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Abstract

For quadratic polynomials of one complex variable, the boundary of the golden-mean
Siegel disk must be a quasicircle. We show that the analogous statement is not true
for quadratic Hénon maps of two complex variables.

Keywords Renormalization - Dynamics in several complex variables - Siegel disk
1 Introduction

Let 6 € (R\Q)/Z be an irrational rotation number. Then 6 can be represented by an
infinite continued fraction:

0 =lag,ar,...1=

a+———
ay+---
The nth partial convergent of 0 is the rational number

14
= = [a(),a],'-wanl
4n

The denominator g, is called the nth closest return moment. The sequence {g,}
satisfies the following inductive relation:

qgo=1, qr=ay and quy1 = anqy +qn-1 for n>1.

We say that 6 is Diophantine of order d if there exists C > 0 such that
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gni1 < Cq?~" forall neN

If 6 is Diophantine of order 2, then 0 is said to be of bounded type. It is easy to show
that 6 is of bounded type if and only if a,’s are uniformly bounded (see e.g. Milnor
2006). The simplest example of a bounded type rotation number is the inverse-golden
mean:

V5-1_

Oy = 5

[1,1,...].

Observe that for 6., the sequence of closest return moments {q,,};’l"=0 is the Fibonacci

sequence.
Consider the standard one-parameter family of quadratic polynomials

fe(2) = 22 +c¢ forceC.

This is referred to as the quadratic family. A quadratic polynomial f, is determined
uniquely by the multiplier € C at a fixed point x, € C for f.. In fact, we have

Cc =

(1.1)

=

o
-

Let co be the unique parameter such that for f,, the fixed point x., is irrationally
indifferent with rotation number 6 (i.e. u = ¢?7i%). If  is equal to the inverse golden-
mean 6y, then we denote f, as simply fi.

The quadratic polynomial f,, is said to be Siegel if it is locally linearizable at x.
More precisely, f, is Siegel if there exist neighborhoods U of 0 and V of xo, and a
conformal change of coordinates

v (U,0) — (V, xp)
such that

Yo foy 0¥ (2) = pz.

A classic theorem of Siegel states, in particular, that f., is Siegel whenever 6 is
Diophantine. Moreover, it is known that the linearizing map ¥ has a maximal analytic
continuation to amap ¢ : (D, 0) — (A, xo) so that its image A := (D) is maximal
(see e.g. Milnor 2006). We call A and d A the Siegel disk and the Siegel boundary of
feo respectively. See Fig. 1.

It is natural to ask whether d A is a Jordan curve, and if so, whether it is quasisym-
metric, or even smooth. The following theorem settles these questions in the case when
0 is of bounded type (see Douady 1987; Herman 1987):

Theorem 1.1 (Douady, Ghys, Herman, Shishikura) Suppose that 0 is of bounded type.
Then f, has its critical point O on its Siegel boundary 0 A, and the restriction foloa :
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Fig. 1 The Siegel disk A of the golden-mean Siegel quadratic polynomial fi. The critical point O is on
dA, and the restriction fi|ya : dA — 9 A is quasisymmetrically conjugate to the rigid rotation of the unit
circle 0D by the angle 6 = 5-1)2

dA — JA is quasisymmetrically conjugate to the rigid rotation of the unit circle 91D
by 6.

From Theorem 1.1, it immediately follows that d A cannot be smooth if 6 is of
bounded type, since any curve containing the critical point cannot be both invariant
and smooth. It is important to note, however, that there are examples of quadratic
Siegel polynomials for which the Siegel boundary does not contain the critical point
and is in fact smooth (see Buff et al. 2001; Artur et al. 2004).

The main goal of this paper is to carry the study of Siegel boundaries to a higher
dimensional setting. To this end, consider the following two-dimensional extension of
the quadratic family:

Hep(x,y) = ()c2 4+ ¢ —by,x) forc e Candb e C\{0}.

This is referred to as the (complex quadratic) Hénon family.
It is easy to see that H,. ; has constant Jacobian:

JacH.p = b.
Moreover, for b = 0, the map H, ; degenerates to the following embedding of f.:

t(fo)x, y) == (fe(x), x).
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316 J.Yang

Hence, the parameter b measures how far H, j is from being a one-dimensional map.
In this paper, we will always assume that H. j is a dissipative map (i.e. |b| < 1).

