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Abstract

It is known that the Julia set of a quadratic rational map is either connected or a Cantor
set. In this paper, we explore this dichotomy for the maps in a type of three-dimensional
space of cubic rational maps. We show that for a cubic rational map f, if f has an
attracting fixed point p and all critical points are attracted to p under the iteration of f,
then the Julia set J (f) is either a Cantor set or a connected set (and locally connected)
with one possible exception; we also give a necessary and sufficient condition for
J(f) to be a Sierpinski curve when it is connected.
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1 Introduction

Let C be the Riemann sphere and f : C — C be arational map. A point p of Cis said
to be in the Fatou set F(f) of f if there is a neighborhood of p on which the family
of the iterates of f is a normal family in the sense of Montel. Clearly, F(f) is an open
subset of C, on which the dynamics of f is relatively simple and is fully understood by
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Sullivan’s classification theorem on its components (Sullivan 1985). The compliment
of F(f) is called the Julia set of f, denoted by J(f), where the complexity of the
dynamics of f stays. We are interested in exploring the Julia sets of a type of rational
maps with escaping critical points.

By a rational map with escaping critical points, we mean a rational map f that has
an attracting fixed point p and all critical points escape to p under the iteration of f.
The first type of such examples that one may think of is polynomials P with degree
> 2 and all critical points escaping to oo under the iteration of P. It is well known
that the Julia set J (P) of such a polynomial P is a Cantor set. Secondly, Julia sets are
classified in Devaney et al. (2005) for such rational maps in the form:

f(z)=Z"+im, acCandn, m>2, (L.1)
Z
and in Xiao et al. (2014) for the maps in the family:
fa,b(z)=z”+in+b, a,beC, andn > 2. (1.2)
Z

Thirdly, classifications of the Julia sets of regularly ramified rational maps with escap-
ing critical points are given in Hu et al. (2012, 2018).

We are interested in investigating the classification of the Julia sets of general
rational maps f with escaping critical points. It is clear that the classification increases
in complexity as the degree d of f increases. Let us start with d = 2. Through
conjugation by a Mobius transformation, one may assume that the attracting fixed
point p of f is placed at co. If 0o is a super-attracting fixed point, then f is a quadratic
polynomial and, hence, J(f) is a Cantor set (since the other critical point escapes
to oo under iteration); furthermore, if oo is just an attracting fixed point, then one
first obtains that the immediate attracting basin of f at co contains a critical point
and then concludes that J(f) is a Cantor set. The next case is to investigate such
rational maps of degree 3, which have 4 critical points and, in general, have 4 distinct
critical values. The immediate attracting basin of the attracting fixed point contains one
critical point, but the other three critical points (critical values) introduce several types
of combinatorial patterns according to under how many iterates they are mapped into
the immediate basin. In this paper, we show that except for one possible combinatorial
pattern, there are only two types of Julia sets appearing for this type of rational maps
(of degree 3 and with escaping critical points): either a Cantor set or a connected set.
For the latter, the Fatou set has infinitely many components, and furthermore, J (f)
is a Sierpinski curve if (and only if) the boundary of the immediate attracting basin
B(p) of pis aJordan curve.

Note that regularly ramified rational maps and the maps in the form (1.2) may
have high degrees, but they have only two or three critical values. In fact, this small
number (2 or 3) of critical values and some symmetries among the positions of critical
points play crucial roles and pave ways to classify the Julia sets of these rational maps
with escaping critical points. We emphasize that the cubic rational maps handled in
this paper are general, and hence, they have 4 distinct critical values and there is no
symmetry among the positions of critical points.
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As the degree d increases, computer-generated results have shown that there are
more and more types of Julia sets for rational maps f with escaping critical points. In
this paper, we focus on the case when d = 3. We prove the following main result.

Theorem 1.1 If f is a cubic rational map and has an attracting fixed point p, and all
critical points of f are attracted to p under the iteration of f, then the Julia set J (f)
is either a Cantor set or, with one possible exception, a connected set (and locally
connected). For the latter case, the connected Julia set is a Sierpinski curve if (and
only if) the immediate attracting basin B(p) of p is a Jordan curve.

Let B(p) be the immediate attracting basin of p. Itis well known that B(p) contains
at least one critical point g. Because of this, the proof of Theorem 1.1 follows the same
strategies and details as are used to establish the same result for the special case when
q = p (that is, when p is a super-attracting fixed point of f).

Now we assume that p is a super-attracting fixed point. Through conjugation by
a Mobius transformation, we may further assume that p is arranged at co. Since the
degree of f is 3, there are two possibilities.

(1) If f~1{oo} = {oo}, then f is a polynomial. Thus, J(f) is a Cantor set if all
critical points escape to co under iteration of f.

(2) If f~'{oo} has two elements, then through conjugation by an affine transforma-
tion, we may assume that £~ !({oo}) = {0, 0o}, and hence, f is of the form:

A2+ Bz+C
flo=2+ 22 T2 ZZ , (13)

where A, B, C € C.

Let T = f~!(B(00))\B(c0). Then, the main work to conclude Theorem 1.1 is to
prove the following theorem.

Theorem 1.2 [fall finite critical points of f in the form (1.3) are attracted to oo under
iteration of f, then with one possible exception, the Julia set J (f) is either a Cantor
set or a connected set (and locally connected). The precise statement is comprised of
the followings:

(1) If there is one finite critical value contained in the immediate attracting basin
B(00) of oo, then all finite critical points are contained in B(c0), and hence,
J(f) is a Cantor set.

(2) Otherwise, none of the finite critical values belongs to B(co) and T is simply
connected and disjoint from B(00). Then:

(a) if each component of f~"(T) contains at most one critical value (not counted
by multiplicity) for each n > 0, then J(f) is connected;

(b) T can not contain three critical values (counted by multiplicity), and if two
critical values (counted by multiplicity) are contained in T, then J(f) is
connected;

(c) the only possible exceptional case for J(f) to be neither a Cantor set nor
connected is when there exists n > 0, such that a simply connected component
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T, of f~(T) contains two or three distinct critical values, one component
A of f~U(T,) is a topological annulus separating T from B(00), and T, is
contained in the component of C\ A containing B(00).

Furthermore, when J (f) is connected, J(f) is a Sterpmskl curve if (and only if) all
finite critical points belong to the component of B(oo) containing 0 (or equivalently
if and only if the boundary of B(00) is a Jordan curve).

The proof of Theorem 1.2 is divided into three steps and given in Sects. 2.2, 2.3,
and 2.4. In the first step, we show that if there is one finite critical value in B(c0), then
all finite critical points are contained in B(00), and hence, J (f) is a Cantor set; in the
second step, we show that if none of the finite critical values is contained in B(00),
then J(f) is a connected set (and locally connected) with one possible exception; in
the third step, we show J(f) is a Sierpinski curve if (and only if) all three critical
values belong to the component of B(c0)" containing O (or, equivalently, if and only
if 9 B(00) is a Jordan curve).

