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Abstract

We study some particular cases of Viterbo’s conjecture relating volumes of convex
bodies and actions of closed characteristics on their boundaries, focusing on the case of
a Hamiltonian of classical mechanical type, splitting into summands depending on the
coordinates and the momentum separately. We manage to establish the conjecture for
sublevel sets of convex 2-homogeneous Hamiltonians of this kind in several particular
cases. We also discuss open cases of this conjecture.
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1 Introduction

In this note we consider the Viterbo conjecture (Viterbo 2000), prove some of its new
particular cases, and discuss relevant examples. We start with reminding the statement
of the conjecture:
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Conjecture 1.1 (Viterbo 2000) For a convex body X C R?" the following inequality
holds

ceaz(X)"

vol X >
n!

Here we treat the Ekeland—Hofer—Zehnder capacity cg g 7 (X) as the smallest action
of a closed characteristic on the boundary dX, when X is smooth, and extend it to
non-smooth bodies by continuity (say, in the Hausdorff metric). A characteristic is a
curve y whose velocity y is always in the one-dimensional kernel of the restriction
of

n
w= dei A dg;
i=1

to the tangent space 79 X. The action of such a closed curve is the integral

n
| 3 pda
V=1

For more details on these definitions and some results see (Viterbo 2000; Artstein-
Avidan et al. 2014).

Another point of view on this problem is to consider a proper (tending to +o00 at
infinity) convex Hamiltonian A : R — R and compare the volume of a domain
X ={H(p, q) < E} with the smallest action of a closed Hamiltonian trajectory on the
boundary {H (p, q) = E}. Of course, this is just a reformulation, but we will mostly
argue in these terms in this note, because we want to concentrate on certain types of
Hamiltonians from classical mechanics.

So far Viterbo’s conjecture seems rather hard, but one may try to attack its certain
particular cases. As it was shown in Artstein-Avidan et al. (2014), the case of X =
K x T for two convex bodies K C R" and T C R" (Lagrangian product) is already
interesting and for centrally symmetric K and 7 = K° (the polar convex body) it is
equivalent to the still open Mahler conjecture (Mahler 1939),

n
volK -vol K°® > —.
n!
In the case of the Lagrangian product the capacity cegz(K x T) turns out to be the
shortest length of the billiard trajectory in K with length measured by the support
function of T, or vice versa, see (Artstein-Avidan and Ostrover 2012). Nontrivial
estimates of these capacities were made in Artstein-Avidan et al. (2014), Akopyan
et al. (2016).
In this work we consider another natural case, related to a Hamiltonian coming
from classical mechanics with separated kinetic and potential energies, in the form

H(p,q) =T(p)+V(g).
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Viterbo's Conjecture for Certain Hamiltonians in Classical Mechanics 485

Strictly speaking, this case already contains the case of Lagrangian products. Indeed,
if we take two norms || p|lx and ||¢g||7 for separate components of the canonical
coordinates, and consider

H(p.q) = lplx +lqlT

then, for m — oo, the domain X = {H(p, q) < 1} approaches the Lagrangian
product of the unit balls of || - || in p coordinates and | - ||z in ¢ coordinates. But
in this note we mostly concentrate on the case m = 2 in the above formula, when the
potential and kinetic energies are convex and 2-homogeneous.

Our results show the validity of Viterbo’s conjecture for even 2-homogeneous
Hamiltonians with standard kinetic energy 7' (p) = |p|?/2, for some other classi-
cal even 2-homogeneous Hamiltonians in Theorems 2.2 and 4.4, and in a different
situation, when the Hamiltonian is a sum of functions of the pairs (p;, ¢;), Theo-
rem 3.1.

2 Viterbo’s Conjecture for Some 2-Homogeneous Hamiltonians

Let us show how to handle some cases using the technique similar to (Hermann 1998,
Sect. 2). The first one, considered in this section, deals with the mechanical case and is
a slight generalization of the harmonic oscillator, H = 1 >7_| p? + f2¢?, for which
the level surface is an ellipsoid and the capacity is known. The second one in Sect. 3
has a separation of variables into pairs (p;, g;) instead of separating them into p and
q, but is again a slight generalization of the harmonic oscillator.

