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Abstract
For quadratic polynomials of one complex variable, the boundary of the golden-mean
Siegel disk must be a quasicircle. We show that the analogous statement is not true
for quadratic Hénon maps of two complex variables.

Keywords Renormalization · Dynamics in several complex variables · Siegel disk
1 Introduction

Let θ ∈ (R\Q)/Z be an irrational rotation number. Then θ can be represented by an
infinite continued fraction:

θ = [a0, a1, . . . ] = 1

a0 + 1

a1 + 1

a2 + · · ·

.

The nth partial convergent of θ is the rational number

pn

qn
= [a0, a1, . . . , an].

The denominator qn is called the nth closest return moment. The sequence {qn}∞n=0
satisfies the following inductive relation:

q0 = 1, q1 = a0 and qn+1 = anqn + qn−1 for n ≥ 1.

We say that θ is Diophantine of order d if there exists C > 0 such that

B Jonguk Yang
jonguk.yang@stonybrook.edu

1 Institute of Mathematical Sciences, Stony Brook University, Stony Brook, USA

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s40598-020-00133-z&domain=pdf
http://orcid.org/0000-0002-0627-2459


314 J. Yang

qn+1 < Cqd−1
n for all n ∈ N

If θ is Diophantine of order 2, then θ is said to be of bounded type. It is easy to show
that θ is of bounded type if and only if an’s are uniformly bounded (see e.g. Milnor
2006). The simplest example of a bounded type rotation number is the inverse-golden
mean:

θ∗ =
√
5 − 1

2
= [1, 1, . . .].

Observe that for θ∗, the sequence of closest return moments {qn}∞n=0 is the Fibonacci
sequence.

Consider the standard one-parameter family of quadratic polynomials

fc(z) := z2 + c for c ∈ C.

This is referred to as the quadratic family. A quadratic polynomial fc is determined
uniquely by the multiplier μ ∈ C at a fixed point xc ∈ C for fc. In fact, we have

c = μ

2
− μ2

4
. (1.1)

Let c0 be the unique parameter such that for fc0 , the fixed point xc0 is irrationally
indifferent with rotation number θ (i.e. μ = e2π iθ ). If θ is equal to the inverse golden-
mean θ∗, then we denote fc0 as simply f∗.

The quadratic polynomial fc0 is said to be Siegel if it is locally linearizable at x0.
More precisely, fc0 is Siegel if there exist neighborhoods U of 0 and V of x0, and a
conformal change of coordinates

ψ : (U , 0) → (V , x0)

such that

ψ−1 ◦ fc0 ◦ ψ(z) = μz.

A classic theorem of Siegel states, in particular, that fc0 is Siegel whenever θ is
Diophantine. Moreover, it is known that the linearizing mapψ has a maximal analytic
continuation to a map ψ : (D, 0) → (�, x0) so that its image � := ψ(D) is maximal
(see e.g. Milnor 2006). We call � and ∂� the Siegel disk and the Siegel boundary of
fc0 respectively. See Fig. 1.
It is natural to ask whether ∂� is a Jordan curve, and if so, whether it is quasisym-

metric, or even smooth. The following theorem settles these questions in the case when
θ is of bounded type (see Douady 1987; Herman 1987):

Theorem 1.1 (Douady, Ghys, Herman, Shishikura) Suppose that θ is of bounded type.
Then fc0 has its critical point 0 on its Siegel boundary ∂�, and the restriction fc0 |∂� :

123



Renormalization in the Golden-Mean Semi-Siegel... 315

Fig. 1 The Siegel disk � of the golden-mean Siegel quadratic polynomial f∗. The critical point 0 is on
∂�, and the restriction f∗|∂� : ∂� → ∂� is quasisymmetrically conjugate to the rigid rotation of the unit
circle ∂D by the angle θ∗ = (

√
5 − 1)/2

∂� → ∂� is quasisymmetrically conjugate to the rigid rotation of the unit circle ∂D

by θ .