A Hénon map H,p is determined uniquely by the multipliers © € C\{0} and
v € D\{0} at a fixed point x. ,, € C?. In fact, we have

b= v,

and

mamn(§45)- (543

Compare with (1.1). For any Jacobian b € D\{0}, there exists a unique parameter
¢ € Csuch that one of the multipliers w of the fixed point X, := X, » for Hy, :== H,, »
is given by
w= 62m'9.
Note that in this case, we have |v| = |b|.
The Hénon map Hj, is said to be semi-Siegel if it is locally linearizable at x;. More

precisely, Hj, is semi-Siegel if there exist neighborhoods U of (0, 0) and V of x5, and
a conformal change of coordinates W}, : (U, (0, 0)) — (V, xp) such that

‘~Ilb_1 o Hp o Wp(x, y) = (ux, vy).

Similar to the one-dimensional case, H), is semi-Siegel whenever 6 is Diophantine.
Furthermore, the linearizing map W; can be biholomorphically extended to a map
v, : (D x C, (0,0)) — (Cp, xp) so that its image Cp := V(D x C) is maximal (see
Morosawa et al. 2000). We call Cp, the Siegel cylinder of Hp. In the interior of Cp, the
dynamics of Hj is conjugate to rotation by € in one direction, and contraction by v
in the other direction. Clearly, the orbit of every point in C;, converges to the analytic
disk Dy, := W, (D x {0}) at height 0. We call Dy, the Siegel disk of Hj. See Fig. 2.
The study of semi-Siegel Hénon maps had been a wide open subject until a recent
work of Gaidashev, Radu, and Yampolsky (see Gaidashev et al. 2016), who proved:

Theorem 1.2 (Gaidashev—Radu—Yampolsky) Let 6 = 6, = W5-1) /2. Then there
exists € > 0 such that for b € D:\{0}, the boundary of the Siegel disk Dy, for Hy, is a
homeomorphic image of the circle. In fact, the linearizing map

Uy, D x {0} = Dy

extends continuously and injectively (but not smoothly) to the boundary.

Recall that H}, is an automorphism of C? with constant Jacobian b # 0. Hence, Hp,
does not have any definite singularities that would obstruct the smoothness of 9Dy, like
in the one-dimensional case. Nonetheless, in the author’s joint paper with Yampolsky
(see Yampolsky and Yang 2016), we proved that the Siegel boundary for a Hénon map
with golden-mean rotation number is not smooth:
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Fig.2 The Siegel cylinder Cp
and the Siegel disk Dy, of Hj,

Theorem 1.3 (Yampolsky-Y.) Let0 = 6, = 5-1) /2. Then there exists € > 0 such
that for b € Dz\{0}, the boundary of the Siegel disk Dy, for Hy, is not C'-smooth.

Note that the properties of the Siegel boundary for Hénon maps given in Theo-
rems 1.2 and 1.3 are also true for quadratic polynomials.

Definition 1.4 Let y be a continuous arc or a simple closed curve. For x, y € y, let
[x, y], denote the smallest subarc of y with endpoints at x and y. We say that y is
K -quasisymmetric for some K > 0 if

diam([x, y],) < K dist(x, y) forall x,y € y.

If y is not K-quasisymmetric for all K > 0, then we say that y has unbounded
geometry.

Our main result states that the similarity between the one and two-dimensional case
does not extend to quasisymmetry.

Main Theorem (Non-Quasisymmetry) Let 6 = 0, = W5-1) /2. Then there exists
€ > 0 such that the set of parameter values b for which the boundary of the Siegel disk
Dy, for Hp has unbounded geometry contains a dense G subset in the disc Dz\{0}.

The proof of the Main Theorem follows the strategy used by de Carvalho et al.
(2006) to obtain the analogous result for the limit Cantor sets of Feigenbaum Hénon
maps.
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318 J.Yang

2 Preliminaries

In this section, we provide a brief summary of the renormalization theory of semi-
Siegel Hénon maps. See Yang (2018) for complete details.
Let b € D:\{0} for some € > 0O sufficiently small. Consider the Hénon map

2
+ep—b
Hy(x, y) = [x @ y]

that has a Siegel disc D, C C? with rotation number 6, = («/g —1)/2.

2.1 Definition of Renormalization

Let S?o anq fo be suitably chosen topological bidisks in C2 such that Qo N fo > (0,0)
and Qo U I'g D 9Dy. The pair representation of Hj, is given by

%0 = (Ao, Bo) := (Hb|§20» Hb|f0> :
Let
@o(x, y) 1= (Rox, Aoy), (2.1
where Ao := c¢p,. Observe that
@y o Hy 0 @9(0,0) = (1,0).
The normalized pair representation of Hj, is defined as
%o = (Ag, Bo) = (cpgl o Ago dg, Oy 0 By o c1>0) .

