (S, S”) of r-subspaces of V with dim(S/SN
§) =dim(S’/SNS) =1,all [L]] - [L;H] belong to the G-orbit of [L] — [L']. As
[Lol—[L1] = ([Lo]—[LYD+AL = [LSD+ - +(L, _,]—[L._ D+(L._1-[L.D,
we see that M1 contains [Lo] — [L1].

If either of » and r’ is finite then for any pair Lo, L| of r-subspaces of V one
has dim(Ly/Lo N L1) = dim(L1/Lo N L1) < 00, so it is clear from the above that
[L] — [L'] generates the G-module Z[Gr(r, V)]°.

If[Lo]l —[L1] € My,ie., [Lo]l —[L1] = ZlN:l a;([L;]1—[L}]) with dim(L; /L N
L") =dim(L/L;NL!) =1, thenrename L; and L in a way to get a sequence Lo =
Ly, Ly, ...,L,_,,L,=Lywithdim(L,_,/L,_,NL)) =dim(L;/L;_,NL))=1.
Then dim(L{,/ (i—o L}) < n, and thus, dim(Lo/Lo N Ly) is finite.

In particular, if [L] — [L'] generates Z[Gr(r, V)]° then Lo/(Lo N Ly) is finite-
dimensional for any pair Lo, L of r-subspaces of V, so at least one of r and r’ should
be finite. O

2 (Endo)morphisms and Decomposability

Let F be a division ring, V be a left F-vector space, ro = (o, r(/)), ry = (rq, ri)
be two pairs of cardinals such that ro 4 r) = r| +r| = dim V; we may omit r; if
ri < dim V + 1. For an rp-subspace L in V, denote by St the stabilizer of the point
L € Gr(rg, V) in the group G := GLg (V).

It is easy to see that the G-orbit of a F-vector subspace L in V is determined by
the pair of cardinals (dim L, dim V /L); the G-orbit of a pair of F-vector subspaces
L,L’ in V is determined by the quintuple of cardinals (dim(L N L), dim L/(L N
L, dimL'/(LNL"),dimV/L,dimV/L').

Let A be an associative unital ring. For each triple of cardinals s = (s, s’, s”) with
s+s" =rgands +s” =r; (sos’ and s” may be omitted if s < min(rg, r1) + 1), let

ns"™ : A[Gr(ro, V)] — A[Gr(ry, V)]

be the A[G]-morphism given by [L] +— >, ,[L’] if the latter sum is finite and non-
empty, where L’ runs over all r-subspaces in V such thatdim(LNL") = s,dim L/(LN
L) =s"anddim L'/(LN L") = s". Such L"s form an St;z;-orbit.

It is clear that "{}T0,0) is identical on A[Gr(r, V)] and ker 175’0 = kerp
A[Gr(r, V)P,

r,(dimV,0) _
(r,0,r) -

Lemma 2.1 Set R := A[G]. Let ro,r| be two pairs of cardinals with ro + r(/) =
r —i—r{ =dimg V.

Then two structures of right A-module on Hompg(A[Gr(rg, V)], A[Gr(r1, V)])
coincide and it is freely generated by
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”(rg ;I:ol 0) ifr; =(0,dimV);

77(,0 0 ") ifry =(dimV,0);

n(ro 0 S if V is infinite, while F and rj > r| are finite;
0 1

n(rl m .0) if V is infinite, while F andro > r| are finite;

the identity n ;f(;!r&o) = ida(Gr(ro,v)] if V is infinite and oy =1y,
ns"forall s, <s <min(ro, r1), if'V is finite, where o := max(0, ro — r}),
0 otherwise.

The ring Endz[6|(Z[Gr(x, V)]) is commutative. If F is infinite and xo # 11 then,
in notation of §1, Homg(A ® Mi(rog, V), A ® M (r1, V)) = 0, while Endg(A ®
Mi(rg,V)) = Aifrg # 0 and r(’) # 0, so the R-modules A[Gr(rg, V)] and A ®
M (rg, V) are indecomposable if A is a field.

