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Abstract

The article studies a generalization of the elliptic billiard to the complex domain. We
show that the billiard orbits also have caustics, and that the number of such caustics
is bigger than for the real case. For example, for a given ellipse E, there exist exactly
two confocal ellipses such that the triangular orbits of E are circumscribed about one
of them, and each tangent line to one of those ellipses is a side of a triangular orbit. In
the case of 4-periodic orbits, we get generically three caustics. We also give an upper
bound on the number of caustics for orbits with a fixed number of sides, and explain
how to compute its exact value.
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2 C. Fierobe

1 Introduction

It is a well-known fact that on a real ellipse, a billiard trajectory remains tangent to
the same confocal conic (ellipse or hyperbola) after successive bounces. This is true
in particular for periodic orbits. See for example [22], Chapter 4.

In this present paper, we study the caustics of a complex reflection law, which
will be defined later (in Sect. 2). For now, one should just know that it is a natural
generalization of the real law and that it was used to prove important results. More
precisely, let ¢ be the non-degenerate complex quadratic form ¢(x, y) = x> + y? on
C?. Then to each complex line L passing through a point A, one can associate its
orthogonal line (for ¢) L’ passing through A. Then in the case when L # L’ (non-
isotropic case), we can define the reflection of lines passing through A as the usual
way. In the case when L = L/, the reflection of lines is defined as a limit of lines
reflected in non-isotropic cases. We give more details in Sect. 2.

It was introduced by Glutsyuk in order to study Ivrii’s conjecture on periodic orbits
together with its analogues for pseudo-billiards and complex billiards (cf [10-12]).
Another use of it was made by Romaskevich in Ref. [19], to prove that the set of
incenters of triangular orbits in an ellipse is also an ellipse.

The idea to approach a real problem by studying its extension to complex domain
is not new. For example, a proof of Poncelet theorem was given in Ref. [13] by
generalizing it to complex caustics in CP?. Note that Poncelet’s theorem was also
studied on other fields, see for example [5] and [14]. Since it is a key point in this
article, let us recall it.

Theorem 1.1 (Poncelet, [13]) Let C and D be two conics of CP? intersecting transver-
sally. If there is a n-sided polygon inscribed in C and circumscribed about D, then
for each point p of C there is such a polygon having p as a vertex.

Billiards with other reflection laws were already studied, see [ 15] for an introduction
to this topic, and [1] for a precise study in the Minkowski settings. Furthermore, new
discoveries about the elliptic billiard are made even recently, see for example Reznik’s
github page [18], and [2,3] for mathematical proofs of some of its experimental results.

We denote by C, the (complex) conic given in the affine chart (x, y) by equation
) 32

Ch: ——+5—=
R N Ny

)

where x, y € C2and & € C\ {—a?, —b?} ; let us also define & = C that is

2 2
X Yy _
g.a—z-l-b—z—l

We first prove the following theorem (see Fig. 1).

Theorem 1.2 (Complex caustics) Let T = (Mo, ..., M,) be a (n + 1)-uplet of points
of € such that any two consecutive points are distinct. The following statements are
equivalent:
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Complex Caustics of the Elliptic Billiard 3

Fig. 1 The confocal caustic C),
inscribed in a piece of billiard
trajectory

e thereisa\, such that a® +A, b2+ # 0 and foreach j € {1, ...,n—1} the lines
M;_1M; and M; M realize the two tangent lines to C;, going through M ;;

e T is a non-degenerate non-isotropic piece of complex billiard trajectory whose
sides do not contain the real nor the complex foci.

If this A exists, then it is unique.

The definition of non-degenerate and non-isotropic complex billiard orbits will be
defined later, in Sect. 2.2. For now, the reader can think about them as “good” orbits.
Thus Theorem 1.2 generalizes the theorem of the existence of caustics in the elliptic
billiard to its complexification.

For periodic orbits, we improve Theorem 1.2 as follows.

Theorem 1.3 Fix n > 3. There exist N confocal conics y{', ..., yy satisfying the

following properties:

1. any n-sided polygon inscribed in &, circumscribed about a y' and having its
consecutive vertices distinct, is a periodic billiard orbit (which is non-degenerate
non-isotropic and non-flat);

2. any non-degenerate non-isotropic periodic billiard orbit which does not pass
through a (complex or real) focus of £ is circumscribed about one of the y''s;

3. for each point p of € and each j, one can find an n-sided polygon inscribed in £
and circumscribed about a y;’, having p as a vertex.

Furthermore, N < n2/4 — lifniseven, and N < (n2 — 1) /4 ifnisodd Forn =73
one has N = 2. Forn =4, N = 3 in the case when a # ~/2b and N = 2 otherwise.

Remark 1.4 Theorem 1.3 gives a meaning to another result which can be found in Ref.
[7]. In this paper, at pages 17-18, the authors use a similar method to ours coming
from elliptic functions theory to give a classification of the real caustics of the elliptic
billiard. Similarly to us, the caustics are related to the roots of a specific polynomial, and
in their case some on these roots do not correspond to any real caustics. For example,
in the case of triangular orbits, one can find two roots: one of them corresponds to the
usual smaller confocal ellipse, the other one defines a confocal ellipse which is bigger
than the billiard table and cannot be a caustic for real triangular orbits by convexity.
Our result allows to understand this other root also as another caustic, but for the
reflection law extended to the complex domain.
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4 C. Fierobe

Remark 1.5 In the proof of Theorem 1.3, for a given n > 3 we exhibit a polynomial
B"™ whose roots are the A corresponding to all complex caustics of the n-periodic orbits
of the elliptic billiard. The coefficients of 53" depend on a and b. We show in generic
cases that the degree of B" is the same as the upper bound given in Theorem 1.3 (see
Proposition 5.8) and that —a? and —b? are not roots of 3" (Proposition 5.11). In order
to compute the exact number of complex caustics for the n-periodic orbits (in generic
cases), one could try to show that generically B" has simple roots: this fact seems to
be true on computer simulations, but we were unable to confirm it.

A rather interesting application of Theorem 1.3 is the classification of 3-periodic
degenerate orbits (defined as the limits of non-degenerate orbits), which is related to
aresult in Ref. [19].

Corollary 1.6 There are exactly 8 degenerate triangular orbits, given by an isotropic
tangency point a of € and the point B of € such that the line af is tangent to a conic

7/]3‘ and non-isotropic.

1.1 Structure of the Document and Main Arguments

We exclude the case when £ is a circle. The document has the following structure:

1. Section 2 gives more details about the complex reflection law and what complex
billiard trajectories are.

2. We present a natural and short proof of Theorem 1.2 in Sect. 3: it uses Zariski
topology and classical results on real billiards.