We may assume that for some topological discs Z, W,V C C containing 0, the
domains of Ag and By are given by

Q=7ZxV:= Cbgl(fzo) and '=W x V := CDal(f‘o) respectively.
The nth renormalization of Hp:
Rn(Hb) = 2:n = (Am Bn),

where

Ap(x,y) = [Zzgg] and By(x,y) = [b"(;’ y)],
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is the pair of rescaled iterates of ¥ defined inductively as follows. Denote
(an)y(x) =au(x,y),
and let

(an);l(x)}
et

Hpy1(x,y) == [
Consider the non-linear change of coordinates defined as
D1 = Hyq1 0 Api,s

where

Apy1(x, y) = Apt1X + Cut1, Ant1y) (2.2)

is an affine rescaling map to be specified later. The pair X,+1 = (An+1, Byut1) 18
defined as

Ans1 =@, 0By oAso®uyy and By =P, 0By o Ay o Dy
Lemma 2.1 Forn > 0, let ¥,, = (A, By) be the nth renormalization of Hp. Then A,
and B, are bounded analytic maps that are well-definedon Q = ZxV andl" = WxV

respectively. Moreover, the dependence of X,, on y decays super-exponentially fast.
That is, we have

sup |8y A, (x, y)|| < CE" and  sup ||8yBa(x, y)| < CE¥".
(x,y)€Q (x,y)el

for some uniform constant C > 0.
The one-dimensional projections of A,, B, and ¥, are given by
N(x) :=a,(x,0), &,(x):=by(x,0) and ¢, := (n,,&,) respectively.
By Lemma 2.1, we see that n, and &, are bounded analytic functions defined on Z
and W respectively. Moreover, the dynamics of X, converges with that of ¢, super-
exponentially fast. It is shown in Yang (2018) that 1,, and &, each have a unique simple
critical point which are C €2"_close to each other. We choose the normalizing constants

An and ¢, in (2.2) so that

£0) =1 and &(0) =0.
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320 J.Yang

2.2 Renormalization Convergence

Let &« = (04, &) be the fixed point of the one-dimensional renormalization operator
‘R given in [GaYam]. In particular, we have

Ar e 0 B 0 i (Mux) = Mu(x) and A7 '1s 0 Ex(Rix) = Ex(X), (2.3)
where
A =15 08,0) eD

is the universal scaling factor.

Convergence under renormalization for semi-Siegel Hénon maps was first obtained
in [GaYam]. For the renormalization operator R defined above, the proof of conver-
gence is given in Yang (2018).

Theorem 2.2 As n — 00, we have the following convergences (each of which occurs
at a geometric rate):

@) &=, &n) = & = M4, §4);
(i) Ay, — Ay, and
>iii) &, — ., where

—1
e L el

2.3 Renormalization Limit Set
Define the nth microscope map of depth k by
DK = @, 0 Dyir0-e 0 Dy
Let
QUtk = @"h(Q) and TR = @),

Observe that {Q" % U T+ }2 s a nested sequence of open sets. See Fig. 3

Proposition 2.3 Let L, € D be the universal scaling factor. Then for all 0 < n, k, we
have

diam (szg“‘ U r;;“() —0 (|x*|k) .

Consequently, there exists a point (k, 0) € Q2 such that

o
(vt = (k. 0).
k=0
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Fig. 3 The renormalization microscope map CD% obtained by composing the non-linear changes of coor-
dinates ®; and ®,. We have Q@ = ®1(Q), I} = &), QF = ®3(), I3 = @), and
(k0. 0) = @1 ((k1, 0)) = DF((k2.0))

Moreover, k, converges to 1 geometrically fast as n — oo.

Definition 2.4 The point (k,, 0) € Q given in Proposition 2.3 is called the nth cap.

Remark 2.5 The cap is a dynamically defined point with the same combinatorial
address as the critical value &£,(0) = 1. In de Carvalho et al. (2006), the analog of
the critical value is referred to as the tip.