From Theorem 1.1, it immediately follows that ∂� cannot be smooth if θ is of
bounded type, since any curve containing the critical point cannot be both invariant
and smooth. It is important to note, however, that there are examples of quadratic
Siegel polynomials for which the Siegel boundary does not contain the critical point
and is in fact smooth (see Buff et al. 2001; Artur et al. 2004).

The main goal of this paper is to carry the study of Siegel boundaries to a higher
dimensional setting. To this end, consider the following two-dimensional extension of
the quadratic family:

Hc,b(x, y) := (x2 + c − by, x) for c ∈ C and b ∈ C\{0}.

This is referred to as the (complex quadratic) Hénon family.
It is easy to see that Hc,b has constant Jacobian:

Jac Hc,b ≡ b.

Moreover, for b = 0, the map Hc,b degenerates to the following embedding of fc:

ι( fc)(x, y) := ( fc(x), x).
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316 J. Yang

Hence, the parameter b measures how far Hc,b is from being a one-dimensional map.
In this paper, we will always assume that Hc,b is a dissipative map (i.e. |b| < 1).

A Hénon map Hc,b is determined uniquely by the multipliers μ ∈ C\{0} and
ν ∈ D\{0} at a fixed point xc,b ∈ C

2. In fact, we have

b = μν,

and

c = (1 + μν)
(μ

2
+ ν

2

)
−

(μ

2
+ ν

2

)2
.

Compare with (1.1). For any Jacobian b ∈ D\{0}, there exists a unique parameter
cb ∈ C such that one of themultipliersμ of the fixed point xb := xcb,b for Hb := Hcb,b

is given by

μ = e2π iθ .

Note that in this case, we have |ν| = |b|.
The Hénon map Hb is said to be semi-Siegel if it is locally linearizable at xb. More

precisely, Hb is semi-Siegel if there exist neighborhoods U of (0, 0) and V of xb, and
a conformal change of coordinates 	b : (U, (0, 0)) → (V, xb) such that

	−1
b ◦ Hb ◦ 	b(x, y) = (μx, νy).

Similar to the one-dimensional case, Hb is semi-Siegel whenever θ is Diophantine.
Furthermore, the linearizing map 	b can be biholomorphically extended to a map
	b : (D × C, (0, 0)) → (Cb, xb) so that its image Cb := 	b(D × C) is maximal (see
Morosawa et al. 2000). We call Cb the Siegel cylinder of Hb. In the interior of Cb, the
dynamics of Hb is conjugate to rotation by θ in one direction, and contraction by ν

in the other direction. Clearly, the orbit of every point in Cb converges to the analytic
disk Db := 	b(D × {0}) at height 0. We call Db the Siegel disk of Hb. See Fig. 2.

The study of semi-Siegel Hénon maps had been a wide open subject until a recent
work of Gaidashev, Radu, and Yampolsky (see Gaidashev et al. 2016), who proved:

Theorem 1.2 (Gaidashev–Radu–Yampolsky) Let θ = θ∗ = (
√
5 − 1)/2. Then there

exists ε̄ > 0 such that for b ∈ Dε̄\{0}, the boundary of the Siegel disk Db for Hb is a
homeomorphic image of the circle. In fact, the linearizing map

	b : D × {0} → Db

extends continuously and injectively (but not smoothly) to the boundary.

Recall that Hb is an automorphism ofC2 with constant Jacobian b 
= 0. Hence, Hb

does not have any definite singularities that would obstruct the smoothness of ∂Db like
in the one-dimensional case. Nonetheless, in the author’s joint paper with Yampolsky
(see Yampolsky and Yang 2016), we proved that the Siegel boundary for a Hénon map
with golden-mean rotation number is not smooth:
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Fig. 2 The Siegel cylinder Cb
and the Siegel disk Db of Hb

Theorem 1.3 (Yampolsky-Y.) Let θ = θ∗ = (
√
5−1)/2. Then there exists ε̄ > 0 such

that for b ∈ Dε̄\{0}, the boundary of the Siegel disk Db for Hb is not C1-smooth.

Note that the properties of the Siegel boundary for Hénon maps given in Theo-
rems 1.2 and 1.3 are also true for quadratic polynomials.