3. In Sect. 4, we present another proof of Theorem 1.2 that simultaneously yields
new results on Joachimsthal invariant. The latter is a quantity P (M, v) depending
on a vertex M € &£ of a polygon T inscribed in £ and a vector v directing a side
of this polygon starting at M. We show that this quantity: (a) does not depend on
the vertex M chosen or v if and only if 7 is a billiard trajectory ; (b) is directly
related to the existence of a conic inscribed in 7.

4. InSect. 5, we prove Theorem 1.3. We use a theorem of Cayley to establish the exis-
tence of confocal conics inscribed in an n-sided polygon which is itself inscribed
in &, and also to bound their number. This theorem reduces the proof to the com-
putation of a certain polynomial’s degree.

5. The cases of 3- and 4-periodic orbits are studied in Sects. 6 and 7, where we
compute the exact value of the N appearing in Theorem 1.3, getting similar results
asin [7].

1.2 Notations and Usual Properties of Conics

In the whole article, we are dealing with the complexification of the real ellipse £ and
with the complex ellipses C,. Thus we recall some results about these objects.

The ellipse £ has four isotropic tangent lines (which are tangent lines directed by
the vectors (1, &), cf [4], Volume 2, Section 17.4.3). The name isotropic is due to the
fact that (1, i) are isotropic vectors of the complex quadratic form ¢ (x, y) = x2+y2,
i.e., q vanishes on them.
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Complex Caustics of the Elliptic Billiard 5

A simple computation shows that their corresponding tangency points have coor-

dinates
NS 1

where the signs + are independent. This allows us to extend the definition of a focus
of an ellipse as an intersection point of its non-parallel isotropic tangent lines, cf [4],
Volume 2, Section 17.4.3. In our case, the ellipse £ has four foci:

e two real foci of coordinates (£c, 0), where ¢ = v/a? — b? ;
e two complex foci of coordinates (0, %ic).

The foci lines of £ are defined as two distinct lines: the line joining the complex
foci and the line joining the real foci.

Remark 1.7 We see here that £ and C, have the same foci. Hence they have the same
isotropic tangent lines!

The following result will be needed, which generalizes a well-known result in the
real case (concerning the intersection of an ellipse with a confocal hyperbola). To state

it, we recall that ¢(x, y) = x2 + y2 is a complex quadratic form, whose associated
bilinear form is b defined by

b (u,v) = uyvy +uyvy

forall u = (uy, uy), v = (vy,vy) € C2. Two vector spaces F, G of C? are said to be
orthogonal if

b(u,v) =0

forallu € F and v € G, and this definition extends naturally to lines in C2: two lines
are orthogonal if their directions are orthogonal.

Lemma 1.8 Let & # 0. Then & and C), have four common points, whose coordinates
(x, y) are such that

2 a*(@®+ ) and y2 _ bE(b% + 2)

T a2 —p2 b2 — a2
The tangent lines to C, and £ at these points are orthogonal (for q).
Proof The coordinates of the common points are obtained by solving the system
composed by the equations of C; and £.
Then, since the equations of the tangent lines of £ and C, in one of these common

points can be computed, itis not difficult to check that both tangent lines are orthogonal.

Finally, we will name by S the point of coordinates (—a, 0) of £.
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6 C. Fierobe

2 Complex Reflection Law

Here we introduce the notion of complex billiards, which is somewhat similar to
pseudo-euclidean billiards studied by Dragovic and Radnovic in [6].

Considering an affine chart whose coordinates will be denoted by (x, y), we have
the inclusion R> ¢ C?> ¢ CP?, and CP? = C? L Cop, where C is the infinity line.
As introduced and explained in Ref. [10], and studied in Ref. [19], the reflection law
on an algebraic (analytic) curve in R? can be extended to CP? by considering the
complexified version of the canonical euclidean quadratic form, that is the complex-
bilinear non-degenerate quadratic form ¢. It leads to construct a notion of symmetry
with respect to lines of C2. Just note that ¢ has two isotropic subspaces of dimension
1 (namely C(1, i) and C(1, —i)).

2.1 Definition

Definition 2.1 Define the cyclic points of CP? as the points I = (1 : i : 0) or
J=00:—=i:0).

Definition 2.2 ([10], Definition 1.2) A line in CPP? is said to be isotropic if it contains
either / or J and non-isotropic if not. (Thus, the infinity line is automatically isotropic.)

Definition 2.3 ([10], Definition 2.1) The symmetry with respect to a line L is defined
by the two following points:

e The symmetry acting on C? (on points and on lines): it is the unique non-trivial
complex-isometric involution (isometric for the form ¢) fixing the points of the
line L, if L is non-isotropic;

e The symmetry acting on lines: if L is an isotropic line passing through a point
x ¢ Coo, two lines £ and ¢’ going through x are called symmetric with respect to
L if there exist sequences of lines (L), (€,)n, (£),), through points x, such that
L, is non-isotropic, £, and £/, are symmetric with respect to Ly, £, — €, £, — £/,
L, — L and x, — x, whenn — o0.

We recall now Lemma 2.3 [10] which gives an idea of this notion of symmetry in
the case of an isotropic line through a finite point.

Lemma 2.4 ([10], Lemma 2.3) If L is an isotropic line through a finite point x and ¢,
U are two lines passing through x, then £ and £’ are symmetric with respect to L if
and only if either £ = L, or ' = L.

2.2 General Billiard Orbits

Definition 2.5 A piece of non-degenerate complex billiard trajectory is an ordered set
of points (Mg, M1, ..., M) on & such that

1. Mj #Mj,forall j €{0,...,n—1};

2. forall j € {1,...,n — 1} the line TMjé' is non-isotropic;
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Complex Caustics of the Elliptic Billiard 7

3. forall j € {I,...,n — 1}, the lines M; | M; and M;M; are symmetric with
respect to the tangent line T, €.

We say that a piece of non-degenerate trajectory is a non-degenerate periodic orbit or
just an orbit when M,, = M, and when the above statements are also true for M.

The M’s are called vertices of the trajectory, and the lines M; M sides of the
trajectory.

Computations will be easier with the following definitions.

Definition 2.6 A piece of non-degenerate trajectory is said to be:

1. finite if none of its vertices belong to the infinity line, and infinite if one of them
belong to Coo;

2. isotropic if all of its sides are isotropic, and non-isotropic if none of its sides is
isotropic.

3. flat if all of its sides coincide with one of both foci lines of £.

Remark 2.7 1t is not difficult to see that a piece of trajectory has a side on a foci line
if and only if it has all its sides on this foci line.

Then we will use the following proposition, which follows from the fact that the
reflection law with respect to a non-isotropic line permutes two isotropic lines, [11],
corollary 2 (there exist exactly two distinct isotropic lines passing through any point

x ¢ Cx).

Proposition 2.8 A non-degenerate periodic orbit with an odd number of sides is non-
isotropic and none of its sides lie on a foci line.