In the next theorem we consider the case of the standard kinetic energy and an even
2-homogeneous potential energy.

Theorem 2.1 Put T = |p|?/2 (the standard kinetic energy, where | - | is the stan-
dard Euclidean norm) and let V be proper, even, and 2-homogeneous. Then Viterbo’s
conjecture holds for the sets {T (p) + V(q) < E}.

Proof The assumption we have means V(¢) > 0 for g # 0 and V(tg) = t2V(q) for
every ¢t € R. Write down the optimal inequality

V(g) < algl?,

with equality V (go) = «|qo |2 for some nonzero vector gg and all its multiples (because
of the homogeneity).
Consider

_ 1o / _ 1o 2
H(p.q) =3lpI"+ Vig). H(p.q)=3Ip|"+elql
and put (we may assume E = 1 without loss of generality)
X={H(p,¢) <1}, X'={H(p,q) <1}
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486 R. Karasev, A. Sharipova

It is clear that X’ € X. Moreover, on the two-dimensional symplectic subspace P C
R2" spanned by (0, go) and (qo, 0)! the Hamiltonians H and H’ coincide together
with their derivatives (because the ratio % attains its maximum on this subspace).
Since C = PN3dX' = P NaJX is a closed trajectory for H’', then C is also a
closed trajectory for H. X' is a symplectic ball, which is the equality case of Viterbo’s
conjecture. Since X shares the same closed characteristic with X', then cgyz(X) <
cgrz(X"). In fact, the convexity of X and X’, and the monotonicity of the capacity
implies cggz(X) = cegz(X’). On the other hand, the inclusion X’ € X obviously
implies vol X > vol X’. Hence Viterbo’s inequality is valid for X as well. O

The previous theorem has a generalization. Before stating it we need to recall the
standard and useful in classical mechanics notion of the Legendre transform for a lower
semicontinuous (we actually only consider smooth) convex function f : R" — R:

FE(p) = sup (Up.q) — f(@))-

geR"

It is known that (f£)r = £, assuming the function is allowed to take value 4+o0. In
case f is 2-homogeneous, f* also turns out to be 2-homogeneous. Also note that the
Legendre transform reverts the inequalities, f > g = fF < gt.

Theorem2.2 Let T,V : R" — R™ be proper, even, 2-homogeneous and assume
TL > CV with equality at some nonzero point qo, and at the line through the origin
spanned by qo from the homogeneity. Assume also that there exists a positive definite
quadratic form Q such that

Tt >0>cv.
Then Viterbo’s conjecture holds for the sets {T (p) + V(q) < E}.

Proof After a coordinate change we assume Q = |¢|?>/2 and C = 1 (the latter may
scale the capacity and the volume accordingly). In this case QF = | pl?/2, T < O
and V < Q with equality at g9 and pg equal to g in this coordinate system. Evidently,
the circle

S:{uqo+vpo:u2+v2= 1}
is a closed characteristic of the boundary of the ball

2 2
lgI”+1pl” _ 1]
2 -2

X' = {Q(q>+ 0k (p) =

Since on the linear span {uqo + vpo} the derivatives of T + V are the same as the
derivatives of Q' + Q (because there are the critical points of the inequalities T <

I Since we already use the Euclidean norm, we have an identification between the canonical coordinates g
and p.
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Viterbo's Conjecture for Certain Hamiltonians in Classical Mechanics 487

QF and V < Q) then S is also a closed characteristic of the boundary of X =
{T(p)+V(g) < 1/2}. From the inclusion X’ C X and the monotonicity cggz(X’) <
cepz(X) it follows that cp gz (Xo) = cegz(X) = m and also

n

, b4
vol(X) > vol(X') = -
n

O

Remark 2.3 Note that in the previous results we establish the Viterbo inequality for X
by putting a symplectic ball into X so that 9 X and the boundary of the ball share a
common closed characteristic. This proves that their Ekeland—Hofer—Zehnder capac-
ities are equal, while the inequality for volumes follows from the inclusion. It is still
an open problem (the strong version of Viterbo’s conjecture) to prove or disprove that
it is possible to put (an open) symplectic ball of capacity C into any convex body
X C R?" of Ekeland—Hofer—Zehnder capacity C.