Definition 1.4 Let γ be a continuous arc or a simple closed curve. For x, y ∈ γ , let
[x, y]γ denote the smallest subarc of γ with endpoints at x and y. We say that γ is
K -quasisymmetric for some K > 0 if

diam([x, y]γ ) < K dist(x, y) for all x, y ∈ γ.

If γ is not K -quasisymmetric for all K > 0, then we say that γ has unbounded
geometry.

Our main result states that the similarity between the one and two-dimensional case
does not extend to quasisymmetry.

Main Theorem (Non-Quasisymmetry) Let θ = θ∗ = (
√
5 − 1)/2. Then there exists

ε̄ > 0 such that the set of parameter values b for which the boundary of the Siegel disk
Db for Hb has unbounded geometry contains a dense Gδ subset in the disc Dε̄\{0}.

The proof of the Main Theorem follows the strategy used by de Carvalho et al.
(2006) to obtain the analogous result for the limit Cantor sets of Feigenbaum Hénon
maps.
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318 J. Yang

2 Preliminaries

In this section, we provide a brief summary of the renormalization theory of semi-
Siegel Hénon maps. See Yang (2018) for complete details.

Let b ∈ Dε̄\{0} for some ε̄ > 0 sufficiently small. Consider the Hénon map

Hb(x, y) =
[

x2 + cb − by
x

]

that has a Siegel disc Db ⊂ C
2 with rotation number θ∗ = (

√
5 − 1)/2.

2.1 Definition of Renormalization

Let 
̂0 and �̂0 be suitably chosen topological bidisks inC2 such that 
̂0 ∩ �̂0 
 (0, 0)
and 
̂0 ∪ �̂0 ⊃ ∂Db. The pair representation of Hb is given by

�̂0 = ( Â0, B̂0) :=
(

Hb|
̂0
, Hb|�̂0

)
.

Let

�0(x, y) := (λ0x, λ0y), (2.1)

where λ0 := cb. Observe that

�−1
0 ◦ Hb ◦ �0(0, 0) = (1, 0).

The normalized pair representation of Hb is defined as

�0 = (A0, B0) :=
(
�−1

0 ◦ Â0 ◦ �0,�
−1
0 ◦ B̂0 ◦ �0

)
.

We may assume that for some topological discs Z , W , V ⊂ C containing 0, the
domains of A0 and B0 are given by


 = Z × V := �−1
0 (
̂0) and � = W × V := �−1

0 (�̂0) respectively.

The nth renormalization of Hb:

Rn(Hb) := �n = (An, Bn),

where

An(x, y) =
[

an(x, y)

hn(x, y)

]
and Bn(x, y) =

[
bn(x, y)

x

]
,
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is the pair of rescaled iterates of �0 defined inductively as follows. Denote

(an)y(x) := an(x, y),

and let

Hn+1(x, y) :=
[
(an)−1

y (x)

y

]
.

Consider the non-linear change of coordinates defined as

�n+1 := Hn+1 ◦ �n+1,

where

�n+1(x, y) = (λn+1x + cn+1, λn+1y) (2.2)

is an affine rescaling map to be specified later. The pair �n+1 = (An+1, Bn+1) is
defined as

An+1 = �−1
n+1 ◦ Bn ◦ A2

n ◦ �n+1 and Bn+1 = �−1
n+1 ◦ Bn ◦ An ◦ �n+1.

Lemma 2.1 For n ≥ 0, let �n = (An, Bn) be the nth renormalization of Hb. Then An

and Bn are bounded analytic maps that are well-defined on 
 = Z×V and � = W ×V
respectively. Moreover, the dependence of �n on y decays super-exponentially fast.
That is, we have

sup
(x,y)∈


‖∂y An(x, y)‖ < C ε̄2
n

and sup
(x,y)∈�

‖∂y Bn(x, y)‖ < C ε̄2
n
.

for some uniform constant C > 0.

The one-dimensional projections of An , Bn and �n are given by

ηn(x) := an(x, 0), ξn(x) := bn(x, 0) and ζn := (ηn, ξn) respectively.