Proof The cases r; € {(0,dim V), (dimV,0)} are trivial, since then Gr(r;, V)
reduces to a single point, so we may further assume r; ¢ {(0, dim V), (dim V, 0)}.
Fix some L € Gr(ro, V), and suppose that the St[zj-orbit of a point L’ € Gr(ry, V)
is finite.
We, thus, assume that L’ 2 0 and L’ # V.

e If L = F® is infinite then either (i) L € L’ or (ii) L N L’ = 0. In the case
(ii), L' C L, since adding different elements of L to a basis element of L’ one
gets different L”’s, and therefore, L' = 0. If, in the case (i), V /L = F®" 0 is finite
then all L’ containing L form a single finite orbit; if V /L = F®" 0 is infinite and
L' # VthenL = L.

e IfV/LE F®0 is infinite then the image of L’ in V /L should be either O or V /L,
i.e., either i) L’ € L or (ii)) V = L + L’. In the case (i), either (a) L' = L, or (b)
L = F® is finite and then all L’ contained in L form a single finite orbit. In the
case (ii), either (a) L’ © L, or (b) LN L' # L. (iia): L' = V, which is excluded.
(iib): any orbit is infinite. Namely, choose a vector v € L\ L' and acollection {e;};¢s
presenting a basis of V' /L; then the subspaces L; := LNL'+ (el./ |i € I)F, where
e/ = e ifi # j, while ¢! = ¢; + v, are paiwise distinct.

e If V is finite then all orbits are finite and they are parametrized by s = dim(LNL’),
where o := max (0, ro — r{) < s < min(ro, r1).

As the R-module A[Gr(rg, V)] is generated by [L], any R-module morphism
A[Gr(rg, V)] — A[Gr(ry, V)] is determined by the image of [L], which in turn
is an element of A[Gr(ry, V)] , 1.e., a linear combination of sums of the elements
of several finite St[L -orbits in Gr(rl, V).

One has r]r/ v r r [L] ZL/ n;‘,’r [L/] = ZL/ ZL//[L//] = ZL”EGY‘(V”,V) NL,L”
[L"], where

Nppr=H{L € Gr(r/, V) | dim(LN L") =s, dim(L'NL") =s}|.

It follows that n';" 5" = ng"n’;". In other words, the algebra Endg (A[Gr(r, V)]) is
commutative if V is finite, as soon assois A.If V isinfinite then Endg (A[Gr(r, V)]) =
A.
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0-Cycles on Grassmannians as Representations of Projective Groups 377

The R-module A® M (rg, V) is generated by [L]—[L'] forany L, L’ € Gr(rgp, V)
withdim L/(LNL") =dim L'/(LN L") = 1, so any morphism ¢ from the R-module
A ® M/ (rg, V) is determined by the image of [L] — [L'], which in turn is an element
of (A[Gr(ry, V)]°)Si10Stwy

If F is infinite then the only proper subspaces in V fixed by St;z) N Styzq are
L, L', LNL', while the Stz } N St[j-orbits of other proper subspaces are infinite. This
means that o([L] —[L']) = a[L]+ b[L']+ c[L N L' for some a, b, c € A. Consider
g € Gsuchthatg(L) c L+L',g(L) ¢ {L,L'},g(LNL")Y=LNL andg(L") =L
Then ¢([L] — [g(L)]) = (L] = [L']) — gp(IL] — [L']) = a([L] — [g(L)D. As
dimL/(LNg(L)) =dimg(L)/(LNg(L)) =1, the element [L] — [g(L)] is another
generator of A® M1, sowe get Endgr(AQ® M (ro, V)) = A and the required vanishing
forrg # ry. O

Remark 2.2 If V is finite then the morphism 7} of §2 is dual to the morphism
ns " under the non-degenerate symmetric bilinear pairing on K [Gr(e, V)], given by
(L1, [L]) = Land ([L],[L']) = Oif L # L": ((ng" )*[L'], [L]) = ([L'], ns" [L]) is
lif dim(L N L") = s, and is O otherwise.