Denote
Q1= oo DP(R) and T, := dgo (T,

where ® is given in (2.1).
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322 J.Yang

Lemma 2.6 Let {q,};°, be the Fibonacci sequence. Define

A o q2n+1 . D o q2n R
Ap = H), |§2n and By, := H, £,

Then the nth renormalization ¥, = (An, By) is given by
Ap=(08) o0y oA 0Dgo ), and B, = (D) od;' 0B n
n = (g 0o®; 0A,o0Pyo Dy, an B,,_(d>0) o®; o B, 0odgod.

In Gaidashev et al. (2016), showed that the renormalization limit set for a semi-
Siegel Hénon map coincides with its Siegel boundary:

Theorem 2.7 Forn € N, let

on+1—1 ) qon—1 .
Xo= |J H)G) and v, = ] HLT).
i=0 i=0

Then the Siegel boundary for Hp is given by

o0
Dy = ﬂ X, UY,.

n=1

3 Universality

The proof of the Main Theorem involves giving precise estimates for various geometric
quantities that arise when analyzing the dynamics of the semi-Siegel Hénon map Hj,
near its Siegel boundary 9D, In order to do this, we first need an explicit description
for the nth renormalization X,, = (A,, B,) of Hp. In Yang (2018), the author showed
that X, has a wuniversal first-order approximation in terms of its Jacobian. In this
section, we strengthen this result to better suit our application.

As before, we write

An(x,y) = [Z:g:g] and B, (x, y) = [l’"(’;’ ”].

Recall that A, and B, represent the g2,+1th and gp,th iterate of Hj respectively.
Accordingly, we expect the Jacobian of A,, and B, to be on the order of

b+l = Jac H”' and b9 = Jac H™ respectively.

The following theorem is a simplification of Theorem 7.3 in Yang (2018) in the case
when the map being renormalized has constant Jacobian. In the general, non-constant
Jacobian case, the dependence of b, on y has a factor of ¢’ for some uniformly
bounded sequence {r,};°, C C. This is to account for small fluctuations caused by
variation in the Jacobian along the renormalization limit set.
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Theorem 3.1 Forn > 0, we have

—_ hdm n
B,(x,y) = |:‘§n(x) b2 ,B(i)y 14+ 0(p ))i| ,

where 0 < p < 1 is a uniform constant; and B(x) is a universal function that is
uniformly bounded away from 0 and oo, and has a uniformly bounded derivative and
distortion.

Observe that

&, (x) — b B'(x) y —b% B(x)
1 0

= —b?" B(x) + (higher order terms) 3.1

Jac B (x,y) = + (higher order terms)

as we expected.
Next, we give a first-order approximation of A,. In Yang (2018), this is only done
for the first coordinate a,, (see Corollary 7.4).

Theorem 3.2 Forn > 0, we have

An(x,y)z[ M (x) = bPra(x) y (1+ 0(p") }

A 1 (px) — b2 G(x) y (14 O(p™)

where 0 < p < 1 is a uniform constant; and

/ /
. 15 (x) y 17 ()
M(x) = m(x) + O(|b|%),  a(x) == Z——B(x) and a(x) = - ().
. (x) N (x)
Proof Recall that
Ans1 =AM, 0 Hy ! 0 Byo Ay o Hypg o Apr. (3.2)

Denote

(X, 9) == Apg1(x, ¥) = Ang1X + Cug1s Ang1y).

It is not difficult to show, using Theorem 3.1, that ¢,-1 = O(|b]|9%"). Moreover, we
have

X
A, o H, ,y) =~ ,
LA P
where

i, ) = o (@5 00, 7).
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324 J.Yang

Hence,
hpy1(x, y) = )»;ilan(i, ha(%, 7)) = ?»,fimn()»nHX) + O(|b|?). (3.3)
Since A, and B, commute, we may rearrange the terms in (3.2) to obtain

Ap = AL oH oA, 0 Hyq10Apt1 0 Bpyi.

n+1 n+1
Denote
Ent1 (%) == A1 Ens1 (%) + Cnsl
and
bus1(x, ¥) 1= Apg1bng1 (X, ¥) + Cng
= Enp 1 (X) — Ay DLV By (1 + O (™).
Then

1.7
Hyt10 Apt10 Buyi(x, y) = [(a”)i (b;“(x’ y))] .

Neglecting higher order terms, (a,,);l (I;n+ 1(x, ¥)) has the same y-dependence as

B (e, 9) 2~ 1 Gt (0) = (1) G (DA 542040 B o)y
Let
% 1= Aty G ()

From (3.3), and again neglecting higher order terms, we see that the second coordinate
hy ((a,,));l (bp41(x, ), )Z) has the same y-dependence as

Aoy a1 (Gony B 6, ) 2 2 01 () = 0l ) (171) Gt () A 120D B () y.