3 Viterbo’s Conjecture for a Sum of Hamiltonians of Pairs
of Canonical Variables

Here we give an example of another kind, when we consider the sum of one-
dimensional motions.

Theorem 3.1 Viterbo’s conjecture holds for the sets {H < E} when we deal with a
direct sum of one-dimensional motions

n
H(p.q) =Y Hi(pi.q).
i=1

each H; : R? — R* being proper with unique minimum and no other critical points
in the plane.

Proof This is essentially the result of (Hermann 1998, Sect. 2), but we provide the
explanation here for completeness.

In this case the trajectories are characterized as curves whose every projection to
the space of (p;, ;) is atrajectory of H;. For a closed trajectory, let the corresponding
area of the projection be A; = fy pidgq;. Since the given Hamiltonians H; are proper
with unique minimum at the origin, for every H; we find a unique closed trajectory
with given A;, and denote the value of H; on such a trajectory by E; (A;). Such closed
trajectories in coordinates (p;, ;) will produce a closed trajectory in all the coordinates
if the periods coincide, which translates to the fact that the numbers g f; are equal to
the same number for all i such that A; > 0. Note that this condition is sufficient, but
not necessary, in the general case the periods of the projections are rational multiples
of each other.
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488 R. Karasev, A. Sharipova

Note that every E; is a strictly increasing function of A;. Consider the A; as the
coordinates and study the function A = A; 4 - - - + A, on the set

Y ={(A1,..., Ap) | Ei(A) + - + E;(Ap) = E}.

This set is diffeomorphic to a simplex of dimension n — 1, and the critical points of A
may belong to its faces, which without loss of generality are given by

Apy1=---= A, =0.

For the remaining Ay, ..., Ay we have from the Lagrange multiplier method:
0E} _ _ 0E; _
A1 dAr

This precisely means that any critical value A on Yg corresponds to a closed trajectory
with action A. Let Ag be the minimal of the actions. It is clear that the set

Xe={(A1,..., Ap) | Ex(A) + - + Eqn(Ap) < E}

contains the simplex A; + - - -+ A, < Ag, the latter evidently having the symplectic
AT : AT
volume —£. Hence the volume of X is at least —£.

Consider A; : R> — R as a function, mapping a point (p, ¢) to the action of the
H;-Hamiltonian closed trajectory passing through (p, ¢). They together constitute a
map A : R?" — (R1)", evidently preserving the volume form, hence for the preimage
X, = A7 (Xg) we have

AV[

vol Xz =vol Xg = —£.

n!

Also cpgz (X %) < Ag, because the critical point of A we have found represents a
closed characteristic on the boundary of X %, which is a sublevel set of the original
Hamiltonian. |

Remark 3.2 Theorems 2.1 and 3.1 need no convexity assumption if we define cg gz of
the set {H < E} as the smallest action of a closed characteristic on its boundary. Note
that thus defined value should not be called a symplectic capacity since the capacities
are assumed to be inclusion preserving.

4 Further Questions and Examples
4.1 General Questions

Going back to the case when p; and ¢; are separated, we note that the other small
steps towards the general Viterbo conjecture would be:
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Viterbo's Conjecture for Certain Hamiltonians in Classical Mechanics 489

Question 4.1 What if H(p,q) = T(p) + V(g) with arbitrary proper, convex, even
2-homogeneous 7" and V?

Question 4.2 What if H(p, q) = |p|>/2 + V (¢) with arbitrary proper convex V, not
even, or not 2-homogeneous?

Let us discuss Question 4.1 and its particular cases a bit more. Similar to the result
about Lagrangian products in Artstein-Avidan et al. (2014), we expect the following
case to be interesting:

H(p,q) = lIpl? + llqll*,

for a pair of arbitrary (symmetric) norm and its dual. In this case the convex body

X={p.llIplZ+lgl* <1}

is called the Ly-sum K° @ K, where K is the unit ball of || - || and K° is its polar,
the unit ball of || - || 4.