When n = 3, periodical orbits are called triangular. The proposition 2.8 implies
that there are no non-degenerate isotropic triangular orbits.

Definition 2.9 ([10]) A degenerate triangular complex orbit on acomplex conic £ is an
ordered triple of points in £ which is the limit of non-degenerate periodic triangular
orbits and which is not a non-degenerate triangular orbit. We define the sides of a
degenerate orbit as the limits of the sides of the non-degenerate orbits which converge
to it. Note that the sides of a degenerate orbit are uniquely defined, see the following
more precise proposition.

Proposition 2.10 ([19], Lemma 3.4) A degenerate triangular orbit of an ellipse £ has
an isotropic side A which is tangent to £, and two coinciding non-isotropic sides B.

2.3 Digression: Comparison with the Projective Reflection Law

Here we discuss about another generalization of the usual reflection law in the
euclidean plane, the so-called projective reflection law, and we compare it to the
complex reflection law. This subsection is independent from the rest of the paper and
its reading can be skipped without any consequences. If the reader is interested, we
refer to Refs. [8,20,21] for more details and recent results about this reflection law.
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8 C. Fierobe

Fig.2 A projective billiard o

The projective reflection law in the euclidean plane is defined as follows: a quadruple
of lines (¢, ¢/, L, T') going through the same point p in the euclidean plane is said to
be harmonic if their cross-ratio is equal to —1. We recall that the cross-ratio of four
distinct lines going through the same point is the cross-ratio of their intersection points
with a fifth line d not containing p (and this does not depend on the line d).

Definition 2.11 (Projective law of reflection) Let y C R? be a plane curve, p € y,
and L be a transverse line to y at p. A line £, distinct from L and 7),y, passing through
p is said to be reflected into a line £’ through p by the projective reflection law with
respect to L if the quadruple of lines (¢, £', T)y, L) is harmonic.

Remark 2.12 This definition can be naturally extended to the case when L = Ty, but
we will not detail this further.

Definition 2.13 A projective billiardis adomain 2 C R”" with boundary endowed with
a transverse line field L, called the projective field of lines (see Fig. 2). The reflection
in planar projective billiard with a boundary curve 92 acts on lines according to the
projective reflection law.

Remark 2.14 Notice that the projective law of reflection and projective billiards can
also be defined in the complexified euclidean plane, that is in C? (in exactly the same
way). In this case we write specifically complex projective billiards.

Now let us show that this law of reflection generalizes the (real or complex) reflec-
tion law. Denote by T a (real or complex) line through a point p and by T the (real or
complex) line through p which is orthogonal to T (for the standard euclidean metric
in the real case, and for ¢ in the complex case). Suppose that 7' is non-isotropic, so
that T # T, Two lines £ and £’ through p are symmetric with respect to T (for the
real or complex law of reflection) if and only if the quadruple of lines (¢, ¢/, T, T is
harmonic, and the projective reflection law is satisfied. In the case when T is isotropic
(T = T1), we can get the same conclusion. Therefore

Proposition 2.15 A real (resp. complex) billiard Q2 is a real (resp. complex) projective
billiard whose projective field of lines is defined by the normal lines to 92 (resp. for
the quadratic form q).

3 An Algebraic Proof of Theorem 1.2

In this section, we give a short algebraic proof of Theorem 1.2, noticing that the
theorem is true for real orbits and using Zariski topology to conclude.
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Complex Caustics of the Elliptic Billiard 9

Proposition 3.1 For every projective line L passing through neither real, nor complex
foci there exists a unique A ¢ {—a>, —b*} such that the conic Cy, is tangent to L.

Proof We prove this result by taking projective duality given by polar duality with
respect to the Euclidean metric.

Denote by F} and F; the real foci of all C;, and by G and G, their complex foci:
F1, F> are on the x-axis, G1, G> on the y-axis (see Sect. 1.2, or [4], Volume 2, Section
17.4). Hence the dual line Fl* of F; is vertical and the dual line G?‘ of G; is horizontal.

Then note that any line F;G; is tangent to any C; (again, see Sect. 1.2, or [4],
Volume 2, Section 17.4.3). It induces a point x;; defined as the dual of the line F; G,
which belongs to all dual conics C} of C;.. Hence, the family C; is a pencil of conics
through 4 distinct points x; ;. The conics C;' of the dual pencil are given by the equation
(a® + M)x% + (b*> + 1)7% = 1. They are smooth for every A ¢ {—a?, —b?}.

Now, to any line L passing through neither real, nor complex foci corresponds a
dual point y; different from the x;;. By polar duality, Proposition 3.1 is equivalent to
say that there is a unique conic passing through yy in the pencil of conics defined by
the dual conics of the C>. And this is a classical result on pencils of conics which is
not difficult to prove, see for example [9].

To see that A ¢ {—a?, —b?}, suppose the contrary, for example A = —b?. The conic
Cj is a pair of vertical lines passing through the x;;, hence both lines are the dual lines
F} and F5 of the real foci. But L do not contain any foci, thus its dual point L* do
not belong to Fj" U F} = Cj.

The same statement holds for complex foci and —b? replaced by —a?.

Remark 3.2 By proof of Proposition 3.1, we see in fact that if L goes through a real
focus, its dual point L* belongs to a ;' only when A = —b?. Hence L is never tangent
to a Cy, for A # —b>.

Corollary 3.3 The collections of (A, L, L) such that A lies in the given ellipse £ and L
is a line through A that is tangent to Cy,_form an irreducible two-dimensional algebraic
surface, in which the real part (real lines tangent to real confocal ellipses) is Zariski
dense. The image of L under reflection from the tangent line T4& is again tangent to

Cy..

Proof The first statement of Corollary 3.3 follows immediately from Proposition 3.1.
The second statement follows from the fact that it obviously holds on the Zariski dense
real part and from algebraicity of the tangency condition for the reflected line.

Proof of Theorem 1.2 If the first statement of Theorem 1.2 is realized, then for each j,
by Corollary 3.3 the line M ; _; M is reflected into the M ;| M ; under reflection from
the tangent line 7)y,£. Hence T is a billiard orbit.

If the second statement of Theorem 1.2 is true, by Proposition 3.1 there is a unique
A ¢ {—a®, —b?} such that the conic Cy, is tangent to the line MyM;. By Corollary 3.3,
each M ;M is again tangent to C;.

Note that if you fix j, M;_1M; and M;;1M; are the two tangent lines to C;,
passing through M : indeed, suppose M;_1M; = M1 M; and take any tangent line
T to C, passing through M ;. By Corollary 3.3, it is reflected in a tangent line 7" to
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10 C. Fierobe

Fig.3 In Proposition 4.2, we M,
consider all quantities

P (M, vo), P(My, v)),

P(My,vy) and P(Ma, vy) £

My ‘Mo

C;.. In the case when T = T’ the line T is orthogonal to TMjé', and so is the line
MM ;. for the same reasons. If T # T ,wehave T or T' = MM,y or we would
have three distinct tangent lines to £ passing through M; which is impossible. Hence
T=T =MiMj_1 =M;jM;.