By Lemma 2.1, we see that ηn and ξn are bounded analytic functions defined on Z
and W respectively. Moreover, the dynamics of �n converges with that of ζn super-
exponentially fast. It is shown in Yang (2018) that ηn and ξn each have a unique simple
critical point which areC ε̄2

n
-close to each other.We choose the normalizing constants

λn and cn in (2.2) so that

ξn(0) = 1 and ξ ′
n(0) = 0.
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320 J. Yang

2.2 Renormalization Convergence

Let ζ∗ = (η∗, ξ∗) be the fixed point of the one-dimensional renormalization operator
R given in [GaYam]. In particular, we have

λ−1∗ η∗ ◦ ξ∗ ◦ η∗(λ∗x) = η∗(x) and λ−1∗ η∗ ◦ ξ∗(λ∗x) = ξ∗(x), (2.3)

where

λ∗ := η∗ ◦ ξ∗(0) ∈ D

is the universal scaling factor.
Convergence under renormalization for semi-Siegel Hénon maps was first obtained

in [GaYam]. For the renormalization operator R defined above, the proof of conver-
gence is given in Yang (2018).

Theorem 2.2 As n → ∞, we have the following convergences (each of which occurs
at a geometric rate):

(i) ζn = (ηn, ξn) → ζ∗ = (η∗, ξ∗);
(ii) λn → λ∗; and
(iii) �n → �∗, where

�∗(x, y) =
[
φ∗(x)

λ∗y

]
:=

[
η−1∗ (λ∗x)

λ∗y

]
.

2.3 Renormalization Limit Set

Define the nth microscope map of depth k by

�n+k
n := �n+1 ◦ �n+2 ◦ · · · ◦ �n+k .

Let


n+k
n := �n+k

n (
) and �n+k
n := �n+k

n (�).

Observe that {
n+k
n ∪ �n+k

n }∞k=0 is a nested sequence of open sets. See Fig. 3

Proposition 2.3 Let λ∗ ∈ D be the universal scaling factor. Then for all 0 ≤ n, k, we
have

diam
(

n+k

n ∪ �n+k
n

)
= O

(
|λ∗|k

)
.

Consequently, there exists a point (κn, 0) ∈ 
 such that

∞⋂
k=0


n+k
n ∪ �n+k

n = (κn, 0).
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Fig. 3 The renormalization microscope map �2
0 obtained by composing the non-linear changes of coor-

dinates �1 and �2. We have 
1
0 = �1(
), �1

0 = �1(�), 
2
0 = �2

0(
), �2
0 = �2

0(�), and

(κ0, 0) = �1((κ1, 0)) = �2
0((κ2, 0))

Moreover, κn converges to 1 geometrically fast as n → ∞.

Definition 2.4 The point (κn, 0) ∈ 
 given in Proposition 2.3 is called the nth cap.

Remark 2.5 The cap is a dynamically defined point with the same combinatorial
address as the critical value ξ∗(0) = 1. In de Carvalho et al. (2006), the analog of
the critical value is referred to as the tip.

Denote


̂n := �0 ◦ �n
0(
) and �̂n := �0 ◦ �n

0(�),

where �0 is given in (2.1).
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322 J. Yang

Lemma 2.6 Let {qn}∞n=0 be the Fibonacci sequence. Define

Ân := Hq2n+1
b

∣∣

̂n

and B̂n := Hq2n
b

∣∣
�̂n

.

Then the nth renormalization �n = (An, Bn) is given by

An = (
�n

0

)−1 ◦ �−1
0 ◦ Ân ◦ �0 ◦ �n

0, and Bn = (
�n

0

)−1 ◦ �−1
0 ◦ B̂n ◦ �0 ◦ �n

0 .

In Gaidashev et al. (2016), showed that the renormalization limit set for a semi-
Siegel Hénon map coincides with its Siegel boundary:

Theorem 2.7 For n ∈ N, let

Xn :=
q2n+1−1⋃

i=0

Hi
b(
̂n) and Yn :=

q2n−1⋃
i=0

Hi
b(�̂n).

Then the Siegel boundary for Hb is given by

∂Db :=
∞⋂

n=1

Xn ∪ Yn .