In order to find closed trajectories of Hamiltonians of this kind, we can choose any
direction with ggp € 9K and its corresponding momentum py = %ZH"I:% € 0K°.
Obviously, a closed Hamiltonian trajectory on the boundary of X, lying in the 2-plane
spanned by g and py, is possible for the 2-homogeneity. This trajectory behaves like
a harmonic oscillator and its action is evidently equal to 7. Could it happen that such
trajectories have the smallest action of all trajectories on the boundary of X ? Assuming
Viterbo’s conjecture we would then obtain

n

vol X > 71_.
n!

Note that for any norm || - || on R™
[ dx = voltx el = 1) P+ 1,

and, therefore, for the Ly-sum in R" x R", we take « = 2 and split the integral of

2 2 . . . . . .
e~ IPIi=14917 to two integrals to obtain (the binomial coefficient is defined for non-
integer values using the I'-function)

<” >v011<° @) K = vol K° - vol K . 4.1y
n/2

Hence our assumptions read:

n
vol K° - vol K > " n—,
n/2) n!
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D2 o

Y41 il

Fig.1 A trajectory

or, after a simplification,

n

vol K® -volK > ——.
(n/2)1H?

But the latter is the Blaschke—Santal6 inequality (Blaschke 1917; Santal6 1949) in the
opposite direction, which is generally false.

Hence, the Hamiltonians of the form || p ||i +lg ||2 with non-Euclidean norms seem
to have closed trajectories “faster” than the back-and-forth oscillations along a straight
line through the origin. At this point, we get convinced that it makes sense to investigate
the basic case (the £ and £,, norms)

H(p,q) = Iplf + llgll%.

corresponding to the known equality case in Mahler’s conjecture, and examine its
closed trajectories more closely. We do this below.

4.2 A Two-Dimensional Example

We now consider the simplest case when n = 2 and the symplectic space is R*. In
addition to one-dimensional back-and-forth trajectories mentioned above, it is easy to
see from the canonical Hamiltonian equations

. 0H 3 pil
Gi = — =2(p1l + |p2h—— (4.2)
api api
. oH omax; |q;]
pi = —— = —2max |g;| ——— 4.3)
aq; J g,

that any other trajectory looks like the one in Fig. 1 (its projection onto p- and g-
subspace are shown) or this one with the opposite direction obtained by the substitution
t — —t.

Take a closer look at a trajectory’s cycle. In the planar case we can rotate one
of the planes to make both norms look similar (although making a non-symplectic
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Viterbo's Conjecture for Certain Hamiltonians in Classical Mechanics 491

transform), that is we introduce variables

q1 — q2 91+ q2
= ———— X = —

x b bl
: 2 : 2
for which ||g|lcc = |Ix]l1, H = ||p||% + ||lx||2, and write the new equations of motion
P12 = —llxlli(sgnxy £sgnxy), X1,2 = [Iplli(sgnp1 F sgnp2),

whose trajectory is illustrated in Fig. 2. Consider the cycle of trajectory’s points cor-
responding to non-smooth switches in the Hamiltonian:

. P2, X1, X2 p1. p2.0,x2 p1.0,x],x2 pi. D5y X], . Py X1, X)
© ) = ( 0,x2) = (p1,0,x],x2) — ( 0) — (0, p )

= (P}, Py, 0.x5) — (p}.0,x],x5) — (p}. py.x{,0) = (0, py, x|, x3).