Remark 1.3 Although it is not explicitly stated in Devaney et al. (2005), the work of
Devaney et al. (2005) implies that the Julia set of a map in the form:

Fa(Z):ZZ‘F%, aeC, (1.4)

is either a Cantor set or a Sierpinski curve when all finite critical points escape to co
under the iteration of the map. In Fig. 1a, b show two examples of such maps F, with

() (b)

Fig.1 Juliasetsof a f(z) = 298 f@) = 292 ande f@) = 2140 028 , respectively
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J (F,) being a Cantor set and a Sierpinski curve, respectively. Similarly, the work of
Section 3 in Xiao et al. (2014) suggests that if all finite critical points escape to oo,
then the Julia set of a map in the form:

a
Fa,b(z)=z2+;+b, a,beC, (1.5)

is likely either a Cantor set or a connected set (and locally connected), and furthermore,
J (Fy,.p) is a Sierpinski curve if (and only if) the boundary of the immediate attracting
basin of F, ; at oo is a Jordan curve. In Fig. 1c shows such an example of F, , with
J(Fy.p) being a connected set but not a Sierpinski curve. For this example Fy p, it
has one real critical point and two conjugated complex critical points; the fifteenth
iterate of the real one lands in the immediate attracting basin of co and the twentieth
iterates of the two complex ones land in the basin. Clearly, families of maps of the
form (1.4) or (1.5) are one-parameter and two-parameter families contained in the
three-parameter family of the maps of the form (1.3). Based on computer simulation
results, we have not found a map in this three-parameter family for the exceptional
case in Theorem 1.2. By disproving the exceptional case, one can use Theorem 1.2
to extend the dichotomy of Julia sets (either connected or a Cantor set) to the rational
maps in this three-parameter family with escaping critical points.

Remark 1.4 1t is proved in Shishikura (1987) that any quadratic rational map cannot
have Herman rings in its Fatou set. Then, one can use Sullivan’s classification theorem
on Fatou components and the Riemann—Hurwitz formula to conclude that the Julia
set of any quadratic rational map is either connected or a Cantor set. Note that any
quadratic rational map has two (distinct) critical points. This dichotomy is extended in
Milnor (2000) to any rational map with exactly two critical points. Using the Riemann—
Hurwitz formula, one can see that any rational map with two critical values can have
only two critical points. Therefore, the dichotomy extends to any rational map with
either two critical points or two critical values. The rational maps considered in this
paper have four critical points (values). Although one of them is trapped to an attracting
fixed point under iteration, the other three critical points (values) are generally distinct.
Thus, those maps satisfying the condition of Theorems 1.1 or 1.2 generally do not
satisfy the condition required for Milnor’s theorem.

Remark 1.5 Inthe category of rational maps f with escaping critical points (no Herman
rings in this case), there are examples of degree d > 4 whose Julia sets are neither
connected nor a Cantor set. For example, if d > 5, then the Julia set of the map in
the form (1.1) is a union of a Cantor-set collection of disjoint closed Jordan curves
(McMullen 1988; Devaney et al. 2005) when n +m = d, 1 + L < 1 and |a] is
sufficiently small. When d = 4, one may consider the maps in the following family:

far() =22+ . (1.6)
2(z—a)

Numerical experiments show that if @ = 2.35 and A = .94, then all critical points
of f,; escape to oo under iteration and the corresponding Julia set is comprised of
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infinitely many Sierpinski curve components and infinitely many single-point compo-
nents.

We finish the paper by raising a question in the following last remark.

Remark 1.6 Section 6 of Shishikura (1987) includes Arnold’s example of a cubic
rational map in the form:

e 7 —r\? 1
far(@@) = — , 0<r < —=, aisanirrational real number, (1.7)
z \1—-rz 5

having a Herman ring in its Fatou set. It follows that there is a cubic rational map
whose Julia set is neither connected nor a Cantor set. Moreover, even with the absence
of Herman rings, there are cubic rational maps whose Julia sets are neither connected
nor a Cantor set. A natural question arises: with an absence of Herman rings, classify
the Julia sets of cubic rational maps.

2 Proof of Theorem 1.2
2.1 Background and Notation

Let f : C — Cbearational map with deg(f) > 2. We first prepare some background
(see Beardon (1991)).

Lemma 2.1 (Beardon 1991) Let D be an open subset of@ Then, C — D is connected
if and only if each connected component of D is simply connected.

Lemma 2.2 (Riemann-Hurwitz formula, Beardon 1991) Let f be a rational map from
C 1o itself. Assume

(1) Vis adomain in C with finitely many boundary components;
(2) Uis a component off_1 V),
(3) there are no critical values of fon V.

Then, there exists an integer d > 1, such that f is a branched covering map from U to
V with degree d and

xW)+8;U) =d - x(V),

where x(-) denotes the Euler characteristic and §y(U) denotes the number of the
critical points of f in U (counted with multiplicity).

An immediate corollary follows.

Corollary 2.3 With the same assumptions as in the previous Lemma 2.2, if it is further
given that 'V is simply connected and contains at most one critical value, then each
component of f~V(V) is simply connected.
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Lemma 2.4 (Beardon 1991) Let f be a rational map of degree deg(f) > 2, and let
¢ be an attracting fixed point of f. If all the critical points of f lie in the immediate
attracting basin of ¢, then J(f) is a Cantor set.

Now, we introduce some related background from the theory of conformal invari-
ants. For a more complete discussion of these ideas, see Appendix B of Milnor (1999).

An open connected domain A on C is called an annulus if C\ A has exactly two
connected components. We say that two annuli are conformally equivalent if there
exists a conformal map between them. It is well known that each non-degenerate
annulus is conformally equivalent to a round annulus of the form ®(ry, ;) = {z €
C; r1 < |z| < ry} for two positive real numbers ry and rp, and two round annuli
®(ry, ry) and O(r, i) are conformally equivalent if and only if r/r; = /.
Therefore, the modulus of A is a conformal invariant, which is defined by

1
M(A) = Elog(rz/rl)-

Definition 2.5 Giventwoannuli A and A, we call Ay asub-annulusof Ajif Ay C A
and the two components of A{ are contained in the two components of Af respectively.
Furthermore, we say A is a proper sub-annulus of A if A is a sub-annulus of A
and A; C Aj.

Theorem 2.6 (Grotzsch Inequality, Ahlfors 1966) Suppose that two annuli Ay and A
are two sub-annuli of an annulus A . If A1 and A, are disjoint, then:

M(A1) + M(Az) < M(A).

An immediate corollary follows.

Corollary 2.7 If A is a proper sub-annulus of an annulus A\, then there is no confor-
mal map between them.

One can obtain a more delicate consequence as follows.