3 Universality

The proof of theMainTheorem involves giving precise estimates for various geometric
quantities that arise when analyzing the dynamics of the semi-Siegel Hénon map Hb

near its Siegel boundary ∂Db. In order to do this, we first need an explicit description
for the nth renormalization �n = (An, Bn) of Hb. In Yang (2018), the author showed
that �n has a universal first-order approximation in terms of its Jacobian. In this
section, we strengthen this result to better suit our application.

As before, we write

An(x, y) =
[

an(x, y)

hn(x, y)

]
and Bn(x, y) =

[
bn(x, y)

x

]
.

Recall that An and Bn represent the q2n+1th and q2n th iterate of Hb respectively.
Accordingly, we expect the Jacobian of An and Bn to be on the order of

bq2n+1 = Jac Hq2n+1
b and bq2n = Jac Hq2n

b respectively.

The following theorem is a simplification of Theorem 7.3 in Yang (2018) in the case
when the map being renormalized has constant Jacobian. In the general, non-constant
Jacobian case, the dependence of bn on y has a factor of ern for some uniformly
bounded sequence {rn}∞n=0 ⊂ C. This is to account for small fluctuations caused by
variation in the Jacobian along the renormalization limit set.
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Theorem 3.1 For n ≥ 0, we have

Bn(x, y) =
[
ξn(x) − bq2n β(x) y (1 + O(ρn))

x

]
,

where 0 < ρ < 1 is a uniform constant; and β(x) is a universal function that is
uniformly bounded away from 0 and ∞, and has a uniformly bounded derivative and
distortion.

Observe that

Jac Bn(x, y) =
∣∣∣∣
ξ ′

n(x) − bq2n β ′(x) y −bq2n β(x)

1 0

∣∣∣∣ + (higher order terms)

= −bq2n β(x) + (higher order terms) (3.1)

as we expected.
Next, we give a first-order approximation of An . In Yang (2018), this is only done

for the first coordinate an (see Corollary 7.4).

Theorem 3.2 For n ≥ 0, we have

An(x, y) =
[

ηn(x) − bq2n α(x) y (1 + O(ρn))

λ−1
n η̌n−1(λn x) − bq2n α̌(x) y (1 + O(ρn))

]
,

where 0 < ρ < 1 is a uniform constant; and

η̌k(x) = ηk(x) + O(|b|q2k ), α(x) := η′∗(x)

ξ ′∗(x)
β(x) and α̌(x) := η′∗(λ∗x)

η′∗(x)
α(x).

Proof Recall that

An+1 := �−1
n+1 ◦ H−1

n+1 ◦ Bn ◦ A2
n ◦ Hn+1 ◦ �n+1. (3.2)

Denote

(x̃, ỹ) := �n+1(x, y) = (λn+1x + cn+1, λn+1y).

It is not difficult to show, using Theorem 3.1, that cn+1 = O(|b|q2n ). Moreover, we
have

An ◦ Hn+1(x, y) =
[

x
h̃n(x, y)

]
,

where

h̃n(x, y) := hn

(
(an)−1

y (x), y
)

.
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Hence,

hn+1(x, y) = λ−1
n+1an(x̃, h̃n(x̃, ỹ)) = λ−1

n+1ηn(λn+1x) + O(|b|q2n ). (3.3)

Since An and Bn commute, we may rearrange the terms in (3.2) to obtain

An+1 = �−1
n+1 ◦ H−1

n+1 ◦ An ◦ Hn+1 ◦ �n+1 ◦ Bn+1.

Denote

ξ̃n+1(x) := λn+1ξn+1(x) + cn+1

and

b̃n+1(x, y) := λn+1bn+1(x, y) + cn+1

= ξ̃n+1(x) − λn+1bq2(n+1)β(x)y(1 + O(ρn+1)).

Then

Hn+1 ◦ �n+1 ◦ Bn+1(x, y) =
[
(an)−1

x̃ (b̃n+1(x, y))

x̃

]
.