3 The One-Dimensional Case

Lemma 3.1 Let F and K be fields, and V be a two-dimensional F-vector space. If
|F| < 3 assume in addition that F and K are of the same characteristic. Let P be
a subgroup in SL(V) and p : P — K> be a character. Suppose that the induced
K[SL(V)]-module W, := K[SL(V)] ®k[p] p admits a submodule W such that
dimg (W, /W) = 1. Then p =1 and W = K[SL(V)/P]°.

Proof As index of commutator subgroup of SL(V) is 1 if |F| > 3, and it is | F|
if |F| < 3, any one-dimensional K -representation of SL(V) is trivial. On the other
hand, Hom g sp(vy}(W,, K) = Homg[p)(p, K),sothe K[SL(V)]-module W, admits
a one-dimensional quotient if and only if p = 1, while W is the kernel of the degree
morphism. O

Remark 3.2 We are particularly interested in the case of a proper parabolic subgroup
P.

1. Denote by oo the point of P(V) fixed by P. Then SL(V)/P — P(V), [g] — goo
is an isomorphism of SL.(V)-sets (so that [P/ P] — oc0) inducing an isomorphism
of K[SL(V)]-modules W, — K[P(V)]if p = 1.

2. Note that (i) P = F* x F where F* acts on F by squares: [a : b — a?b];
(i) [P, P] = P“if |[F| > 3 and [P, P] = 1 if |F| < 3, where P* = F is the
unipotent radical of P. This shows that p factors through P/P".

If considered as K[P]-module, W, splits as K[SL(V)\P] ®k(p) p ® p, where
K[SL(V)\P]®k[pr] p is a free module over the group algebra K[ P*] of P*. Namely,
as the affine line P(V)\{oo} is a principal homogeneous space over P, a choice of
an element O € SL(V)\P gives rise to an isomorphisms of left K[P"]-modules

tp: K[P*]1®k p — K[SL(V)\P]®k(p) p» (U] ® € > [uO] ® e.
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378 R. Bezrukavnikov, M. Rovinsky

LetT = P/P"bethetorusin P fixing the class o of O on the affine line P(V)\{oo}.
The set {g € OP : g?> = —1} consists of all elements of SL(V) interchanging the
points o0 and oo of the projective line SL(V')/ P. This is a principal homogeneous space
over T. As it is non-empty, we may further assume that 0% = —1. As (Ot)> = —1
forany t € T, we get tO = Ot™!, so the T-action on the target of tp corresponds
to the T-action on K[P"] ®k p givenby t : [u] ® e +— [tut™1] ® t~le, since
top:[UlQetr> [tu0]@e = [(tut HtO]® e = [(tut ) O]t le.

This means that the K[ P]-submodules of K[SL(V)\P]®k|p] p correspond to the
T-invariant ideals in K[P"].

3.1 The Case of SL,(Q)

Lemma 3.3 Let V be a two-dimensional Q-vector space, K be a field. Let P be a
proper parabolic subgroup in SL(V) and p : P — K* be a character.

Then (i) the K[SL(V)]-module W, := K[SL(V)] ®k[p) p is simple if p # 1, (ii)
K[P(V)]° is a unique simple submodule of K[P(V)] = Wj.

Proof By Lemma 3.1, it suffices to show that any nonzero K[SL(V)]-submodule W
in W, has K-codimension < 1. We keep the setting of Remark 3.2 with F' = Q.
We identify P* = Q with the rational powers X of an indeterminate X, so that
K[P'1= Uy- KIXYN, X717

Any ideal in K[P"] is determined by its intersections with each subalgebra
K[X'N Xx~11, and thus, is generated by a collection of polynomials of minimal
degree Py (X'/N) for all N > 1 such that Py(0) = 1 and Py (X)|Py(XN/M) in
K[X]if M|N.