Corollary 2.8 Let U and V be two simply connected domains of C bounded by Jordan
curvesand U C V. IfU;, j = 1,2, ..., n are simply connected domains bounded by
Jordan curves and their closures are pairwise disjoint and contained in U, then there
is no conformal map between U\ U?’:] U_] and V\ U?:l U_]

Proof Let yy and yy be the boundaries of U and V respectively, and let y; be the
boundary of U; for j = 1,2, ...,n. Suppose that there exists a conformal map F
from V\ U7_, Uj onto U\ Ui U;. Since all boundaries of these two domains are
Jordan curves, the map F extends to a homeomorphism between the closures of these
two domains. We first show that there exists 1 < j < n, such that F i (yv) = yu-
Clearly, F'(yy) is equal to yy or y; for some 1 < j < n. Suppose that under iteration
of F, yy is not mapped to yy. Then, under the iteration of F, yy lands on a cycle of
F contained in {yy, 1, ¥2, - - ., Yn}- Denote this cycle by I and its period by m. Let k
be the smallest positive integer j, such that F/(yy) € T'. Then, k > 1, and F*¥~1(yy)

@ Springer



438 J.Hu, A. Etkin

and F"~1(F¥(yy)) are two distinct Jordan curves, and both of them are mapped to
F¥(yy) by F. This contradicts the injectivity of F on the closure of V\ U" =1 U; e

Therefore, there exists 1 < j < n, such that F’ J (yv) = yu. Let j be the smallest such
positive integer.

Now, denote the annulus V\U by A. Then, {A; = F jk(A)},in is a sequence of
disjoint annuli contained in V'\ U’}zl U_, and they are homotopic to each other. Since
these annuli are conformally equivalent, they have the same modulus. It follows that
U,inAk is an annulus of infinite modulus. On the other hand, all Ujs are contained in
one component of A_kc for each k. Therefore, the modulus of U,inAk is finite. This
is a contradiction. Thus, the hypothesis on existence of a conformal map between
V\ U” U and U\ U" _; Uj cannot hold. This means that there is no conformal map
between them O

To present a proof of Theorem 1.2 in the simplest possible terms, we also need to
introduce the following new terminology and notation.

e Given two domains S and S>, by S1 < S», we mean that there is a conformal map
between them.

e Given a simple closed curve y in C, let D™ () and D" () denote the bounded
and unbounded components of C\y, respectively.

e If y; and y» are simple closed curves in C, such that y; C D" (y2), we denote by
A(y1. y2) the annulus D™ (y2)\ D" (y1).

e Letn > 1andyy,ys, ..., Ynt1 be simple closed curves on C, such that:

(1) Y1, -+, ¥n € D™ (Yut1), and
(2) D"(yx) N D" (y;) =@ forallk, j €{l,...,n}andk # j.

We denote by P(y1, ¥2, .., Yn+1) the domain

D" (yur )\ | D" (n1)

k=1

andcall P(yy, y2, - .., Yn+1) apair of pants with n sleeves. Whenn = 1, P(yy, y2)
is an annulus and we denote it by A(y1, y»2) instead of using the letter P. When
n =2, P(y1, y2, y3) is a pair of pants in common sense.

e We use phrases like “filled-in annulus” or “filled-in pants” to refer to a patched up
disk which had one or multiple punctures or holes. For example, given an annulus
A = A(y1, ), the filled-in annulus is the disk D"(y;) and we denote it by
D" (A); given a pair of pants P = P(y1, ¥2, ..., Ynt1), the filled-in pants is the
disk D' (y,+1) and we denote it by D" (P).

e By D"(P}) = D'"(P,), we mean that there is a conformal homeomorphism from
D™ (Py) onto D (P,) that restricts to a conformal homeomorphism from P; to
P5. In short, D' (P;) = D"(P,) implies P| < P,.

Definition 2.9 Let P; and P, be m-sleeved and n-sleeved pants respectively. We say
that P» is enclosed in P if P, is obtained by deleting n proper disjoint closed disks
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from one of the m bounded components of Pi°. We denote this by:
P, Cp Pr.

We say that a domain 2 is surrounded by a sequence of successively enclosed pants
{PJ-}ZI.V:1 (where N may be replaced by co) if €2 is contained in a bounded component
of the complement of P; forevery 1 < j < N.

2.2 The Cantor-Set Case

In this subsection, we show necessary and sufficient conditions for the Julia set to be
a Cantor set.
Recall that

A2+ Bz +C
f(z)=zz+%, where C # 0.

Then, f has 4 critical points on @ (counted with multiplicity) among which oo is a
critical point and a critical value. We denote the other 3 critical points by ¢y, ¢z, and
c3 and the corresponding critical values by v1, v, and v3. At this moment, we do not
assume that ¢y, ¢, ¢3 (respectively, vy, vz, v3) are distinct. Let B(co) be the Fatou
component containing oo and 7' the Fatou component containing 0, where B(00) is
the immediate attracting basin of co and T is called the trap door (when T # B(00)).
Since the local degree of f in a sufficiently small neighborhood of oo is 2 and the
degree is 1 near 0, the following two properties hold.

(1) f T # B(c0), then f : T — B(0c0) is univalent and f : B(co) — B(o0) is
two-to-one.

(2) If T = B(c0), then B(c0) contains f -1 {oo} and, hence, is completely invariant;
that is, f~!(B(00)) = B(c0).

These two properties imply the following proposition.

Proposition 2.10 Assume that all finite critical points of f, given by (1.3), escape
to oo under iteration of f. If two finite critical values (counted by multiplicity) are
contained in B(00), then the third finite critical value is also contained in B(00) and,
hence, J(f) is a Cantor set.

Proof Without loss of generality, we may assume that the two finite critical values
contained in B(oo) are vy and vy. Let V. C B(oco) be a disk centered at oo such
that f (V) C V. Denote by V,, the component of f~"(V) that contains co. Then,
B(o0) = U;'IOZIV,,, and therefore, there exists a minimal integer m, such that vy,
vy € V,,. Observe that V,, C B(oco) and f(V,,) C V,,. Furthermore, there is at most
one critical value v3 contained in one of the components of (Vin)C.

If 0 € V,,, then B(co) = T and, hence, B(c0) is completely invariant under f.
Since the forward orbits of the critical points of f eventually land in B(c0), it follows
that all the critical points cy, ¢2, and c¢3 are contained in B(00). Using Lemma 2.4, we
see that J(f) is a Cantor set.
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Assume that 0 ¢ V,,.. Then, 0 € U, where U is a component of (V,,)¢. By Lemma
2.1, each connected component of (V,,)¢ is simply connected. Since v3 is the only
remaining critical value contained in one of these components, it follows from Corol-
lary 2.3 that all the components of f~!((V,,)¢) are simply connected. Furthermore,
it follows from f(V,,) C V,, that the closure of each component of f~!((V,,))
is contained in one of the components of (V,,)¢. Then, U — f “L((V,)°) is con-
nected and mapped into V,,,, and it has a boundary component shared with V,,,. Thus,
VWU — f “L((V,,))©)) is a connected domain contained in B(co). On the other hand,
00 ¢ (V;)€ implies that 0 ¢ f~1((V,,)¢) and then 0 € U — f~1((V,)€). Therefore,
0 € B(co). Applying Lemma 2.4 again, we conclude that J(f) is a Cantor set. O

Now, we prove the first half of Theorem 1.2; that is, we show the following propo-
sition.