Neglecting higher order terms, (an)−1
x̃ (b̃n+1(x, y)) has the same y-dependence as

η−1
n (b̃n+1(x, y)) ≈ η−1

n (ξ̃n+1(x)) −
(
η−1

n

)′
(ξ̃n+1(x))λn+1bq2(n+1)β(x)y

Let

x̌ := λnη−1
n (ξ̃n+1(x)).

From (3.3), and again neglecting higher order terms, we see that the second coordinate
hn

(
(an)−1

x̃ (b̃n+1(x, y)), x̃
)
has the same y-dependence as

λ−1
n ηn−1

(
λnη−1

n (b̃n+1(x, y))
) ≈ λ−1

n ηn−1(x̌) − η′
n−1(x̌)

(
η−1

n

)′
(ξ̃n+1(x))λn+1bq2(n+1)β(x)y.

Lastly, we compute

lim
n→∞ η′

n−1(x̌)
(
η−1

n

)′
(ξ̃n+1(x)) = η′∗

(
λ∗η−1∗ (λ∗ξ∗(x))

) (
η−1∗

)′
(λ∗ξ∗(x))

= η′∗
(
η∗ ◦ ξ∗(λ2∗x))

) (
η−1∗

)′
(η∗ ◦ ξ∗(λ∗x))

= η′∗
(
η∗ ◦ ξ∗

(
λ2∗x

) )

η′∗(ξ∗(λ∗x))
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= η′∗(λ∗x)

ξ ′∗(λ∗x)
· ξ ′∗(λ∗x)

ξ ′∗(x)

= η′∗(λ∗x)

ξ ′∗(x)
,

where in the second equality, we used (2.3) and in the third equality, we used the
derivative of (2.3). The result follows. ��

Observe:

Jac An(x, y) =
∣∣∣∣

η′
n(x) − bq2n α′(x) y −bq2n α(x)

η̌′
n−1(λn x) − bq2n α̌′(x) y −bq2n α̌(x)

∣∣∣∣ + (higher order terms)

= ( − η′
n(x) α̌(x) + η̌′

n−1(λn x) α(x)
)
bq2n + (higher order terms)

= ( − η′∗(x) α̌(x) + η′∗(λ∗x) α(x)
)
bq2n + (higher order terms)

= (higher order terms).

Hence, we see that the first-order approximation of An is not precise enough to “see”
the Jacobian of An , which we expect to be of higher order (bq2n+1 rather than bq2n ).
Fortunately, the approximation can be made much more precise by considering An ◦
�n+1 instead of An .

Theorem 3.3 For n ≥ 0, we have

An ◦ �n+1(x, y) =
[

λn+1x + cn+1

ξ̌−1
n (λn+1x) − bq2n+1 χ(x) λn+1 y(1 + O(ρn))

]
,

where 0 < ρ < 1 is a uniform constant; and

ξ̌n(x) = ξn(x) + O(|b|q2(n−1) ) and χ(x) := ξ ′∗(λ∗x)

ξ ′∗(x)

β(x)

β(λ∗x)
= η′∗(λ∗x)

η′∗(x)

α(x)

α(λ∗x)
.

Proof Write

An ◦ Hn+1(x, y) =
[

x
h̃n(x, y)

]
,

where

h̃n(x, y) := hn

(
(an)−1

y (x), y
)

.

By Theorem 3.2, we have

h̃n(x, y) = λ−1
n ηn−1

(
λnη

−1
n (x)

)
+ O(|b|q2(n−1) ). (3.4)
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By definition, ηn(x) = an(x, 0), where an is the first coordinate of An . Since An−1
and Bn−1 commute, we have

An := �−1
n ◦ Bn−1 ◦ A2

n−1 ◦ �n = Bn ◦ �−1
n ◦ An−1 ◦ �n .

Thus,

ηn = ξn

(
λ−1

n ηn−1(λn x)
)

+ O(|b|q2(n−1) ). (3.5)

Taking the inverse of (3.5) and plugging into (3.4), we obtain

λ−1
n ηn−1

(
λnη−1

n (x)
)

= ξ−1
n (x) + O(|b|q2(n−1) ).