As P/P" = QX acts evidently on P* = XQ, any P/P"-invariant proper ideal
I = (Pv(X'YN))ys1 in UN>1K[X1/N,X_1] contains PN(XMlz/(M%N)) for all
M, My, N > 1. In particular, Py (X) divides PN(XMZ) for all M, N > 1, which
implies thatif Py (1) = Othen PN(AMZ) = Oforall M > 1, sothe set {AMz}le so the
set {ocM2 }m>11s finite, i.e., A is aroot of unity, say AN = 1. Then Py (X)|(XMN —1)mn
forsome My, my > 1, and thus, I contains (XMN/N —1)™~  and therefore, I contains
(XM%//N — )™ e (XMN/N _ 1ymn) and consequently, (X'/N — 1)~ ¢ [ for all
N > 1.Lets > 1 be such that m; < my forall N > 1. Then (X "/ _ 1yms ¢ |
forall N > 1, and therefore, (X!/N — 1) e ((Xl/(st) —D™)yc Iforall N > 1.

Let J C Uy~ KIXYN, X~!] be the ideal generated by X'/V — 1 forall N > 1.
As J"/J"! is a K-vector space of dimension max (8,0, Ochar(k),0) < 1 with the
group P/P" acting by n-th powers, we conclude that / coincides with J" for some
n>0.

The splitting W, = p + K[SL(V)\P] ®k(p] p induces two projections ms :
W — pand mar : W — K[SL(V)\P]®kp) p. As SL(V) is transitive on P(V), the
projection 7 is surjective. As Homgp1(W),, p) = K, if 4 splits as a morphism of
K[P]-modules then W contains [1] ® p, and therefore, W = W,,.

Assume now that the projection m, does not split, so then (i) 0 — J™ ®g[p|
p — W — p — 0, (ii) the projection myr is injective, i.e., the K[P]-module W
is isomorphic to a power of J. Since the quotient of the K[P]-module W by J™ is
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0-Cycles on Grassmannians as Representations of Projective Groups 379

p,wegetm = 1,s0 W = K[SL(V)\P] ®k[p] p as K[P]-module, and thus, the
K[SL(V)]-module W contains the linear combination ([1] + a[O]) ® e for some
a € K and O € SL(V)\P. Then W contains ([1] + a[uO]) ® e for all u € P*, and
therefore, dimg (W, /W) < 1. O

3.2 The Case of SL, (F) in Equal Positive Characteristics

Lemma 3.4 Let F and K be fields of characteristic p > 0, and V be a two-dimensional
F-vector space. Then the K[PSL(V)]-module K[P(V)]° is simple.

Proof Let M # 0 be a K[PSL(V)]-submodule in K[P(V)]°, and « = Z?:l a;[x;i] €
M for some n > 1, pairwise distinct x; € P(V') and some ¢; € K* with Z?:l a; = 0.
Let P = F*2 x F be the stabilizer of x; in PSL(V).

For a choice of apoint O € P(V)\{x1},denoteby 8 = Z?:z a;[x; — O] the element
of K[P"] suchthat SO = a —aj[x1]. Then ﬂp’la = af -([x1]=101]). As O can be
chosen to be an arbitrary point of P(V)\{x1}, o generates K[P(V)]° as K[PSL(V)]-
module. O

4 The Case of an Infinite Base Skew Field
Lemma 4.1 Let V be a left vector space over a division ring F, and A be an F-linear
functional on V. Then, for any w € V, the endomorphism 1 — Atw € Endp(V),

X = x — A(x)tw, is not invertible for at most one value of t € F.