4 Theorem 1.2 and Joachimsthal Invariant

Remark 4.1 This section was inspired by the study of billiards in conics conducted in
Chapter 4—Billiards inside Conics and Quadrics of [22]. In this book, Theorem 4.4
shows that for a set of points and directions defined as successive billiard reflections
on a real conic &, there is an invariant quantity. Known as Joachimsthal invariant, it
is defined by

XUy YUy
a? b’

where (x, y) are the coordinates of a vertex of an orbit, and v a unitary vector having this
vertex as starting point and pointing toward the next vertex. The author, Tabachnikov,
further explains, without proving it, that one can find such an invariant if and only
if one can find a conic tangent to the orbit. Let us mention another reference about
Joachimsthal invariant, which was given to us by the referee, which we are grateful
to: see [16], chapter I'V.

In our case, Joachimsthal invariant does not work anymore and we need to change
it a little bit: a square power appears, and we have to handle the case of isotropic
directions, for which unitary vectors cannot be found (that are vectors v such that

q) = 1.

4.1 A Billiard Invariant

Proposition4.2 Let T = (Mo, M1, M3) be a piece of non-degenerate and non-
isotropic trajectory on € with My finite. Then the quantity
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Complex Caustics of the Elliptic Billiard 1"

) N2
(= + %)
P(Mj,v)= —— "

q(v)

where (x, y;) are the coordinates of a finite vertex M j and v = (vy, vy) is a directing
vector of Mj_\M; or MM\, is independent on the index j € {0, 1,2} of the finite
vertex chosen and on v (see Fig. 3).

Remark 4.3 For periodic orbits with an odd number of sides, one can remove the
non-isotropic assumption, see Proposition 2.8.

Proof Since a non-isotropic piece of trajectory has non-isotropic sides by definition,
g (v) # 0 for all v taken like in the proposition we want to prove.

First case If My and M are finite, write Moy = (xo, y0), M1 = (x1, y1). Take vg
a vector such that g(vg) = 1 and directing MyM; and v; vector such that g(vy) = 1
and directing M| M>. Define the matrix

_( 1/a*0
A= (0 1/b2>'

Then since ‘M ;AM; = 1 and since A is symmetric, we get
"(My — My)A(M1 4+ My) ="M1AMy — "MygAM; = 0.
Since vy is collinear to M| — My we have further ‘vgA (M + My) = 0, thus
"WoAM| = —"vgAMy. 2)

But since MyM; and M| M, are symmetric with respect to the tangent line of £ in M
which is also orthogonal to AM| (the gradient in M of the bilinear form defining &),
we only have two possibilities: either vy 4 v or vg — vy is orthogonal to AM;. Hence

"(vo +v1)AM; =0
or
"(vg — v1)AM;| = 0.
In both cases
t 2 t 2
( voAM1) = ( U1AM1)
and using equality (2), we get
t 2 2
( voAM()) = ( v1AM1) , 3)
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12 C. Fierobe

M,
£
A
v
M, A
"1 v A
v
0
. ——
Mo
Mo M Tar, € M M

Fig.4 A piece of billiard trajectory (Mg, M|, M3) on € with M infinite as in the proof of Proposition 4.2.
The points M( and M, are symmetric across O, hence My = —M and P (Mg, v) = P(M>, v). Here £ is
represented as an hyperbola which allows us to view the tangent line at the infinity point M as the vertical
asymptote

which proves Proposition 4.2 for unitary vectors. For general vectors, it is enough to
divide them by a square root of g(v), which explains why there is a 1/g(v) in the
invariant formula.

Second case If My is finite and M| infinite (see Fig. 4), then M is finite. Indeed,
MoM; is a finite line and Tj, € is not isotropic. Hence the line symmetric to MoM;
with respect to T, € is finite and parallel to MoM; and to Ty, €. Thus M5 is finite.
And therefore, we need to prove that

P(My,v) = P(M>, v),

with v a vector directing T, £ (because v directs the lines MoM;, M M3 and Ty, E).
But My = —Mj since Ty, € goes through the origin O = (0 : 0 : 1) (by property of
a tangent line at an point of £ on Cy,) and the ellipse £ is symmetric across O (see
Fig. 4). This implies that P (Mg, v) = P(M2, v).

Corollary 4.4 Let T = (M, ..., M,) be a piece of non-degenerate and non-isotropic
trajectory on . Then the quantity P(M, v) defined as before does not depend on the
choice of a finite vertex M ; or on v, a directing vector of Mj_1M; or MjM 1. Thus
we will write P(Mj,v) = P(T).

Now we see that the invariant property implies a billiard reflection property.

Lemma 4.5 Let M be a finite point on & such that the line Ty E is non-isotropic. Let
L1, €2 two non-isotropic lines passing through M and directed by the vectors vy, va. If

P(M,v1) = P(M,v2), “)
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Complex Caustics of the Elliptic Billiard 13

then one of the following cases holds:

1. 0 =4t
2. £y and £y are symmetric with respect to Ty E.

Proof Suppose that case 1 is not true. Let us prove case 2.
We can suppose g(v1) = g(v2) = 1. By the equality (4), we have

"MAM = £, AM,
hence
"(vy £ v1)AM = 0.

Thus we get that v; + vy or vy — vy is orthogonal to AM which is orthogonal to the
tangent line of £ in M. Hence v; + vy or vy — v is tangent to £ in M. This implies
that one of these vectors is fixed by the reflection with respect to Tjp/E. Therefore
this means that the components of the v;’s along the direction of Ty &~ are the same
or have opposite signs. Since the v;’s are unit vectors, their components along the
direction of T);& are also the same or have opposite signs.

Hence we have only three possibilities: (a) vy and vy are symmetric with respect to
Ty &, (b) vy and v, are symmetric with respect to Ty & L. () vy = tv. Possibility
¢) cannot happen, otherwise £; = ¢. Hence case 2 is proven.

Lemma 4.6 Let My, M1, M3 be points on € such that My, M» are finite and M| infinite.
Let vj be a vector directing the line MiM ;. If

P (Mo, vo) = P(M2, vy), (5)

then one of the following cases holds:
1. My = M>;
2. MoM and M| M3 are symmetric with respect to Ty, E.

Proof Suppose that case 1 is not true. Let us prove case 2.