To derive the first-order approximation of the y-dependence of An ◦�n+1, consider

Bn+1 = �−1
n+1 ◦ Bn ◦ An ◦ �n+1.

Taking the Jacobian, we obtain

Jacx0(Bn+1) = Jacx2
(
�−1

n+1

)
· Jacx1(Bn) · Jacx0(An ◦ �n+1), (3.6)

where

x0 := (x, y), x1 = (x1, y1) := An ◦ �n+1(x0) and x2 = (x2, y2) := Bn(x1).

Neglecting higher order terms, we have

x1 ≈ λn+1x and x2 ≈ ξn(λn+1x).

By (3.1), it follows that

Jacx0(Bn+1) ≈ bq2n+2β(x) and Jacx1(Bn) ≈ bq2n β(λn+1x). (3.7)

Observe:

Jacx2 �−1
n+1 = λ−2

n+1

∣∣∣∣
∂x an(x2) ∂yan(x2)

0 1

∣∣∣∣
≈ λ−2

n+1η
′
n(ξn(λn+1x)). (3.8)

Plugging in (3.7) and (3.8) into (3.6), we obtain

Jacx0(An ◦ �n+1) ≈ bq2n+1λ2n+1
β(x)

β(λn+1x)
η′

n(ξn(λn+1x)). (3.9)
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Lastly, write:

An ◦ �n+1(x, y) =
[

λn+1x + cn+1

h̃n(x, 0) + En(x, y)

]
,

where En(x, y) is undetermined. Since

Jac(x,y)(An ◦ �n+1) = λn+1∂y En(x, y),

plugging in (3.9) and integrating both sides, we obtain the desired formula. ��
Recall that the nth cap (κn, 0) ∈ 
 is a dynamically defined point in the renormal-

ization limit set for �n (see Definition 2.4). It is not difficult to see that we have

�n((κn, 0)) = (κn−1, 0) and �n+k
n ((κn+k, 0)) = (κn, 0).

Denote

Dn := D(κn ,0)�n and Dn+k
n := D(κn+k ,0)�

n+k
n .

Observe

Dn+k
n = Dn+1 · Dn+2 · · · · · Dn+k .

The following estimates on the derivative the microscope maps at the cap is a
corollary of Theorem 3.2. The statement is more precise than the one given in Yang
(2018), but it follows from the same proof.

Theorem 3.4 Write

Dn =
[
1 tnbq2(n−1)

0 1

] [
un 0
0 λn

]
.

Then there exist a uniform positive constant ρ < 1 such that the following estimates
hold for all n ≥ 1:

(i) un = λ2∗(1 + O(ρn)),
(ii) λn = λ∗(1 + O(ρn)), and
(iii) tn = λ∗α(1)(1 + O(ρn)).

Consequently, for 0 ≤ n, k, we have

Dn+k
n =

[
1 tn+k

n bq2n

0 1

] [
un+k

n 0
0 λn+k

n

]
,

where

(i) un+k
n := un+1 · un+1 · . . . · un+k = λ2k∗ (1 + O(ρn)),

(ii) λn+k
n := λn+1 · λn+2 · . . . · λn+k = λk∗(1 + O(ρn)), and

(iii) tn+k
n = tn+1(1 + O(|b|q2n+1)).
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4 Proof of Non-quasisymmetry

We are now ready to prove the Main Theorem stated in Sect. 1.

Proof of theMain Theorem Let n, k ∈ N be sufficiently large. To prove the desired
result, we analyze the geometry of the Siegel boundary ∂Db in three different scales:
that of �n+k , �n and �0.

We start in the scale of �n+k . Consider the dynamically defined points

qn+k := (κn+k, 0) and pn+k := An+k(qn+k).

Next, in the scale of �n = (An, Bn), consider

qn+k
n := An ◦ �n+k

n (qn+k) = An((κn, 0)) and pn+k
n := An ◦ �n+k

n (pn+k).

Lastly, in the scale of �0, consider

qn+k
0 := �n

0

(
qn+k

n

)
and pn+k

0 := �n
0

(
pn+k

n

)
.