Proposition 2.11 Assume that all finite critical points of f, given by (1.3), escape to
oo under iterations of f. If there is one finite critical value contained in B(00), then
all critical values are contained in B(0o) and, hence, the Julia set J(f) is a Cantor
set.

The proof of this proposition is quite lengthy, and takes the remaining space of this
subsection.

Proof Without loss of generality, we may first assume that v; € B(00). If another
critical value is contained in B(00), then it follows from Proposition 2.10 that J (f) is
a Cantor set; if v = vj or v3 = vy, v2 = v3, then the proof of Proposition 2.10 implies
that J(f) is a Cantor set. Therefore, we may further assume that v, v3 ¢ B(0c0) and
vy # V1, v3 # vy and vy # v3. It follows that ¢y, ¢3, and ¢3 are distinct. The remaining
work is to deduce a contradiction.

Let V C B(00) be a disk centered at oo, such that (V) C V. Denote by V, the
component of f~"(V) containing 0. Then, B(co) = U2, V,,. Therefore, there exists
a minimal integer m, such that vi € V},, and ¢ € V4.

Note that Vj = V contains only the one critical value co. By applying the Riemann—
Hurwitz formula (Lemma 2.2) to f : Vi — Vy, we conclude that V; is simply
connected. Continuing in this fashion, we know that Vy, . . ., V,, are simply connected
open sets. The following properties hold:

(1) T # B(o0) (otherwise, B(00) is backward invariant and, hence, J (f) is a Cantor
set by Lemma 2.4);

(2) x(Vin) = 1, because V,, is simply connected;

(3) thedegreed of f : V41 — V), is 2 (otherwise, B(00) is backward invariant and
hence J(f) is a Cantor set);

@) 8¢ (V1) = 87(c1) +87(00) = 1 +1=2.

Using the Riemann—Hurwitz formula, we obtain:
XVint1) =d - x (Vi) =8¢ (Vint1) = 0.
Thus, V41 is an annulus, and then, V41 \V_m is a pair of pants.
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Let yp be the boundary of V,,. Since yy is the image of an analytic branch of f="
in a neighborhood of the smooth boundary curve dV, y; is a smooth simple closed
curve. Similarly, yo has three pre-images, which we denote by y! 1’ yfl, and yfl in
accordance with Fig. 2. (The outermost curve in black represents yy and D% () =
Vin.) The region P(yil, yzl, o) is a subset of V,,,; 1, which we denote by P; and call
a pair of pants at the first level. For convenience of notation to be used later, we also
denote P; by PV = P()_Clearly, Py contains the critical point ¢; and is mapped
into D% () = V,,,. The disk Di"(yfl) is a component of f~!(V,,) containing 0. As
such, D™ (y3 1) is mapped conformally onto V.

The map f is univalent on each of the three pre-image curves y’ ] =12,30fyp.
We can deduce from the Riemann—Hurwitz formula that f maps D' (y! 1) conformally
onto D (y); f maps the annulus A(y>,, ) onto D" (y) with degree equal to 2. It
also follows that the remaining critical points ¢, and c3 are contained in A(yfl, yfl).
Keep in mind that the corresponding critical values vy and vz are not contained in
B(o0) by hypothesis. Thus, vy, v3 € Di”(yil) U Di"(yE]). If they are not contained
in the same disk, then we can apply the methods in the proof of Proposition 2.10 to
conclude that 7 = B(00), and then, J(f) is a Cantor set. Therefore, we may assume
further that both critical values v, and v are contained in D (y_ll) or in Di"(yfl).
Figure 2 indicates the relative positions of y and the first pullbacks of yy.

Now, let us briefly give the idea and process that lead to a proof of this proposition.
For each partition of C by the pullbacks of y to an n'” level, we are primarily concerned
with the relationship between v, and v3 and the disks bounded by two thirds of the
n'" pullbacks of yy. By putting aside the relationships leading J(f) to a Cantor set,
we can always assume that both vy and v3 are contained in one of these 2" disks,
which we denote by Di"(yf';l"'kzkl), where 1 < kj <2and 1 < j < n. Then, one
of the components of f _I(Di”(yf’,‘l"'kzkl)) is an annulus separating D™ (y3 ) from
D°"!(y). Furthermore, we obtain an infinite sequence { P, }o2 , of conformal copies of
Py, such that each of them separates D" (y 3 1) from D" () and one is successively
enclosed in another. It is clear that there are three annuli contained in P; that have
positive moduli and are homotopic to the boundary curves of Pj, respectively. Let
€ be the minimum of the moduli of these three annuli. Then, there exists an infinite
sequence of disjoint sub-annuli of A(y> 1» ¥0) having moduli > €. From the Grotzsch
Inequality (Theorem 2.6), we obtain that the modulus of A(y> 1» Y0) is 0o, which
contradicts the fact that its modulus is finite. This means that the only pattern that
may not lead J(f) to a Cantor set (under the assumption of this proposition) cannot
happen. It follows that J(f) has to be a Cantor set.

As we go through the steps of the proof, the diagrams illustrating the geometric posi-
tion of the pullbacks of yy quickly become visually complicated. Indeed, the diagram
containing all pullbacks up to the n'" level will be a compilation of Z?’:O 3/ curves.
Presenting this information is made significantly simpler when we use Shishikura’s
language introduced in Shishikura (1989). Following his ideas, we identify each n'”
level diagram with a tree structure as follows:
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Yo

/ v%4 h

S : /

Fig.2 Pullbacks of yp up to the st level when vy, v3 € D" (1)

Fig.3 Tree configuration for
pullbacks of Ag up to the 1st
level when vy, v3 € D' ()

(1) Select a thin closed annulus in V{ having yq as one of its boundary curves, taking
care to ensure that this annulus does not contain any postcritical points. Denote
this annulus by Ayp.

(2) There exists a closed circular annulus ®(r1, ) = {z € C; r < |z] < rp} and
a conformal homeomorphism ¢ : Ag — ©(rq, rp) which maps yy to the circle
|z| = r1. Any other such homeomorphism ¢ is of the form ¢ (£) = ¢!%¢(&),
where 0 is a real number. For each & € A, define:

AolEl =9 ot lp@)| = lp®)]}.

@ Springer



Julia Sets of Cubic Rational Maps with Escaping Critical Points 443

These curves are the preimages of concentric circles |z| = r, 7] < r < ry in
®(ry, rp) and remain unaffected when one particular homeomorphism meeting
our requirement is replaced by another.

(3) It will follow from the ensuing discussion that every branch of £~/ is univalent
over Ao for any natural number j. Thus, each diagram of pullbacks up to the
n'" level contains > -0 3/ curves, any one of which is a boundary component

of one and only one annulus in the collection A, = U?:o{A A€ f_f(Ao)}.