Since M| € €& is infinite, M|y = (a : +£ib : 0). Thus MogM, and MM, are
directed by v = (a : £ib). To simplify, suppose v = (a, ib) = v; = v,. Thus since
P(My, v) = P(M>, v) by equality (5), we have

X0 . Yo (x2 .YZ)
_ — = — —,
a +lb a +lb

withe € {1, =1}, M; = (x;, y;). Hence

0.

Xy — &X —¢
2 O+iy2 Yo _
a b

—

We show that ¢ = —1. Indeed, if ¢ = 1, the latter equality means that MyM; is
—

orthogonal to v = (1/a, i /b), which is orthogonal to v. Therefore, MoM, is colinear

@ Springer



14 C. Fierobe

Fig.5 The non-isotropic line M
passing through M and directed

by v goes through a real focus if

and only if P(M,v) = a_z, see

Proposition 4.7

to v: but this is impossible, otherwise Mgy, M, M, would be three distinct points of £
on the same line.

Thus e = —1. Then, applying the same arguments, we have My = —M,. Hence
MyM, reflects into M| M.

4.2 Particular Values of the Invariant

The question we consider here is: for which non-isotropic v dowe have P(M, v) = b~
or P(M,v) =a"2?

Proposition 4.7 If M is not a point of isotropic tangency of £, we have:

e P(M,v) = a~? ifand only if v has the same direction as the line going through
M and one of the real foci of € (Fig. 5).

e P(M,v) = b2 ifand only if v has the same direction as the line going through
M and one of the complex foci of £.

Proof We just prove the first point, the second one is analogous.
First, for a fixed M € £, and a k € C, there are at most two directions v such that

P(M,v) = k.

(Two collinear vectors have the same direction.) Indeed, the equation % + % =k’ of

unknowns vy, vy defines a complex line which intersects the affine set v)% + v% = 1lin
at most two points (weak form of Bezout theorem). And considering the same equation
but with —k’ instead of k’, we get at most four unitary vectors such that P(M, v) = k,
two of them being the opposite of the others. Hence there are at most two directions
such that P(M, v) = a~2.

We give here the different possibilities for those directions. The real foci of £ have
coordinates (&, 0), where ¢ = +/a% — b2. Hence v+ = (x & ¢, y) are directing the
lines going through M and the real foci. Then we have

Xopa YUy XX EO) v
a? b? a? b? a? a?
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Complex Caustics of the Elliptic Billiard 15

P(T)=a"2 P(T) #a"2,b72

R
N

Fig.6 Trajectories with their respective P(T)

and using the fact that M € £, we have

a’qvy) = a*(x +¢)* +a*y?

a?(x + )% + (ab)? — b2x?
c2x2 4+ 2a%xc +a*

= (a® + cx)2.

Hence, since M is not an isotropic tangency point of £ and by (1), we get that

q(v4) #0.

Thus,
_ 2
P(M,vy)=a

and the same is true with v_. There is one case when v_ and v, are colinear: when
M is one vertex of the ellipse. But this case can be solved easily.

Corollary 4.8 (Forbidden values of P(T)) Let T = (My, ..., My), withn > 3, be a
non-degenerate and non-isotropic piece of trajectory. If T has none of its sides passing
through a real or a complex focus of £, then P(T) # a~2 and P(T) # b~? (Fig. 6).

4.3 Proof of Theorem 1.2

Here we prove that the invariant P(7") characterizes pieces of trajectories which are
tangent to the same conic. We first recall the following elementary fact.

Lemma 4.9 let C be a conic in CP? given by the equation ' XAX = 0, where A is
a 3 x 3 invertible matrix, and v = (a’,b’, ¢') € C3 defining the line €, of equation
a'x +b'y+c'z=0. Then £, is tangent to C if and only if
A v =0.
We are now ready to prove the first part of Theorem 1.2.

Proposition 4.10 Let T = (My, ..., M) be a non-degenerate non-isotropic piece of
billiard trajectory. We suppose that none of its sides pass through a (real or complex)
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16 C. Fierobe

Fig.7 The confocal caustic C),
inscribed in a piece of billiard
trajectory

focus. Then there is a unique ) € C such that a*> + A # 0, b> + 1 # 0 and T is
circumscribed about the conic C, (Fig. 7).
We have in this case » = —(ab)>P(T).

Proof For s € C, let us define the matrix

al+s 0 0
B;=1|0 br+s 0
0 0 -1

Since the orbit is non-isotropic, two consecutive sides cannot be infinite at the same
time. Hence, we suppose without loss of generality that M is finite. Then the line
MyM; is defined by the equation in CP? vyx — Uy + (VYo — vyxp)z = 0. Here
Mo = (x0, y0) and v = (vy, vy) is a directing vector of MoM in CZ. Hence we have
MoM = £, (in the notations of Lemma 4.9), where

w = (Vy, —Vx, Ux Y0 — VyXp).
It allows us to compute
"wBsw = (a* + s)vg + (b 4 s)v? — (veyo — vyx0)2 )
Using the fact that M lies on the ellipse, that is, substituting

2.2 2.2
2 2, %) 2 , | b'xg
as=xp+ 7 b=y0—|-a—2

to the above formula, we get

XQUx y0Uy>2

_ 2
"wBsw = sq(v) + (ab) ( 2 2

Hence the previous quantity P (Mo, v) defined in Proposition 4.2 appears here again,
since

'wByw = q(v) (s + (ab)>P (Mo, v)) .
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Complex Caustics of the Elliptic Billiard 17

Hence if A = —(ab)>P(My, v), it is the only A for which ‘wB;w = 0. And since
P(My, v) = P(T) does not depend on the choice of the index j of a M;, the same
computations are true for all lines M; M. Thus, since P(T) # a=2, b= by corol-
lary 4.8, we have a’+ A # 0 and b2+ A # 0, B, is invertible and B;l defines the
conic C,. The above equality “w B, w = 0 implies that all M; M are tangent to Cj.

Now let us prove the second part of Theorem 1.2. It is a consequence of Proposition
4.12 which comes later. But first we will need the following

Lemma4.11 Let A € C be such that a®> + » # 0 and b*> + ) # 0. Then each line
MyM, which is tangent to C,, where My # M € &, is such that

1. My or My is finite;

2. the line MyM is non-isotropic;

3. A= —(ab)zP(Mj, v), where v is directing MoM and M j is a finite point among
My, M.

Proof First notice that this line is non-isotropic because otherwise it would be tangent
to Cy,, hence to £, and we could not have My # M. O

Furthermore, it is not the infinity line (which is not tangent to C;,), hence M or M
is finite. Therefore, the lemma results from the computation analogous to that of the
proof of Proposition 4.10 for the computation of ‘w Byw.

Proposition 4.12 Let A € C be such that a*> + » # 0 and b> + 1 # 0. Then each
n-uplet of points T = (M, ..., M,) € &E", two consecutive points being distinct,
such that forall j € {1, ..., n — 1} the sides M; (M and M ;M realize the two
tangent lines to C,, going through M, is a non-degenerate and non-isotropic piece of
billiard trajectory, with ». = —(ab)* P(T'), whose sides avoid the foci of E.