Proof Let i := A(w). Then, for any ¢ € F such that ut # 1, one has (1 — Atw)(1 +
Ml —u)'w)y=1—rrw+ a1 — p)~ N1 — ut)w = 1. o

Lemma4.2 For each integer s, N > 1, let Dy(N) := 3", _ 1o ,(=D"(]) € Z.
Then the matrix

Di(N) -~ Dp_1(N)
A= e e .
Di(N+p—=2)---Dp_1(N+p—2)
is invertible over Z[1/ p].
Proof Denote by 11, the set of complex p-th roots of unity. Then

1
Di(N) = — Yora-oh.

Ceup
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Fix a primitive { € u,. Then the matrix pA coincides with the product

a-onN A=)V o (=g hN ¢! =2 . =D
a1- ;)N#»l 1- ;—2)N+1 e (1= ;—pfl)N+1 ;-72 ;-74 . ;*2([7*1)

a- ;)N+P*2 1- ;2)N+P*2 (1= gP*I)N+P*2 ;7(;7*1) ;*2(17*1) g*(p*l)(pfl)

so det(pA) is product of Vandermonde determinants:

p—1 p—1
det(pa)=[Ja—-¢H I @ =-eH][¢7 I @ =¢h.
j=1 j=1

I<j<s<p-—1 1<j<s<p—1

As the norm in the extension Q(¢)/Q of the element 1 — ¢/ is p, we see that det A =
+p™ for an integer m > 0, so det A is invertible in Z[1/ p]. O

4.1 A Filtration

For a left vector space V over a division ring F, let G := GLg (V) := Autp (V).

Theorem 4.3 Let v = (r,r’) be a pair of cardinals > 1, F be an infinite division
ring of characteristic p > 0, V be a left F-vector space of dimension r + r’. Set
My := Z[Gr(r, V)]° and G := GLF(V). Then there is a sequence of nonzero G-
submodules My D M} 2D My D M3 D ... such that

(1) My/M, is a free abelian group, vanishing if and only if at least one of r and r' is
finite;

(2) if p > O then the natural map Z[1/p]l @ M,, — Z[1/p] ® M is surjective for
anyn > 1;

(3) foranyn > 1 and any field K, the natural map K @ M,, — K ® M is surjective;

(4) if, for an associative unital ring A, a A[G]-submodule M of A @ My contains an
element o = ZzN:O a;i[L;), where Loy € va=1 L;, then M contains Aay @ M, for
some n depending on N.

Proof Fix an arbitrary subspace U C V of dimension r — 1 and of codimension ' + 1.
Fix some ey, ¢; € V that are F-linearly independent in V /U. For each sequence
(t)i=1 in F* and all n > 1, define v, ((1)i=1) == Y jcq..(—D"'U + F(eo +
(Qier tiden)] € Mo.

Note that (i) the G-orbit of y,((#;);>1) is independent of a particular choice of
U, eg, e1, (i) Y1 ((t)i=1) = (1 =&)yu((ti)i=1) forany & € Gidenticalon U + F - ¢
and such that §eg = eg + #,+1€1, (iii) all y,((#;);>1) are nonzero if, e.g., 11, f2, ... are
either linearly independent over the prime subfield, or all equal to 1 if p = 0.

For each n > 1, let M,, be the G-submodule in M, generated by the elements
v ((t;)i>1) for all sequences (#;);>1 in F*. In particular, we have inclusions M, 2
M, 4 for all n.

Then (1) follows from Lemma 1.1: My/M is the group of formal finite linear
combinations ), a;[L;]’, where a; € Z and [L]" are classes of ‘commensurable’
r-subspaces, i.e. Lo ~ L if dim(Lo/Lo N L1) = dim(L;/LoN Ly) < oo.
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0-Cycles on Grassmannians as Representations of Projective Groups 381

Set yu = yu(1,1,1,...) = Y0_o(=D*(")[U + F(eo + se1)]. As any nonzero
y1((t;)i>=1) belongs to the G-orbit of yj, the G-module M| is generated by ;.

If p > 0, it follows from Lemma 4.2 that the Z[1/p]-submodule in Z[1/p] & My
generated by y, = 5:—01 Ds(m)[U + F(eo + seD)], ¥u+1, - - - Yntp—2 CONtains 1,
which implies (2).