Furthermore, as will be explained later, each level k pullback of yy, 1 < k < n,

Jks k=15

will have an 1dent1fy1ng label of the form y=; »Ji ,whereeach j; € 1,2, 3 and

so that f (yikk ket dly g kIt We transfer this label to the annuli, denoting

—(k— 1)
by A(_/’;"”‘“"“’”) the unique annulus that has y/k el

components.
(4) Given A(_j’,;’/"“"“’“) and an element £ € A(_Jz’/"“""’”), define

as one of its boundary

Agj]lzajkfl,...,jl)[é] — f—k (Ao[fk(é)]> s A(ﬁj]k(vjk*lymyjl).

ks Jk—1-eenj1)
A—k

In particular, [£]is analogous to acircle in ® (r, 1) centered around

the bounded component of ® (71, rz)c. .
(5) For each annulus A in the collection A, = U’]’.ZO{A : A € f7/(Ap)}, such that

& € A, A[§]is well defined. Forany z, w € @, define A(z, w) = {A[&] : A[E] € A
separates z and w} and set

dy(z,w) = Y M(Az, w).

AeA,

Evidently, this sum is bounded by > ,., M(A) = M(Ao) Z” 03/, where
M(A) = M(Ap) because all the annuli are ‘conformal copies of each other. The
function d,, : CxC— [0, c0) is continuous and, in fact, a pseudo-metric on C
(see Shishikura (1989)).

(6) d, partitions C into equivalence classes defined by z ~, w whenever dy(z, w)
= 0. The quotient space C/ ~, is homeomorphic to a one-dimensional (finite)
simplicial complex which is connected and contains no loops. Such complexes
are succinctly called trees (again, see Shishikura (1989) for further discussion).

Upon implementing the identifications C / ~1, we translate the patterns observed
in Fig. 2 onto the corresponding tree structure. This tree is depicted in Fig. 3. The
branches (or edges) of the tree are color-coded to indicate the level of the pullback
of Ag. The numbers directly over each edge determine the annulus according to the
scheme outlined in (4) above. For instance, the index (2) 1nd1cates that the edge below
it is the image of A2 1 under the canonical quotient map 7 :C—>C / ~1. Since all
annuli in A1 have the same modulus, the edges of the simplicial complex are all of the
same length M (Ap). The vertices (or nodes) on the tree, represented by white circles,
correspond to the nonempty open sets which were collapsed by 7 to single points. The
nodes labeled 0 and oo represent the respective equivalence classes 7 (0) and 7 (00).
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Every node save the node at oo is the equivalence class of the boundary curve used
to identify the edge directly above this node. For instance, the shriveled node below
the edge (1) is mw(y 1 1)- The vertices on the shortest path from 0 to oo were marked
by numbers 1-2 to indicate distance from the node at 0. The node marked as 2, for
example, indicates that the modular distance from 7 (yy) to 7 (0) is 2M (Ao).

Let us now return to the construction of an infinite sequence of disjoint sub-annuli
of A(y3 1» ¥0)- Recall that the only non-trivial cases to be considered are when both
critical values vy, v3 € D" (y_ll) (Case 1) orwhen vo, v3 € D™ (yzl) (Case 2). Having
produced both diagram and tree illustrations for level 1 pullbacks of yp, we do the same
for the next two stages of the inductive proof. Figures 4, 5, 8, and 9 pertain to Case 1.
Figure 4 shows the relative positions of y and all its pullbacks up to the second level
(i.e., all preimages f_1 (y0) and f_2(y0)) when vy, v3 € D" (yil). Figure 8 displays
yo and all its pullbacks up to the third level when v, v3 € D™ (yl%) in accordance with
this disk’s representation in Fig. 4. The corresponding tree configurations are given in
Figs. 5 and 9. Analogous pictures for Case 2 are provided in Figs. 6, 7, 10, and 11.
Figure 6 displaces the relative arrangement of the curves yo, £~ (y0), and f~2(y0)
when vy, v3 € D™ (y?)\D"(y3)) and then Fig. 10 when v2, v3 € D™ (y2}). Their
tree configurations are given by Figs. 7 and 11. In each case, the tree representations
are realized as equivalence classes induced by the sets A, and Aj3. The nodes on the
shortest modular path from O to oo are marked with milestones. As the reader can
see, this distance increases from 3 to 5 to 7 as we move through one pullback level to
the next. Indeed, as the inductive argument will show, the modular distance grows by
2M (Ap) with each step.

In the following, we show the existence of the sequence { P,,}7° | under the assump-
tion in the previous paragraph.

Step 1. Denote the disk containing v, v3 by Din (yf‘l), where ki = 1 or 2. Accord-

ing to our labelling, D”’(yfl) is contained in one of the bounded components of
(Fl)", as shown in Fig. 1. Denote by A} = A(yf I yE 1) the annulus component of
F7HD™ (v)).

Since D™"(y!|) contains no critical points, the map f : D"(y!,) — D™(y)
is a conformal homeomorphism. Note that D" (yy) = D"(Py). Thus, f~1(P;) N
Di”(y_ll) is a conformal copy of Pj, which we denote by P;; (see Fig. 2).

By the Riemann—Hurwitz formula, one component of f ~I(pin (yfl1 )) is an annulus
that is contained in A(y}l, 7’31)‘ We denote it by A;. This annulus must separate 0
from oo; otherwise, we may apply the argument of Proposition 2.10 to conclude that
T = B(c0). In our notation, all second-level pullbacks of yq are given the itinerary

labelling yiéjl (p = 1,2,3), so that f(y‘_/zzjl) = y'_/ll and the superscripts jp are
chosen according to the following scheme.
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Yo
V=1 =1
&)
12
V/z_\ v
Y3
13
[}jzg ¥=2
P1y

Py -
1

Fig.4 Pullbacks of yp up to the second level when vy, v3 € Di”(yll)

Fig.5 Tree configuration for
pullbacks of A up to the second
level when vy, v3 € D' ()
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Yo
V=1 V1
12
Y=2
/—\ v
v
v
P1y
P

21 P,

Fig.6 Pullbacks of yp up to the second level when vy, v3 € D" (yE1 )\Din (yil)

Fig.7 Tree configuration for pullbacks of Aq up to the second level when vy, v3 € D""(yz1 )\Din (731)
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4 I

e _3 N

312 21
33T |y | vs

323 ,,322 ¥=1

k — /
K [ — /

(= Yo

Pa31 o
233
P -

\ Pa21 ( — = ) y22 J

Py

P11 P3qq

=]
P131 yi3t | yi2t
e

123 22

[ O ] e
Piyy vy
_ ( m )

- )

Fig.8 Pullbacks of y( up to the third level when vy, v3 € Di”(yl%) in Fig. 4

(1) The two boundaries of A; are labelled by yﬁgl and )/Egl satisfying

D"y C D" (2.
The other second pullbacks of yy are labelled as follows:
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(0)

@6~V
e ®
(2,1,2) ° (2,2) (1,1)

(1,2)
(313)

(2,1,1)
(2,1,3) ® S
O B12) (2,2,1) O
e O O 222 (.21 (1,12) (-11)
O (1,2,2)
(3,11) A & @)
(31) 23,1) A )
@, (13,1
3 e (3,2) 2,2,3)
@) (123) (1,13)
° (3.2, O A
o O (23) O .
- (32,2) (2,3,2) (3) O
S 553 A 5 (13,2)
O O
O O
(3,3) 233)
(3,3,3) .23) (1,33)
O
O
O O O

Fig.9 Tree configuration for pullbacks of A( up to the third level when vy, v3 € D" (v i%) in Fig. 4

(2) The superscript j» = 1 indicates that y]“ ''c D" (y_ll).