Proof Lemma 4.11 implies that the sides M ;M ;1 of T are non-isotropic and for each
J, at least one point among M; or M is finite.

Furthermore, the quantity P (M, v) does not depend on the finite point M; of T
or on the vector v directing M; 1M or M;M ;.

Therefore for each j, we have two possibilities by Lemmas 4.5 and 4.6: either
Mj_yMj = M;jM 4, or both lines are symmetric with respect to Ty, €.

Let us show that the former case is a subcase of the latter case. Indeed, if there
isa j such that M;_1M; = M;M;, then by properties of conics M;_1 = M.
This implies that there exists only one tangent line to C; going through M. Hence
M; € C,NE and M;_M; is the tangent line TM_/C)\, which is orthogonal to the
tangent line T);& by Lemma 1.8. Thus M;_M; and M; M are symmetric with
respect to Ty, €.

Hence for each j we have a billiard reflection. Finally, the sides avoid the foci,
since A # —a?, —b?* and by Corollary 4.8. This concludes the proof.

5 Proof of Theorem 1.3

The finiteness of the number of conics yj’.l, which we will call caustics, is not difficult
to prove. For a fixed integer n > 3, the set 7,, of non-degenerate n-periodic orbits is an
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18 C. Fierobe

open set of an algebraic curve of £" ~ ((C]P’l)" (otherwise we could find an open set
of initial conditions (Mo, M;) € £2 corresponding to n-periodic orbits, contradicting
the real case). This curve has then a finite number of irreducible components. Now,
for a fixed caustic, the set of n-periodic orbits circumscribed about it is an irreducible
algebraic curve included in 7, (this follows from the fact that each n-periodic orbit is
uniquely defined by its initial condition (¢, M), where £ = My M, is aline through M
thatis tangent to the given caustic, and the space of initial conditions is an elliptic curve,
see [13]). But two different caustics cannot have the same set of circumscribed orbits:
otherwise their corresponding constant P(7") would be the same (Proposition 4.10),
which is impossible. Hence there is a finite number of caustics: y|' =Cy,, ..., yy =
Cy.y» with pairwise distinct A ; all different from —a? and —b2.

Our goal now is to estimate the number N of caustics. To do so, we will use
Cayley’s theorem, proven for example in [13]. We will just give an upper bound on N
(Propositions 5.4 and 5.8) and explain how we can compute its exact value (Corollary
5.6 and Propositions 5.8 and 5.11).

The following theorem of Cayley is needed. We will say that two conics C and
D are in general position if they intersect (transversally) at four points. Note that if
A # 0, C, and & are in general position (see Lemma 1.8).

Theorem 5.1 (Cayley) Fixn > 3. Let C and D be quadratic forms defining two regular
conics in CP? in general position. Write

Jdet(tC + D) = Ag + At + Art> ...,

the analytic expansion in O of the holomorphic function t + +/det(tC + D). Then
there is an n-sided polygon inscribed in C and circumscribed about D if and only if

Ay A |

n—
: : =0, withm= - (n odd),
Apst - Ao

or

Az L Ap
n
: : =0 withm = 5 (n even).

Apyl oo Ay
This condition is reduced to Ay = 0 whenn = 3 and to A3 = 0 whenn = 4.

Remark 5.2 Note that the determinants we are considering in Theorem 5.1 can be
rewritten for n odd and n even, respectively, as

det(Ajj)1<i,j<m and det(A;j4j+1)1<i j<m—1-

Remark 5.3 We recall that an element of CIP? can be represented by a triple of the form
(x :y:z),where x, y, z € Care not all equal to 0. Be careful that this representation
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Complex Caustics of the Elliptic Billiard 19

is not unique since (x : y : z) = (tx : ty : tz) for any t+ € C*. Then any polynomial
P(x,y) of degree d can be associated to a homogeneous polynomial

X
P,y 2) = 24P(L ).
Z Z

Hence the zeros of P in C? can be extended in CP? to the set of zeros of Pﬁ(x, v, 2).
In our case, the conic C;, can be viewed in CP? as the set of (x : y : z) such that

2 y2

2
-+ —5———-2"=0.
a?+xr  br+x
Proposition 5.4 Let n > 3. There is a polynomial B"()) such that any of its roots
A {—a?, —b?*} has the following property: there exists an n-sided polygon inscribed
in € and circumscribed about Cj,.
The degree of B" is such that

2_ . .
deg B' < :zT] zfn z.s odd
T — Lifniseven.

Proof Suppose first that n = 2m + 1 is odd and fix a A with A + a>, A + b> # 0. To
understand if there is an n-sided polygon inscribed in £ and circumscribed about C;,,
we apply Cayley’s theorem: there is such a polygon if and only if the determinant

Ay(A) o A (V)
A"y = | o
Apr1(V) ... Az (D)

vanishes, where the A;()) are the coefficients in the analytic expansion of

f it — y/det(tC + D,),

with C and D, being quadratic forms, respectively, associated to £ and to C;,. Thus, to
prove the result we want, we have to show that the determinant A" (1) vanishes for a
finite number of A. Let us give a more precise formula of A" (1). We have by Remark
5.3,

tC+D r 2y (L4t 2o (t+ DZ?
fr— — _x — — — s
~ a? a4 b2 b2+ Y ‘

hence

t 1 t 1
det(tC + D)) = — (a_2 + m) (b_2 + m) t+1),
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20 C. Fierobe

which we factorize in

1 a4+ b* 4 A
det(tC + D)L) = _(a2 —|—)\)(b2 +)\) az t+1 b—zt +1 (t =+ 1)

Define the map g : ¢ — \/<“2*2'At + 1) (bzﬂt + 1) (t + 1) and write its Taylor

a b2
expansion as

gty =Y Bu(Mi*.

k=0
Since
_ ig(1)
J0= NCES TN
we have
AcG) = i Br(})

J@+ 002+

This shows that A" (1) is a function of A which vanishes if and only if the determinant

By(A) ... Bny1(1)
B0y = |; ¥
Bm+l (A) ... By (D)

also vanishes. We thus need to compute the Bys. Write

t+1=cotct+et® +--,

where k+1
1 /1\ /1 1 (=1 2k
=—(=)(==-1)...(z=—k+1)=—F——— . 6
T <2>(2 ) <2 i ) 4"<2k—1><’<> “
Therefore for any §,
ﬁt+1=co~|—clﬂt+62ﬂ2f2+""
where CuCyC
utvtw
By = 3, mp @ A" ™
u+v+w=k