Here we assume positive variables for the first point: p;, x1, xo > 0. Such a switch
occurs when one of the variables becomes zero, and we call it a turning point. Let us
also call the path between neighboring turning points a line segment. Note that any
line segment has two constant variables and we can identify the remaining variable in
turning points from the expression:

IpIF + Ixl3 = Apil + 1p2D? + (x1l + [x2)? = 1. (4.4)

Define the sequence of absolute values of new variables appearing at the end of
each line segment during the motion as {a;}, and sequences of acute angles

) T
oj = arccosapi—1, Pi = arcsinap; € [O, 5] .
For example, for already considered cycle

ay = |p2| =cosay, a; = |xz| = sin By,

a3 = |pi| = cosay, ag = |x}| = sin B2, as = |p5l,

and so on. Note that angles «; are used for p and §; are used for x (former ¢) coordi-
nates. This sequence satisfies a recurrence

2 _q,_). (4.5)

an+1 =4/l —a
Such an approach gives us a very simple expression for the action of a closed trajec-
tory which consists of several cycles. It is known that for 2-homogeneous Hamiltonians
the action of a closed trajectory is equal to its period in terms of time for the level set
{H = 1}. Since our Hamiltonian is 2-homogeneous, we just find the time. As already
mentioned, any line segment has two constant variables a;, a; | expressed by angles
o and B, and therefore the time required to pass this segment is also determined by
them.
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D2 T

P1 ¢l

Fig.2 One cycle of a trajectory

By solving differential equations in one particular case, we find the time of motion
from point A = (0, p2, x1, x2) topoint B = (p1, p2, 0, xp) with p; < 0, p2, x1, x2 >
0:

p1(t) = =2x1(t) = 2x2(21),

pa(t) =0,
xX1(t) =2p1(t) —2pa2(),
X2() =0
with the initial condition
p1(0) =0,
x1(0) = xg.

The solution appears to be

p1(t) = —(x1 4+ x2) sin 2t — py cos 2t + po,
x1(t) = (x1 + x2) cos 2t — pa sin 2t — x2,

and we find #; from

p1(t1) = p1,
x1(t1) =0,

as

1 . 2 2 !
fi = 5 arcsin HM— pax2 | = 5(0!1 — Bo.

In the general case, for a line segment with constant g;, a; 1 expressed by angles
a and B (o > B) the time required to pass t = %(a — B). To calculate the time of the
whole trajectory we have to sum the times of all line segments. It is difficult to obtain
an exact closed expression for the action, but it is possible to estimate it.
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Lemma4.3 Let y be a closed trajectory of H = ||p||% + ||q{||<2>o = 1 with k cycles.
Then the action of y is at least k.

Proof For y we have a defining sequence
cosay, sin 1, cosay, ..., sin B,
where 2n = 8k as one cycle generates eight angles, and the constraints from (4.5)
cosa; +cosajr] = cos B, sinfBi_1 + sinB; = sina;.

Summing all the equations we obtain

n n n n
22cosoe,-=Zcos,3i and 2Zsin,3i=Zsina,-.
i=1 i=1 i=1

i=1

Then for the action we have
1
S = E(al —Bita—PBr+ar—Br+-+ar— B,
and therefore

28 > cos B — cosay + sinay — sin By + cos B
—cosoy + -+ -+ sina) — sin B,

n n n n
= E cos,B,-—E cosai—i—g sina,-—E sin §;

i=1 i=1 i=1 i=1

" 1< n
= Zcosai + EZsmai > 5

i=1 i=1

Since the function cosao + %sina has the minimal value % on [0, %], we obtain

S>4=k O

Theorem 4.4 The smallest action of a closed trajectory of H = ||p||% +llg ||go =1lin
R* is 4 arcsin % and Viterbo’s conjecture holds true for its sublevel sets, the €>-sums
of the square and its polar, also a square.

Proof As it was shown in Akopyan and Karasev (2018), a centrally symmetric
Hamiltonian should have a centrally symmetric minimal closed trajectory. Any such
trajectory should consists of odd number of cycles as it may be viewed as an odd map
from the circle to R*. Thus it is sufficient to consider centrally symmetric trajectories
with 1, 3, 5, and so on cycles around the origin.

In case of one cycle we have a defining sequence {a;} with a;+4 = a; and obtain
from (4.5)

a3 + (a1 +a3)* =1=(as +az)* +ai, ar=aa,
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and similarly a; = a3. Therefore for any n # m we have
Antl = Aoyl =a, QA = Ay = b.