(3) The superscript jo, = 2 indicates that D’"(yn“) C D”‘(y_ )\D’"(y_k‘)
(4) The superscript j» = 3 indicates that ym ''c D’"(yzk')

The subscript index j» for the level-2 pairs of pants Pj,; is determined by a similar
process. Note that

(1) the level-2 annulus Ay = A()/y;1 y- 2‘) contains both critical points ¢ and ¢3

and it is a proper sub-annulus of the level 1 annulus A| = A(yfl, V—l)’

(2) the pair of pants P31 = P(yf I yfgz y_ 1) is contained in a bounded component

of the complement of Py = P()/Eg1 yzgz y_l), where ko =3 — ky;

(3) P11 and Py are enclosed in P; = P(yﬁl, ?Cl’ 10);

@) Py, P2~1 and P are called level-2 pairs of pants. We also denote by P@ = py,
and P?® = Ps.

By putting aside the patterns leading to the conclusion that J(f) to a Cantor set,
we may assume that both v, and v are contained in one of the four disks D" (ykzk‘ ),
where 1 < ky, kp < 2. Now, we come to Step 2.

Step 2: The two critical values v, and v3 are contained in a disk D’"(y
where 1 < ki, k; < 2. By the Riemann—Hurwitz formula, one of the components

of f~ (D’”(ykzkl)) is a proper sub-annulus of A, = A(y3]§‘ y- 21) which we denote

k2k1)
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a4 )

P3z1 v | v
312 &
Py COv)v3E | s | v3
P31 Y=2
2
\ C____ Oy / s
Py21 v2%?

2

21
¥Y=2

—/ v 132 122
P13y 131 Y= ¥=s 12
Py | I— ot 15
—— 2

N ™ J

Fig. 10 Pullbacks of g up to the third level when vy, v3 € D" ()/312) in Fig. 6

by A3. Now, we apply a scheme similar to Step 1 to label the level-3 pullbacks y” 33j 2J1
of yo, where 1 < j3, jo, j1 < 3;thatis, f(y’%*’") = y’%'" and the superscripts j3 are
chosen as follows:

@ Springer



450 J.Hu, A. Etkin

(0)

() (1)
e (2,2,1) o (2,2 e - e . @

2,1) (1,1)
i3
2.0 (1,2)
(2,2,2) .
(Q
(3,22 @ (111)
(R o R 212) 211 hte)
(333) (3,23) ) (233) (2,23) 122) (1,2,1) S
(332 ’ 2372) O O O
® O O © ® O
O o O 213) (133) (1,2,3) (113)
(3,3) (3,3,1) (3) (2,3) (2,3,1) (1,3,2)
(32) O © O O
® O ) ® O 02
@ (1,3) 131
(3,1,2) (3.1,1)
O O

13)

Fig. 11 Tree configuration for pullbacks of Aq up to the third level when vy, v3 € pin (yzlz) in Fig. 6

3koky 2koky

(1) The two boundary curves of A3 are labelled by y~5""" and =3 such that

Din(y 3y ¢ D" (2.

Then, according to our notation, A3 = A(7/3k2k1 2kzk') The remaining level-3

pullbacks of yy are labelled in a more delicate manner as follows:
(2) The superscript j3 = 1 indicates that szn Din(yl). o
(3) If 1 < ji, j» < 2, then the superscript j3 = 2 indicates that D" (y/3%*") ¢
Jis J p pt j V3
Din(y? )\Dl”(y3k2k1) and j3 = 3 indicates that yjm]l D" (yfgzk‘).
(4) Ifatleastone of j; and j, is equal to 3, then f—1( ””)ma have two components
J J q V= y p
contained in D”’(y2k2k‘) If there are such cases, then we label them as y~5 2201 and

y3j3“ ', and furthermore, if the filled-in bounded disk of one is contained in the

filled-in disk of the other, then we label the boundary of the smaller disk by y3] 2J1

The subscript index j3 for the level-3 pairs of pants Pj, ;,1 is determined similarly.
Under our assumption that both v, and v3 are contained in the same disk Din (ykzkl)
where 1 < ki, ko < 2, we can see that all pairs of pants are conformal copies of P;.
There are two of them that are enclosed in P;; and two of them are enclosed in P,
which are labelled by P>11, P21, P121 and Pjq1. The eight boundaries of the bounded
components of the complements of these four pairs of pants are labelled as yk3k2k1

with 1 < kq, ko, k3 < 2. Note that the pre-images of 7’71 at level 3 may require the
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labeling handled in a more delicate way, but they do not affect the pairs of pants that
are successively enclosed in Py and P;.

Step 3. Inductively, assume that vy, v3 € D”’(ykn \...k2k;)- Then, by the Riemann—
Hurwitz formula, one of the components of f~ L(pin (Vk,_1...kok)) 1s an annulus, which
is a proper sub-annulus of A,_;. Denote it by A,. We continue to label the level-n
pullbacks of yy by y]" 201 where 1 < jp, ..., jo. j1 < 3, such that FBPY =

y”3/" and the superscripts j3 are chosen as follows.

3kp—1...koki 2kim—1...koky

1. The two boundary curves of A, are labelled by y_, and y~

isfying

sat-

3k,, 1...kaky 2kp—1...koky

Din(y” ) C D" (y2, )-

kok 2kp—1...k2k
Then, according to our notation, A, = A(y_ I

ing level-n pullbacks of yy are labelled similarly as in Step 2.
2. The superscript j, = 1 indicates that y/";/?/' c D" (y! 1)- This is because each
level-(n — 1) pullback of yy has exactly one pullback in D" (v 1 -

). The remain-

3. Each level-(n — 1) pullback of yp has at most one pullback in Di"(yzl)\

Din(yXn=1%K1y Therefore, if i, _,..kok, has one pullback in

2k —1--koky

D" (y2)\D"(yZ, ),

then it is labelled as yok, ;..-kpk; -

4. Some level-(n — 1) pullback of y may have two pullbacks in D" (y_ n-tokkiy g
this happens, then we label them as yzjl” 12 ang y3/" 200 and furthermore,

if the filled-in bounded disk of one is contained in the filled-in disk of the other,
then we label the boundary of the smaller disk by y~7 -1zt