Therefore each By is a polynomial in A of degree at least k. Hence B (1) is a polynomial
in A verifying: for any A ¢ {—a?, —b?}, B"(1) = 0 if and only if A" (1) = 0, which
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is true if and only if there exists an n-sided polygon inscribed in £ and circumscribed
about C,.
Now for any permutation o of {1, ..., m}, we have

m m m
deg [ [ Bojyij =Y _deg Bo(jyij < Y (0(j) + j) =m(m + 1)
j=1 j=1 j=1

and since B"()) is a sum of + ]_[’;':l Bs(jy4j over all o, we have that deg B" (1) <

m(m + 1) = 221,

Now if n = 2m is even, the existence of " is treated exactly as in the case when
n is odd, but instead, B" (1) = det(B;j+1)1<i,j<m—1- Hence for any permutation o
of {1,...,m}, we have

m—1

deg 1_[ By(jyrjr1 =m> =1
j=1

and deg B" < mr—1= % — 1.
Now we are ready for the proof of Theorem 1.3:

Proof (Proof of Theorem 1.3 (without its last statement for n = 3, 4)) Let 3" be the
polynomial of Proposition 5.4. By construction, any root A of 3" different from —a?”
and —b? corresponds to a C inscribed in an n-sided polygon P of £. By Theorem
1.2, P is a n-periodic billiard orbit and C;, is its caustic, therefore A = X ; for a certain
1 < j < N. Conversely, all A; are roots of B" since a periodic billiard orbit is a
polygon.

The first statement of Theorem 1.3 is obvious by Theorem 1.2. The second statement
is a consequence of the argument given at the beginning of Sect. 5.

The third statement comes from Poncelet’s theorem: by definition of the y;, there is
atleast one n-sided polygon inscribed in £ and circumscribed about C; . Now Poncelet’s
theorem states that for any p € & there exists such a polygon with p as a vertex.

We can try to know if there are periodic orbits passing through the foci. We recall
that in the real case, a billiard trajectory going through the real foci accumulates on
the (real) foci line (see [22], Exercise 4.3).

Proposition 5.5 If an n-periodic orbit goes through the real (resp. complex) foci, then
n is even and its edges are on the real (resp. complex) foci line.

Proof Since a line through a focus is reflected into a line through another focus, n has
to be even. Now consider the map f from £ to £ defined as follows: for A in &, let
B be the other intersection point of AF; with £ and C the other intersection point of
BF, with £, where Fy, F; are the real foci of £. A n-periodic orbit through the real
foci has a vertex M such that f*(M) = M. Now f is a non-trivial automorphism of
& ~ CP! hence is a Mobius transform, and so is f". But such transform has at least
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two fixed points. Since we already know two of them to be the vertices of &, the latter
correspond to the only possible initial points of periodic orbits through the real foci.
The same holds with complex foci.

From the proof of Theorem 1.3, we get

Corollary 5.6 If the roots of B" are simple and different from —a* and —b>, then
N = deg B".

Remark 5.7 In order to compute the exact value of N, we can first try to compute
the exact value of deg B" (see Proposition 5.8). Then we can understand when the
assumptions of Corollary 5.6 are satisfied (see Proposition 5.11). Unfortunately we
still do not know in which cases B" has simple roots.

Proposition 5.8 There exist ry,...,r, € R such that for all (a,b) with a ¢
{rib, ..., rpb}, we have

2_ . .
deg B — :24—1 zfn l.S odd
T — Lifniseven.

Remark 5.9 We show in Proposition 5.10 that p > 1, more precisely that 1 belongs to
the collection of {ry,...,rp}.

Proof Suppose n = 2m + 1 is odd. By Eq. (7), B is of degree < k and the coefficient
in front of A% is

B cucy (=¥ 1 2u (2v
dBY = a2 T4k ZkaZMva(zu—1)(2v—1)<u><v>' ®

utv=k u+v=

Fix a permutation o of {1, ..., m}. We have

m m m
deg [ [ Bojyej = Y _deg Bo(jysj < Y (0(j) + j) =m(m + 1)
j=1 j=1 j=1

and the coefficient in front of A+ 1D jg ]_[’}’: 1 d(Bo(jy+j)- Since B" (1) is a sum of
+ ]_[Tzl By (j)+j over all o, we have that deg B" (1) < m(m + 1), and the coefficient
in front of A"+ g

d(By) ...d(But1)
dp(a,b) = |: S
d(Bpu+1) ... d(Bay)

Let us show that d, (a, b) # 0 except for specific (a, b) as described in Proposition

5.8. Note first that each d(By) is a homogeneous polynomial in (@', b=") of degree
2k, and by Eq. (8) the coefficient in front of a ¢ is
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(_1)k+1 2%k (_1)k+1
() =2 cay,
F2k—1)\ k g Ak

where Cat;, = ﬁ (2kk) is the kth Catalan number.

Now by linearity of the determinant, d,(a, b) is also a homogeneous polynomial
in (="', b=1), and we apply the same procedure as before: for any permutation o of
{1,...,m}, we have

m m m
deg [ [ d(Bo(jy+j) = D degd(Bojyij) = Y 2(0(j) +j) = 2m(m + 1)
j=1 j=1 j=1
and the coefficient in front of a2 is
m m
(— 1)J+U(1)+1 (— 1)m(m+2)2m
l_[ 2 4j+o(j) Catj+a(j)71 4m(m+1) l_[ Cat; Jjto(j)—1-

J=1 j=1

Since d,,(a, b) is a sum of + ]_['}':1 d(Bs(jy+j) overall o, we have that deg d,, (a, b) <
2m(m + 1), and the coefficient in front of =2+ g

(=D"

2m@m+T) det Hy,

where H,, is a Hankel matrix of the sequence (Caty1)x defined as

Cat; Catp, --- Caty,
Cat; Caty

Hm = .
Cat,, --- Catyy

There are not so easy methods to show thatdet H,,, = 1, see for example [17], Theorem
33. Hence d, (a, b) is a nonzero homogeneous polynomial in (a~ ', b~ ") and therefore
there exists an at most finite collection of numbers rq, ...,7, € R such that for all
a,b > 0,wehaved,(a,b) =0ifand only ifa € {rib, ..., rpb}. O

We can ask the question if deg B" has always the maximal value (described in
Proposition 5.8), or if we can find a, b > 0 such that deg B" is less than the value in
Proposition 5.8. Proposition 5.10 asserts that we can find indeed such a, b by looking
at the case of the circle (a = b).

Proposition 5.10 When a = b (in the case of the circle),

n—1 - .
n_ | 5 if n is odd
deg B {%—lifn is even.
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Proof Suppose n =2m + 1is odd. By Eq. 7, whena = b = R, fork > 2
B = Z Ck—w (1 + a—2> Z CyCy.
w=0 u+v=w

Let us compute ) cyCy: it is the Taylor coefficient at t* of the function

utv=w

V14 t2 = 1 + ¢, therefore we get that

Z N 1 if0<w<1
=10 ifw > 2.

ut+v=w

Hence By = c; + cx—1x, where x = 1 + A/a”. Using the multilinearity of det, it is
not hard to see that 3" is of degree m if n is odd and m — 1 if n is even.