Again using (4.5) or (4.4): a> + 4b> = 1, b*> + 4a”® = 1. This gives

) |1 . 1 , 2

a; =§, cosa,-:smﬁizﬁ, sma,-:cosﬁ,-:—s,
in 8) . 5 in B 2 2 1 1 3
sin(o; — B;) = sin;cos B; —cosq; sinf3j = — - — — — - — = —,
S e T A Vs V5 S

o — Bi = arcsin 3

and
4

4
3
S=) ai—)Y B = darcsin £ =2.57....
i=1

i=1

If the trajectory has more than one cycle then it has at least 3 cycles and its action
is at least 3 from Lemma 4.3. A back-and-forth trajectory has the action S = 7. Thus
we have found a trajectory with the smallest action.

It remains to check Viterbo’s conjecture for this minimal trajectory. Indeed, for the
body X = {H = 1} we have the Ekeland—Hofer—Zehnder capacity

3
cenz(X) = § = darcsin < = 2.5740. .. < 232

and

(V2?2 e(X)?
2 2

vol(X) =4 =

O

Note that the trajectory found in R* also gives the estimate for the case R®, by
considering the trajectory placed in the coordinate subspace R* ¢ R®. Using the
formula that we have already mentioned,

(/29

vol(K° &, K) = o’

El

for n = 3 we obtain

(4 arcsin %)3 3
Vol(K° @, K) =7 > T > g
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Hence, Viterbo’s conjecture holds for n = 3 as well. However, for higher dimensions
such trajectories are insufficient to show the validity of Viterbo’s conjecture. In fact,
for the capacity (action) we have inequality

nyn2 %
awoze (G0

n

hence for n = 4,

1

1\#
C(K°®2K)§4~<g> =255...<257...

4.3 A higher-dimensional example

We are going to generalize the above two-dimensional example to dimension n > 2.
We will not be able to determine the shortest closed trajectory, but will prove that
Viterbo’s conjecture holds in this case.

Theorem 4.5 Viterbo’s conjecture holds for the convex body in R*" defined by

H(p,q) = lIpl} +ligl%, < 1.

Proof Consider the trajectory on the surface {H (p, ¢) = 1} starting at the point with
coordinates

n—2G—1)
V2 + (=172

p1(0) =0, p;0) =

9i(0) = i=1,...,n

1 .
=2,...,n.

Stz

Let us write the Hamiltonian equations for this Hamiltonian:

. O0H | pil
Gi = —=2(pil+- +|pa)——,
dpi dpi
. oH omax; |q;l
pi = —— = —2max|q;|— 21—,
ag; J 9q;

If |gx| = max |g;| then we have
J

Gi =2(p1l+ -+ |pal) - sgnp;,
Pr = —2qx, pj =0 for j#k.

In our case ¢1(0) = max; |g;| and p;(0) = 0, so after the initial moment of time
q1 decreases and g increases with the same velocity, p; decreases and p; does not
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Fig.3 Projections of the trajectory to p and g spaces

TR RN\

Fig.4 Time evolution of p and ¢ coordinates

change. Such motion continues until the moment ¢, when g stops being the largest
in the absolute value and gets equal to g». At this moment we have

n—1 n—20@—-1+1

q1(t) = ————==q2(t), qi(th) = ,i=3,...,n
S+ (n—1)?2 ’ JnZ+ (n—1)2
-1 1
pit) = ———, pill) = ————,j=2,...,10.
i+ m—-n2 I+ (n—1)2
Then the coordinates qp, g2, ..., q, become the largest one by one, arriving to
m before g reaches the value «/%11—1)2 at the moment t», and becomes
the largest in the absolute value again going to g1 (f2,+1) = \/ﬁ Thereafter

the trajectory goes in the centrally symmetric way until the moment 74,, when the
trajectory returns to the starting point. The projections of the trajectory to p and g
spaces for n = 3 are shown in Fig. 3. The graphs for the evolution of the ¢; and the
p; in time are shown in Fig. 4.