The subscript index j, for the level-n pairs of pants Pj,...j; j,1 is determined sim-

ilarly. In fact, the 211 Jevel-n pairs of pants Py,...k3x1 With 1 < ky, ..., k3,ky <2
are enclosed, respectively, in the on—2 level-(n — 1) pairs of pants Py, |. k1 With
1 <kp_1,...,k3, ko < 2. All these pairs of pants are conformal copies of P;. Among

these pairs of pants at the level n, there exists a unique pair of pants Py, ...k, 1, such that
Di"(yfl) C Di”(Pkn...k3k21), which is denoted by P The pairs of pants {P(’”)}j‘”:1
form a sequence of n pairs of pants that are enclosed successively in one another. By
sealing any two successively enclosed pairs of pants along their common boundary,
we obtain a pair of pants with n sleeves and a “long” sleeve, and the annulus bounded
by the two boundaries of the “long” sleeve is a sub-annulus of Ag = A(yf 1 Y0)-
In the mean time, at each level n with n > 2 there exists a unique level-n pair of
pants Py,..ksky1 With k, = 3 and D™ (y3 ) C D" (Py,..k3k,1), Which is denoted by
P®_ Then, {P"™}" _, form another sequence of n pairs of pants that are enclosed
successively in one another, and U7} _, P U™ has no intersection with U%zzP(’;’). Note
that each P is also a conformal copy of P;.
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Step 4. By now, we can see that if the above process can be continued forever,
then the long sleeve leads to an infinite sequence of disjoint sub-annuli of Ag with
moduli greater than a positive constant €. From the Grotzsch Inequality, the modulus
of Ay is infinite, which is a contradiction. Therefore, we may assume that v, and
v3 are contained in two different disks among the 2" disks D" (yfﬁl"'kzk'), where
1 <k, ..., ks, k1 < 2. Therefore, the pullbacks of these disks are simply connected
domains. It follows that U” _, P(™) and U” _, P(™ are connected by a connected

domain that is contained in the attracting basin of co. Note that U§:1W C B(00).
Therefore, Uﬁlzzm, and then, Di”(yf 1) are contained in B(00). Referring to the
case presented in Fig. 8, we give an illustration to this consequence. In this case,
v2,v3 € D(y'2), PO = P, P® = Py, PO = Py, and PP = Py, PO =
P311. Now, suppose that v» and v3 are contained in two different disks among the 23
disks D"”(yf‘*;‘zk1 ), where 1 < k3, ko, k1 < 2. Then, for the case, we are considering,
one of the critical values v, and v3 is contained in D" (v 1 %1) and the other is contained
in D”’(yl%z). The pre-image of D" (y_%l) in the annulus A(yfgz, y3132) is a simply
connected domain containing both D" (y21%) and D™ (y31?), which is denoted by
D""(yﬂzl) according to our notation scheme. The degree of f from 3 D" (yﬂm) to
8Di”(yl%1) is 2. The pre-image of D"”(ygz) in the annulus A(yfgz, yﬂz) is also
a simply connected domain which is disjoint from D"”(yﬂﬂ) and is denoted by
D™ (y?1??). Thus,

A3 yEO\DM (2 U DI (p2))

is a connected domain, which is contained in the Fatou set of f. We denote it by €.
Furthermore, it connects Ufn:l P to UizzP(’;'). Therefore,

Uy PMYU QU (U, P U D™ (33 ))

is a connected set overlapping with B(co). Thus, Din (yf 1) is contained in B(00).
One can see the same conclusion by referring to the case presented in Fig. 10.

From Lemma 2.4, we conclude that 0 € D™ (y3 ) C B(co) implies J(f) to be a
Cantor set. O

2.3 The Connected Case

Let T = f~1(B(c0))\B(00). In this subsection, we prove the following proposition.

Proposition 2.12 Assume that all finite critical points of f, given by (1.3), escape to
oo under iteration of f, and assume that none of the finite critical values of f is
contained in B(c0). Then:

(1) if each component of f~"(T) contains at most one critical value (not counted by
multiplicity) for each n > 0, then J(f) is connected;
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(2) T cannot contain three critical values (counted by multiplicity), and if two critical
values (counted by multiplicity) are contained in T, then J (f) is connected;

(3) the only possible exceptional case for J(f) to be neither a Cantor set nor con-
nected is that there exists n > 0, such that a simply connected component T,
of f~"(T) contains two or three distinct critical values, one component A of
YT isa topological annulus separating T from B(00), and T, is contained
in the component of C\ A containing B(c0).

Proof Without of loss of generality, we continue to assume that f has three distinct
finite critical values (and, hence, f has three distinct finite critical points), which we
denote by vy, v2, and v3. Their corresponding critical points are denoted by cy, ¢ and
c3 respectively.

Recall that every Fatou component of f is some level pre-image of B(00). Using the
Riemann—Hurwitz formula and the condition in (1), we can see that each component
of f="(T) is simply connected for each n > 0. Thus, all Fatou components are simply
connected, and then, J(f) is connected.

Suppose that F(f) has a connected component that is not simply connected. Then,
let m + 1 be the smallest integer j, such that f ~J(B(00)) has (at least) one connected
component that is not simply connected. Denote by B, the component of f = (B (c0))
whose pre-image contains a multiply connected component, which we denote by
By 1. Recall that there is an open disk D C B(00) centered at 0o, such that £ (D) C D
and B(oc0) = U‘;il Dj, where Dj is the connected component of f ~J(D) containing
00. Under the condition that none of the finite critical values are contained in B(00),
we know that each D is simply connected and its boundary is a Jordan curve. Clearly,
D_j C Dy for each non-negative integer j with D9 = D. Furthermore, there is a
large enough integer n, such that for any j > n, every component of f~"(D;) is
simply connected and f~("*D(D ;) has a connected component that is not simply
connected. For simplicity of notation, we denote such a D; by V, and hence, we
denote by V,, the component of (V) that has a multiply connected component
in its pre-image, which we denote by V1. Then, the characteristic number of V;,, 41
is non-positive. The pullbacks under f on the path from V to V,, are denoted by
Vi, Vo, ..., Viu_1.

Let d denote the degree of f : V41 — V), and 8y,,,, denote the number of the
critical points contained in V4. Since d < 3, it follows that f ’1(3 V) has at most
three connected components and hence x (V;+1) = —1. In summary, x(V,,) = 1,
=1 < x(Ving1) 0,2 < 6y,,, < 3andd < 3. Applying the Riemann-Hurwitz
formula (Lemma 2.2) to f : V41 — Vi, we obtain:

X(Vm-‘,—]) + 8Vm+l = d

Itfollows thatif d = 2, then x (V;y41) = Oand dy,,., = 2;ifd = 3,then x (V;41) =0
and dy,,,, = 3. Therefore, V11 is an annulus. From here, we also see that V,,, 1 is
the unique multiply connected component among all components of f~+D (V).
Let T be the component of f ~1(B(00)) containing 0. We know that 7 is also
simply connected, Vi C T, and V41 is disjoint from B(co) and 7. In the following,
we first show that the annulus V,, 4 separates T from B(0c0). Otherwise, the bounded
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Fig. 12 Dynamic patterns when m = 2

component K of mc is disjoint from 7 and f(K) = V_mc. Since oo € V_mc, it
follows that co has a pre-image in K. This contradicts the fact that all pre-images of
oo are contained in B(co) U T.