Lastly, we compute

Tim g (1) Gasn(00) = o Gy e0) (1) i)
= 77;(77* o é*()»ix))) (’7;1>, (M4 0 &x(Axx))

_nl(neok (320))
15 (5 (hsex))
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_ 0u0ux) ELGw)
E00) W

_ ﬁ;(k*X)
£ (x)
where in the second equality, we used (2.3) and in the third equality, we used the
derivative of (2.3). The result follows. m]
Observe:

n,(x) —bina'(x)y —b% a(x)
My (Anx) — b &' (x) y —b9" & (x)

= (=, (x) &(x) + 17,_; (hnx) @ (x))b?" + (higher order terms)
= (= 1, (x) &(x) + 1, (lex) a(x))b?" + (higher order terms)

= (higher order terms).

Jac A, (x,y) = + (higher order terms)

Hence, we see that the first-order approximation of A, is not precise enough to “see”
the Jacobian of A,, which we expect to be of higher order (b92++! rather than b92").
Fortunately, the approximation can be made much more precise by considering A, o
®,,41 instead of A,,.

Theorem 3.3 Forn > 0, we have

A1 X + Cprt
Anocl>n+1(x,y)=[ " " }

E- (Mn1x) — B9+ X (x) dpg1 y(1 + O (™)

where 0 < p < 1 is a uniform constant; and

_50uwx) B)  mi(Ax) a(x)

£ — Q2 n— .
En(x) = &n(x) + O(ID|P"=D) and x(x) := £ BOwx) () @tux)’

Proof Write

Ao Hypi(x,y) = [h G y)} :

where
i, ) = o (@5 (0, 7).
By Theorem 3.2, we have
e, 3) = 2 et (i () + O(IbI00). (3:4)
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By definition, n, (x) = a,(x, 0), where a, is the first coordinate of A,,. Since A, _
and B, _; commute, we have

A, = CD;1 oB,_10 Azfl od, =B,0 Cb;l 0A,_10d,.
Thus,
=& (1 G)) + O(I20-0), (35)

Taking the inverse of (3.5) and plugging into (3.4), we obtain

o et (B (0) = &7 () + O(Ibf0b),
To derive the first-order approximation of the y-dependence of A, o ®,,4 1, consider
Buy1 =@, 0ByoAy0Pypr.

Taking the Jacobian, we obtain

Jacx, (Bys1) = Jacx, ( - +1) Jacy, (By) - Jacx, (An © ®py1), (3.6)
where

X0 == (x,y), X1 =(x1,y1):= Ay 0P,41(X0) and x3 = (x2, y2) := By (x1).
Neglecting higher order terms, we have
X1 X App1x and xp X & (Ayp1x).

By (3.1), it follows that

Jacx,(Bpt1) ~ b2 (x) and Jacy, (By) ~ b%" B(An+1x). (3.7
Observe:

_ _o |0xan(X2) dya,(x
JacX2 CD;HI_] :)‘;Hz_] X V(l)( 2) y nl( 2)

n+1 My En(hny1X)). (3.8)
Plugging in (3.7) and (3.8) into (3.6), we obtain

B(x)
Brnt1x)

Jacy (Ap o @py1) =~ bq2n+l)‘n+1 n(gn()¥n+lx))- (3.9)
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Lastly, write:

A
Ap o Bpi(x, y) = [ n+1X + Cni1 } ’

hn(x,0) + Ey(x, y)
where E,(x, y) is undetermined. Since
Jac(y y) (Apo®@pyyy) = )LnJrlayEn (x, ),

plugging in (3.9) and integrating both sides, we obtain the desired formula. O

Recall that the nth cap («,, 0) € Q is a dynamically defined point in the renormal-
ization limit set for X,, (see Definition 2.4). It is not difficult to see that we have

@y ((kn, 0)) = (ky—1.0) and P} (g, 0)) = (in. 0).
Denote
Dy := Dy, 00®, and D! =Dy, ., 0 @1
Observe
D% = Dyyy - Dypya -+ - Dy

The following estimates on the derivative the microscope maps at the cap is a
corollary of Theorem 3.2. The statement is more precise than the one given in Yang
(2018), but it follows from the same proof.