As in the case n = 2, let us introduce the angles «;, §;:

lg1(0)] = sinay;
lg1(t1)| = |g2(t1)] = sin By;
lg2(f2)| = sinay;
lg2(13)| = |q3(t3)| = sin Ba;
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|gn (tan—1)] = sinagy;

|gn (tan)| = |q1(ta)] = sin Bo,.

However, for our trajectory the angles only have two different values:

. n . n—1
singj = —— =cos f;, sinfi = —————— = cosq;.

Vn? 4+ (n—1)32 Vn?+ (n—1)?

Thus it is easy to find the period of the trajectory:

2n 2n
T = Za,- —Z,Bi =2n(x — B),
i=1

i=1
where ¢ = «;, § = B;. Eventually, we have an explicit expression for T,

2n —1

T =2narcsin ———,
n2 4+ m—1)72

1
Hn*\" that ari . ,
— at arises from Viterbo’s

and we want to compare it to the value 4 -

conjecture. In fact, we will prove Viterbo’s conjecture for our body {H < 1} in the
form:

1
HHn2\" 2n —1
4 (DN S o aresin =T (4.6)
n! n? 4+ (n—1)>2
First, we get the following inequality
n! 2"
— < . 4.7)
(G2~ frz

Indeed, we can deduce by induction the expression

[SE]

1 n 2/ .
— = — cosx"dx,
2 (G 7 o

and write the inequality

2 3 2 3
—/2 cosx"dx < —/2 exp (—,lxz)dx,
T Jo T Jo 2
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. 2 .
since for x € [0, %] we have cosx < exp (— %) We can also evaluate the right hand
side

2 (2 2 [ 2 Jm 2 [2
_fz exp (—Ex2>dx < —/ exp (—Exz)dx A LI —
7 Jo 2 7 Jo 2 T 2 n n

Hence, we prove (4.7) and it can be rewritten in a more convenient way as

1
(Hn*\" Ty %
4.( n! ) Z2.(7) ’

In order to prove (4.6) it is sufficient to check:

Ty 2 ) 2n —1 C(/mnng 1 2n —1
2. (—) > 2narcsin ——— <& sin (—) - >
2 n?+ (n—1)>2 2 n 2n? —2n+1
Note that sin(x) > x — % when x > 0, therefore
. Ty 1 Ty 1 1 Ty 1
(D)= -
2 n 2 n 6 2 n3
On the other hand
2n — 1 2n% —n - n—1 <1+1
n- frd frd _— —_
2n2 —2n+1 2n2 —2n+1 2n2 —2n+1 "~ 2n
So it is sufficient to check the inequality:
(nn)ﬁ 1 (ﬂn)fn 1
2 6 2 n?
sl e (O et s e L2 (@) e
J— p— . n n — _— —_— —’
- 2n 4 - 2n 3 \4 (2n)?
or, after the variable change x = 2n,
1 3 3
) 21 b2 ()
) =TT\

We can estimate the left hand side

TN 1 4\ 1 4\ 1
(—) -xx =exp|{|Inx—In—)—)>=1+(lnx—In— | —,
4 T) X
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and reduce the problem to a simple inequality
I+ (me—m2) Lo 1y 2 (3) &1
nx—In—)— —+=--(=) = nx
) x x 3 \4 2

4 2 /m jx%
Tty 2 (T
T 3
For x > 10 we have
4 2 a2 xt 4
lnlen10>2,3>2+ln—zl—}——-(—) Yol
b4 3 4 X

and it remains to prove (4.6) only forn =1, 2, 3, 4:

hyn? 1
4. M = g = 2arcsin —,
1! 1
1
2\’ 3
4. % :2\/§>2,6>4arcsin§,
1
§!2 3 5
4. M :(6n)%>2,66>6arcsin—,
3! 13
1
Hn2\* 7
4 . M > 2,55 > 8arcsin —.
4 25

Thus we have proved (4.6) for all n, therefore this trajectory satisfies Viterbo’s inequal-
ity and the conjecture holds for this Hamiltonian. O
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