If € := char(K) # pisaprime then y,n = [U + F -eo] — [U + F (e +NVe] =
gny1 (mod £My) for any integer N > 1 and some gy € G, so M,, + €M contains y;
foranyn > 1, which proves (3) for K = 7Z/¢, and thus, for all fields K of characteristic
L.

By Lemmas 3.3 and 3.4, if characteristic of F is 0, or if characteristics of F' and
K coincide, then the K[G]-submodule in K ® M( generated by y;, coincides with
K ® M forany n > 1.

As (2) implies the case of char(K) # p > 0, this completes the proof of (3).

For (4), we are going to show that, together with o = ZiN=0 ai[Li], any A[G]-
submodule M of A ® M contains ag ® y;, for some n if L is contained in neither of
Li,...,Ly.

It is a folklore result that a vector space over an infinite division ring cannot be
a finite union of proper linear subspaces, see e.g. (Roman 2008, Theorem 1.2). Fix
some v € Lo\ va=1 Li, some w € V\Lg. Foreach 1 <i < N, fix some F-linear
morphism &; : V. — F - w C V vanishing on L; but not on v.

For each subset I C {1, ..., N}, the image of the endomorphism &; := Zie[ &
of V is contained in F - w, i.e., & = A; - w for a linear functional A; := Zie[ Ai
on V, so by Lemma 4.1 there is at most one value of 7 such that 1 + A;fw is not
invertible. As F is infinite, we may therefore replace w with a nonzero multiple, so
that 1 +&; = 1 + A; - w become invertible for all subsets / {1, ..., N}.

Then the element E := Zlg{l,..i,N}(_l)lll[l +&;] € Z[G] annihilates all [ L;] for
1<i<N,and

E[Lo] = Z (=Dl |:L0 Nker& + F - (v + (Z Ai(v))w>:| )

IC{l,...,N} iel

In particular, (i) if r = land A; = ¢; forall 1 <i < N then gE«a = ap ® yn((#i)i>1)
forany g € G suchthat gv = epand gw = ey; (i) if ) ;; A; # 0 forany non-empty /
then E[Lg] = [LO]—i-th/IZ1 bn[L)]forsome hyperplanes L) # Loin V' := Lo+ F-w
and some b,, € Z.

Set V/ := V'/ ﬂflvzl ker &,, which is of dimension < N. Denote by V" the

dual space of V”. Consider the canonical identification ¥ : Gr(dim V" — 1, V") =
P(V""), sending each hyperplane L in V" to the line of all linear functionals vanishing
on L. Then ¢ (g~ '[L]) = g*y([L]) forall g € GLx(V") (or their lifts in GL£(V")),
where (g*A)(x) := A(gx) forallA € V" and g € GLF(V”)
Then v identifies the image of E[Lg] = [Lo] + Z _1 by[L}]in Z[Gr(dim V" —

1, V)1° with [go] + nyzlbn[qn] e Z[P(V"V)]°. As we have just seen in the
case r = 1 (with V"V instead of V), for any sequence (f;);>1 in F*, there
is an element B € Z[GLp(V")] (similar to the element E) such that 8([go] +
ST balgal) = Y. (— DUIF - (ef + (X ;¢ ti)e])] for some F-linearly
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independent ¢jj, ¢/ € V”. Denote by g* the image of 8 under the anti-involution
ZIGLE(V")] — ZIGLg(V")], [g] ~ [g~'1. Then, for any linear combina-
tion B’ of elements of G identical on ]P’(ﬂ,/;/:] ker &,) and extending 8*, one has
B'(E[Lo]) = ym((t:)i>1), and thus, B’ (Bar) = ao ® yu ((t:)i=1)- o

Corollary 4.4 Letr = (r, r’) be a pair of cardinals > 1, F be an infinite division ring,
K be a field, V be a left F-vector space of dimension r + r’.

Then any nonzero K -subrepresentation of GLr (V) in K[Gr(r, V)] contains K ®
M.