Next, we show that m > 1. Otherwise, if m = 1, then V> is an annuls according to
the introduced notation. Let U; and U, be the bounded and unbounded components
of Vzc respectively, and let Uy, = Uy — Vi and Ug = U, — V. Since at least two
of the three finite critical points are contained in V3, it follows that there is possibly
only one critical point contained in Uy, or Ug. In fact, we can show that if there is
such a critical point, then it is contained in Ug. Under this circumstance, the degree
dof f:V,— Vyis2and f~!(V}) has another component, which we denote by v,.
Let V' be the component of f~!(V) containing V, and let U » be the component of
! (@\ (V1 U'V)) intersecting Ug. The degree of f from the boundary component
9V’ to dV is 2. Then, the pre-image of 9V} under f lﬂ has two components. Thus, V;

has to be contained in Ug. It follows that f maps U \72’ onto @\(Vl U V). Using the

Riemann—Hurwitz formula, we know that U R\VZ’ contains a critical point. Therefore,
U contains no critical points and hence f is globally univalent on Uy whether or not
there exist two or three critical points contained in V5. The degree of f restrictedto Uy,
is 1. Thus, f : Uy — A(9V7, 0V) is conformal and M (Uy) = M(A(dV1, dV)). This
contradicts the fact that Uy, is a proper sub-annulus of A(dVy, V). Therefore, m > 1.
In the meantime, this means that each component of f~'(T) is simply connected.
Using the Riemann—Hurwitz formula, we know that 7 contains at most two critical
values (counted by multiplicity), and furthermore, if 7 indeed contains two critical
values (counted by multiplicity), then the components of f~"(7') are simply connected
for each n > 0 and, hence, J(f) is connected.

Now, we see under the assumption of this proposition, if J(f) is not connected,
then m > 1. It remains to prove the conclusion given in (3). Let U; and U; be the
bounded and unbounded components of Vm+1c, respectively. Then, either V,, C U;
or V,, C U,. Figure 12 illustrates these two possibilities for m = 2.
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We need to prove that Vin C Us. Suppose that V. C Uj. Let

a=C\Jr7m.

j=0

Recall that all components of f~/(V) are simply connected for each 0 < j < m
and V,,41 is the unique multiply connected component among all components of
f_(mH)(V). Thus, 2 is connected and f_l(SZ) has one component U;, C U; and
the other Ugr C Us. Since the degree of f from 9V’ to dV is 2, the pre-images of
dVi under f|- have two components and the degree of f : Ur — $2is 2. Thus,
the degree of f : Urp — € is 1, and then, it is conformal. Note also that f maps
a boundary component of Uy to a boundary component of 2 with degree equal to
1 and there is no pole in any simply connected domain (intuitively called a hole)
in {f‘j(V) j=2,3,...,m~+ 1}\{Vu+1} (since O is the only finite pole of f). It
follows that f is conformal on each of the holes contained in the annulus A(dVy, aU1).
Now, we perform a filling surgery by extending f conformally through all those holes
in the annulus A (9 V7, dU1) that are mapped into the annulus A(dU», dV). Denote the
remaining holes in A(d V7, dUp) by ij, j =1,2,3,..., k (there exists at least one
since m > 1). Then

fRUNVIU S V) = DM @VI\VI U (U5 V)

is conforrnal_. This is a contradiction to Corollary 2.8. Thus, V,, C U; cannot hold.
Therefore, V,, C Us. O

2.4 The Sierpinski-Curve Case

In this subsection, we show when J(f) is a Sierpinski curve given that J(f) is
connected. Let us first recall a topological characterization of Sierpinski curves by
Whyburn (Whyburn (1958), Theorem 3).

Theorem 2.13 Any non-empty planar set that is compact, connected, locally con-
nected, nowhere dense, and has the property that any two complementary domains
are bounded by disjoint simple closed curves is homeomorphic to the Sierpinski carpet.

From Theorem 2.13, a connected Julia set J(f) is a Sierpinski curve if the Fatou
set F'(f) is a union of infinitely many simply connected domains bounded by Jordan
curves. For hyperbolic rational maps, Morosawa gave a sufficient condition for the
boundary of a Fatou component to be a simple closed curve (i.e., a Jordan curve) (See
Morosawa 2000).

Lemma 2.14 Let R be a hyperbolic rational map and U a forward invariant Fatou
component of R. If there exists a complementary component W of U and a Fatou
component D, such that DU R~ (D) C W, then the boundary of U is a Jordan curve.

We also need the following result (see Milnor 1999 for a proof).
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Lemma 2.15 (1) If the Julia set of a hyperbolic rational map is connected, then it is
locally connected. (2) If U is a simply connected Fatou component of a hyperbolic
rational map, then the boundary 0U is locally connected.

Proposition 2.16 Assume that all finite critical points of f, given by (1.3), escape to
oo under iteration of f. Let T be the component ofB(oo)C containing 0. If all finite
critical values are contained in T, then d B(00) is a Jordan curve, and then, J ( f)is
a Sierpinski curve.

Note that under our assumption on f, a necessary condition for J ( f) to be a Sierpinski
curve is that all finite critical values are contained in 7.

Proof At first, it is clear that T C T.Let U be a component of f ~I(T) containing
at least one critical point. Then, the degree of f : U — T is at least two. Since
the degree of f : C — Cis 3, it follows that if f~Y(T) has another component V,
then f : V — T is univalent, and hence, all finite critical points are contained in
U. Therefore, whether or not f _l(f) has one or two components, all finite critical
points are contained in the same component U. This means § s (U) = 3. Now, by the
Riemann—Hurwitz formula,

x(U) +85(U) = dx(T).

Suppose that the degree of f : U — T is 2. Then, x(U) = —1. Thus, U has
three boundary components and the degree f : U — 9T is 3. This contradicts the
assumption that the degree of f : U — T is 2. Therefore, the degree of f : U — T
has to be 3. Then, x (U) = 0. Thus, U is an annulus and this annulus separates T
from B(co). Since 9T has pre-image contained in 9 B(co) and 97, it follows that
one of the boundaries of U is contained in d B(c0) and the other is contained in 07,
which are denoted by y and yr, respectively. If yp is not contained in 87, then it is
contained in the boundary of another component of B(oo)c, and hence, B(oco) C U.
Thus, f(B(c0)) C T. This is impossible since B(oo) is forward invariant under f.
Therefore, yp C 3T, and hence, U C T. Now, for any Fatou component D of f
contained in 7~“, we obtain:

DU Y DycTUufNT)cT.

From Lemma 2.14, we conclude that d B(c0) is a Jordan curve. Then it follows from
Theorem 2.13 that J(f) is a Sierpinski curve. O
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