See Fig. 4.
It is easy to see that

qn+k
0 = Hi

b((κ0, 0)) ∈ ∂Db and pn+k
0 = H j

b ((κ0, 0)) ∈ ∂Db.

for some i, j ∈ N. Denote the x- and y-coordinate of qn+k − pn+k by �n+k x and
�n+k y respectively. The x- and y-coordinates of qn+k

n − qn+k
n and qn+k

0 − pn+k
0 are

denoted similarly, but with �n+k
n and �n+k

0 respectively instead of �n+k .
First, note that�n+k x and�n+k y converge to some uniform limits�∗ x and�∗ y

respectively as k → ∞. By Theorems 3.3 and 3.4, we have:

�n+k
n x = λ2k−1∗ �∗ x(1 + O(ρn)) (4.1)

and

�n+k
n y = λk−1∗

(
λk∗C1 − bq2n+1C2

)
(1 + O(ρn)), (4.2)

where

C1 :=
(
ξ−1∗

)′
(λ∗)�∗ x and C2 := λ∗χ(1)�∗ y

are uniform constants.
The values of b that solve

bq2n+1 = C1

C2
λk∗

123



Renormalization in the Golden-Mean Semi-Siegel... 329

Fig. 4 Exploiting universality to create a cusp in the Siegel boundary ∂Db

as k and n run through N is dense in Dε̄ . Let Bm ⊂ Dε̄ be the set of parameter values
such that for some n ≥ m and k ∈ N, we have

|b|q2n+1 � |λ∗|k

and

�n+k
n y = O(|λ∗|n+2k). (4.3)

Then Bm is a dense open set of Dε̄ . Hence, the intersection

B∞ :=
∞⋂

m=N

Bm

is a Gδ-subset of Dε̄ , consisting of parameters b for which (4.3) holds for infinitely
many n ∈ N.

Assume that b ∈ B∞ and that (4.3) holds for n and k. By Theorem 3.4, we have:

�n+k
0 x � λ2n∗ �n+k

n x � λ2n+2k−1∗
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and

�n+k
0 y � λn∗�n+k

n y = O(|λ∗|2n+2k)

Hence:

dist
(
qn+k
0 ,pn+k

0

)
= O(|λ∗|2n+2k). (4.4)

We now estimate the diameter of the subarc [qn+k
0 ,pn+k

0 ]∂Db . Consider the points

q̌n+k := �n+k+1 ◦ An+k+1((κn+k+1, 0)), q̌n+k
n := An ◦ �n+k

n (q̌n+k) and

q̌n+k
0 := �n

0

(
q̌n+k

n

)
.

It is easy to see that q̌n+k
0 ∈ [qn+k

0 ,pn+k
0 ]∂Db . Denote the x- and y-coordinate of

q̌n+k −qn+k by �̌n+k x and �̌n+k y respectively. The x- and y-coordinates of q̌n+k
n −

qn+k
n and q̌n+k

0 − qn+k
0 are denoted similarly, but with �̌n+k

n and �̌n+k
0 respectively

instead of �n+k .
Note that �̌n+k x and �̌n+k y converge to λ2∗�∗ x and λ∗�∗ y respectively as

k → ∞. By similar considerations as for (4.1) and (4.2), we obtain

�̌n+k
n x = λ2k+1∗ �∗ x(1 + O(ρn))

and

�̌n+k
n y = λk∗

(
λk+1∗ C1 − bq2n+1C2

)
(1 + O(ρn))

= λ2k∗ C1

(
λ∗ − bq2n+1C2

λk∗C1

)
(1 + O(ρn)).

Since λ∗ < 1, it follows from (4.3) that �̌n+k
n y � λ2k∗ . Hence,

�̌n+k
0 y � λn∗�̌n+k

0 � λn+2k∗ .

Therefore,

diam

([
qn+k
0 ,pn+k

0

]
∂Db

)

dist
(
qn+k
0 ,pn+k

0

) ≥
dist

(
q̌n+k
0 ,qn+k

0

)

dist
(
qn+k
0 ,pn+k

0

) � λ−n∗ → ∞ as n → ∞.

The result follows. ��
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