In particular, K & M is the only irreducible K -subrepresentation of GLr(V) in
K[Gr(r, V)]

The following conditions are equivalent: (i) at least one of r and r' is finite, (ii)
My = Z|Gr(r, V)]°, (iii)) K M| = K[Gr(r, V)]° (iv) K[Gr(r, V)]° is irreducible,
(v) K[Gr(r, V)]/K ® M, is irreducible, (vi) K[Gr(r, V)]/K  M] = K.

5 Some Remarks on the Case of a Finite Base Field

There is an extensive literature on representations of finite Chevalley groups, see e.g.
Alperin (1986), Benson (1984). For this reason we do not treat in detail the case where
F is a finite field.

5.1 The Case of Characteristic 0 Coefficient Field

Proposition 5.1 Let F' = I be a finite field, V be a finite F-vector space, K be a field
where q" # q for2 <n <dimV + 1 (e.g., char(K) = 0), r > 1 be an integer. Then
the K[PGL(V)]-module K[Gr(r, V)] is a sum of min(r,dim V — r) + 1 pairwise
distinct simple submodules.

Proof As the K[PGL(V)]-modules are semisimple, it suffices to apply Lemma 2.1
asserting that the algebra End g [pGr (v (K[Gr(r, V)]) is commutative and of dimen-
sion min(r, dim V — r) + 1 as K-vector space. O

Proposition 5.2 Let F be a finite field, V be an infinite F-vector space, K be a field of
characteristic 0, r > 1 be an integer. Then both K[PGL(V)]-modules, K[Gr(r, V)]
and K[Gr((dim V, r), V)], admit unique composition series, both of length r + 1.

This follows from a description of the smooth K -representations of GL(V) for a
countable F-vector space V given in Rovinsky (2018, Theorem A.17). The corre-
sponding composition series are

0CK®kern™ 7' c K®kern:f2_2 c--C K(X)kerni’l

r—1

C K @kerny® c K[Gr(r, V)] and

0c ® Cc & C --- C &1 Cc &, C K[Gr((dimV,7r), V)], where ®,, =

(dim V,r),(dim V,r—n)
K ® ker r)(dim V.,0,n) .
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5.2 The Case of Positive Characteristic Coefficient Field

Proposition 5.3 Let K be a field of characteristic €. Let F be a union of finite fields.

(1) Suppose that V is finite and either dim P(V') = 1 or £ is not characteristic of F.

e If ¢ does not divide |P(V)| then K[P(V)] = K[P(V)]°® K - erIP’(V) [x]is
the sum of two simple K[PGL(V)]-submodules.

e [If { divides |P(V)| then K - erp(v)[x] is the only simple submodule of
K[P(V)], while K[P(V)]°/K - erp(v)[x] is the only simple submodule of
KIPO)I/K - Y pepovlx)

(2) If P(V) is infinite and either dimV = 2 or characteristic of F is not € then
K[P(V)]° is the only simple K[PGL(V)]-submodule of K[P(V)].

Proof We have to show that any o = er]P’(V) ax[x] € K[P(V)] generates a
K[PGL(V)]-submodule containing K[P(V)]°, whenever not all a, are equal. As
PGL(V) is 2-transitive on P(V), it suffices to show that the K[PGL(V)]-submodule
generated by o contains a difference of two distinct points.

For each x with a, # 0 fix its lift ¥ € V. Choose a maximal subset B consisting
of F-linearly independent elements among x’s. We replace F' with the subfield of F
generated by the coefficients of the elements X in the base B, and replace P(V) with
the projectivization of the space spanned by the x’s over the new F. We thus assume
that P(V) is finite. Then we proceed by induction of the dimension n of P(V).

For each hyperplane H C P(V), let Uy C PGL(V) be the translation
group of the affine space P(V)\ H. Then (ZheUH ha = (ZX¢H ay) ZX¢H[x] +
gdimPv) Y ven ax[x], where g is order of F.