Theorem 3.4 Write
|1 620D | fu, 0
po=o "5 0

Then there exist a uniform positive constant p < 1 such that the following estimates
hold for alln > 1:

(i) up =221+ 0(p")),
(il) Ay = As(1 4+ O(p™)), and
(ifi) tp = A (1)(1 + O(0™)).

Consequently, for 0 < n, k, we have

I [

0 1 0 Atk
where
() ™ = sy g1 - g = 2251+ 0(p")),
(i) APK = At - Ans2 oo Ak = AR+ 0(™M), and

(iii) 77F = 1,01 (1 4+ O(|b|2+1)),
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328 J.Yang

4 Proof of Non-quasisymmetry

We are now ready to prove the Main Theorem stated in Sect. 1.

Proof of the Main Theorem Let n, k € N be sufficiently large. To prove the desired
result, we analyze the geometry of the Siegel boundary 0D, in three different scales:
that of X, 1, ¥, and 2.

We start in the scale of X, 1. Consider the dynamically defined points

Utk = (Kntk,0) and  ppir = Apri(Quti)-
Next, in the scale of X, = (A,,, B,), consider
Q) = Ay o D) (quis) = An((kn. 0)) and pitE = A, 0 @1 (p, ).

n

Lastly, in the scale of X, consider
qitr =) (qZ‘Jrk) and pit* = of (pZ“‘) :

See Fig. 4.
It is easy to see that

Q. = Hi((ko,0)) € 9D, and pl™ = HJ((xo,0)) € 9D

for some i, j € N. Denote the x- and y-coordinate of q,4+x — Pn+k by A,4ix and

A, 4k y respectively. The x- and y-coordinates of qﬁ*k - q,’{*k and q8+k — pﬁ“‘ are

denoted similarly, but with AZ“‘ and AS'H‘ respectively instead of A, 4.
First, note that A, 4 x and A, ;¢ y converge to some uniform limits A, x and A y
respectively as k — oo. By Theorems 3.3 and 3.4, we have:
AR = 3 ZTAL x(1 4+ 0(p™) 4.1
and
Atk y =34 (JEey = 1 ) (14 00", 4.2)
where

/
Cri= (&) GAux and Ci=rux(DA,y

are uniform constants.
The values of b that solve

bq2n+l — 1
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(n + 1)-scale (n + k)-scale
n+k :
(bnil
-
0-scale n-scale / Apo®,yg

n+k
q,

Fig.4 Exploiting universality to create a cusp in the Siegel boundary 0D,

as k and n run through N is dense in D¢. Let B, C D¢ be the set of parameter values
such that for some n > m and k € N, we have

[bI%m1 = [l
and
ARy = O ("), 4.3)

Then B, is a dense open set of Dz. Hence, the intersection

is a Gs-subset of Dg, consisting of parameters b for which (4.3) holds for infinitely

many n € N.
Assume that b € By, and that (4.3) holds for n and k. By Theorem 3.4, we have:

n+k . _ 2n an+k . _ 42n+2k—1
A x XATATT X XA
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and
Ag+k V= ATATHR = 0 (|, 212K
Hence:
dist (qg+k, pg+k) — O (A7), (4.4)

We now estimate the diameter of the subarc [qg+k , p8+k]aph. Consider the points

dntk = Potr1 © Aptrt (Kngkt1,0), G = Ay 0 @2 (qupx) and

(vl(r)t+k = q)g (‘iZJrk) )

It is easy to see that (18+k € [qg+k, p8+k]apb. Denote the x- and y-coordinate of

sn+k

Qn+k — Qn+k by An-ﬁ-k x and A,,Jrk y respectively. The x- and y-coordinates of (),

q"** and (j’6+k - qg+k are denoted similarly, but with A"+ and ASH‘ respectively

instead of A, 4.
Note that A, x and A,y converge to )\iA*x and A, A, y respectively as
k — oo. By similar considerations as for (4.1) and (4.2), we obtain

Arthy = 22 AL x(1+ 0(0™)
and

Atk y = 3k (A’;“C] — i+ Cz) (1+0(p"))
bq2n+1 C2

=12k, <,\ -
* ¥ AﬁCl

)(1 + 0(p").

Since Ay < 1, it follows from (4.3) that Aﬁ*k y =< A2k, Hence,

An+k . gn antk _ yn+2k
Ak y < jn Aptk a2k

Therefore,
. n+k _n+k . .
diam <[q0 . Py ]3Db) dist (qg+k’ q8+k) y
> <A, — 00 as n —> oo.
dist (q . p ) dist (aj ™, )
The result follows. O
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