For the induction step in the case £ /g (and dimP(V) > 1), fix some hyper-
plane H containing points y, z with a, # a, and fix some n € PGL(V) such that
n(H) = H,n(y) = zand n(u) = u for some u € H. Then (n — 1)(}_,cpy, M =
gV N ep(a@yr, — aolx] = ¢+ (ay — az)lz] + Oful), so we are
reduced to the case of dimension n — 1.

Assume now that dimP(V) = 1.

(1) If £ doesnotdivide g +1 thenthereis y € P(V) suchthat (g+1)a, # er]l”(V) ay.
If ¢ divides g + 1 then fix an arbitrary y € P(V) with ay, # 0 (so that
(g + Day =0 # er]p(v) a,). Fix some involution & € PGL(V) such that
£y # y. Then (€ — DX ey, Mo = (@qay — ¥y a0)(Ey] — [y]) =
((g + Day — er]p(v) ax)([Ey] — [y]). Thus, assuming that either £ does not
divide g + 1 or erIP’(V) ay # 0, the K[PGL(V)]-submodule generated by «
contains [£y] — [y], and therefore, it contains K [P(V)]°.

Assume now that € divides g+1and Y .p(y ax = 0. Then —a;’! Qe Me =
erIP’(V)[x]'

Assuming in addition that « ¢ K - er]p(v)[x], fix some z € P(V) with
a; # ay. Let T C PGL(V) be the torus fixing y and z. Then (}_,.r W =
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(Z)@éy,z ay) Z#y,z[x]-l—(q —Daylyl+ (¢ —Da;[z] = —(ay+a;) Zx#y’z[-x]
2ay[y] = 2a[z].

If¢ =2, fixsome& € PGL(V)suchthatéy = zand &z # y. Then (ZheT ha =
—(ay+az) oy X1+ @y +a) [yl+(@ay+az)lzl.so (= 1)(X, o p her = (ay+
a;)([Ez] — [v]), and thus, the K[PGL(V)]-submodule generated by « contains
[£z] — [v], and therefore, it contains K [P(V)]°.

If £ # 2, fix some involution & € PGL(V) such that &y = z. Then
(&— 1)(ZheT h)a = 2(ay —a;)([y]—[z]), and thus, the K[PGL(V)]-submodule
generated by « contains [y] — [z], and therefore, it contains K[P(V)]°.

(2) Any nonzero element of K[P(V)] can be considered as an element o« =
erIP’l(]F ) dx [x] for a finite subfield F, C F. Extending F, in F if necessary,
we may assume that a, = 0 for at least one x. Then it follows from (1) that
any K[PGL;(IF,)]-submodule containing o contains K (P! (Fy)1°, and thus, any
K[PGL(V)]-submodule containing « contains K[P(V)]°.

m}

Proposition 5.4 Let F = F, be a finite field, V be an F-vector space and K be a
field extension of F. Then the K[PGL(V)]-module K[P(V)]° is simple if and only if
dimV = 2.

Proof LetSym’,V := (VEF) &, be the n-th symmetric powerof V,sodim g Sym', V =

(m V1), The natural morphism of K[PGL(V)]-modules K[P(V)]° =

K[(V\{O})/F*]° - K QF SymF V D ocaxlx]l = Y acxiT ! is nonzero. One
has dimg K[P(V)]° = [P(V)| = 1 = (@™ —¢)/(¢g — D).

Ifdim V = 2 then dimg K[P(V)]° =dimg K QF Sym?;l V=gq.

Assuming that (¢" —¢)/(g—1) > ("197?) forsomen > 2, let us show that (¢"*+' —
D)qg—1) > (n+Z—1). Indeed, (n+Z—1) — (n+q 2)(1’1 +q—1/n < (n+q Z)q <
q@" —q)/(g—1) < (@™ —q)/(g — D).

This implies that dim K[P(V)]° > dim K ® Sym;’;1 VifdimV > 2, and thus,
the above morphism is not injective, so K [P(V)]° is not simple.

The simplicity in the case dim V = 2 is shown in Lemma 3.4. O
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