Proposition 5.11 There exist an at most finite collection of numbers ry, .. ., rc/l e Rt
such that for all (a, b) with a ¢ {rib, ..., ”c/;b}’ —a? and —b* are not roots of B".

Proof Suppose n = 2m + 1is odd. By Eq. (7), for k > 2,

CcyC 1 1
Bi (—az) -y S —a®) = 3 cvenb™ (P—a?) = o Pula.b).

v+w=k v+w=k
©)
where Py (a, b) is a homogeneous polynomial in (a, b) of degree 2k. The coefficient
in front of a** is
1 2k Caty_
B — -
D= —m (k ) 2%
As in the proof of Proposition 5.8, for any permutation o of {1, ..., m},
m m
1 Qs (a, b)
2y _ oL =207
H] By (jy+j(=a”) = Hl eip Le+i(@ b) = 3oy
Jj= Jj=

where Qg (a, b) is a homogeneous polynomial of degree

m m
3 deg Pirogy = 320 () + ) = 2m(m + 1)
j=1 =1
whose coefficient in front of a®"+1) g
n m
Catjto())-1 (=n"
[ <_ 22G+o(GH—1 ) = m@m+D) [Tcatjo-1.
J=1 j=1
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As in proof of Proposition 5.8, B"(—a?) is a sum of products of the form
+ ]—[;'7:1 By (j)+(—a?) hence can be written as

Ry(a, b)
p2m(m+1) ?

where R, (a, b) is the sum of (o) I—[T=1 Qo (j)+jla, b) and &(0o) is the parity of .
Thus R;(a, b) is a homogeneous polynomial of degree 2m (m + 1) whose coefficient
in front of a®™("+1D g

(=D" (="

2m@m+1) det Hy, = mCmt1)’

as in the proof of Proposition 5.8. Thus R, (a, b) is anonzero homogeneous polynomial
such that

R, (a,b)
n 2y _ a4,
B'(=a”) = p2mm+D) "
We can do the same with B"(—b?) to obtain the same conclusion, which finishes the
proof.

6 Triangular Orbits

As in the proof of Theorem 1.3, any root A ¢ {—az, —bz} of B3(W) corresponds to a
caustic defined by C, for triangular orbits in the complex domain. Therefore we are
going to compute B3(1) and its roots. This section is very similar to Ref. [7] p. 17,
since we get the same results with a similar method (just notice that the conventions
adopted in this paper is different from ours: in Ref. [7], a stand for a2, b for b and
their Cy, is the same as our C_;). Yet, our conclusion is a little bit more general thanks
to our previous study on complex caustics (Theorem 1.2). For the Minkowski plane,
similar calculations are given in Ref. [1], p. 469, 470. We have

B(n) =

o (@ =522 = 2(a*6 + a?*) — 3%

which is a polynomial of second degree. Its roots are

_a?b*(a® +b?) £2a%b*Va* — a?b? + b

A
+ (a2 _ b2)2

which correspond to the opposite of the solutions found in Ref. [7] as predicted.

Lemma 6.1 We have A4 > 0 and —b* < A_ < 0.
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Fig.8 The initial ellipse with its
two caustics C,_ and CA+ when
n=3,a=2andb =1

Proof The inequality A_ > —b? is equivalent to
20203V a* — 2a2b? + bt — a®b (a® + bY) < b2 — b2,
which can be simplified in
28°0*Va* — 2a2p? + b* < 2a* + b* — a®b.

This last inequality is true as we can see by taking the square of both its right and left
sides. The same method can be applied to show that A_ < O.

By Lemma 6.1, the caustics corresponding to A+, Cy, and C;,_, are confocal ellipses
which are, respectively, bigger and smaller than £ = Cy. As noticed in Ref. [7], C;_
corresponds to the real motion. And we can add that C;,, corresponds to no real orbits
by convexity. Hence we deduce the following corollary, which is a version of Theorem
1.3 in the case when n = 3:

Corollary 6.2 There exist two distinct real ellipses y13 = Cy_ and y23 := Cy., which
are confocal to £ by construction, and such that

e all complex triangles inscribed in £ and circumscribed about a yj3 are billiard
orbits;

e any complex triangular billiard orbit of £ is circumscribed about either y13, or )/23 ;

e any complex orbit inscribed in € and circumscribed about a yj3 is a triangular
orbit.

Example 6.3 We consider the case when a = 2 and b = 1; see Fig. 8. We compute
that

20 — 813
ho= g A 09827 and iy =

2 V1
D+ L saom.

We can apply Corollary 6.2 to classify the degenerate triangular orbits:
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Proposition 6.4 There are exactly 8 degenerate triangular orbits, given by an isotropic
tangency point a of € and a point B of £ such that af is tangent to yj3 forsomej=1,2
and non-isotropic.

Proof Degenerate triangular orbits are limits of non-degenerate (non-isotropic) trian-
gular orbits, hence are circumscribed about a y ].3. We apply Proposition 2.10: one side
A is isotropic and tangent to a yj3 . This gives only 4 possible positions. The other side
is non-isotropic, which gives two other possibilities (B should be tangent to the same
)/13), once A is fixed. O

7 4-Periodic Orbits
We apply in this section the same ideas as in Sect. 6 for n = 4. Again these calculations

repeat those from Ref. [7], p. 18, 19. For the Minkowski plane, similar calculations
are given in Ref. [1], p. 469, 470. In the following, we compute B* and its roots:

B*() =

164555 ((aZ _ b2)2(a2 + b2))\3 + (a3b _ ab3)2A2 _ (Ll6b4 + a4b6)A _ a6b6> .

We can check that its roots are

= a’b? . a’b? _ a’b?
'= 72y 2T a? 4+ b2’ 3T a2
They satisfy
A< —b* <Ay <0< s (10)

Note also that
< —a? whena < «/2b
r{ =—da? whena =+2b (11)
> —a? whena > +/2b

Denote by C; the caustic Cy,, where i = 1,2, 3, with C; not defined when a = /2b.
By Inequations (10), C> and C3 are confocal ellipses, respectively, smaller and bigger
than £ = Cy. By Inequation (11), the conic C; is a hyperbola if and only if a > ~/2b.

Corollary 7.1 When a # /2b (resp. when a = ~/2b), there exist three (resp. two)
distinct conics Cy, Ca, C3 (resp. Ca, C3) which have the previous described properties,
and such that

e all complex quadrilaterals inscribed in £ and circumscribed about a C; are billiard
orbits;

e any complex quadrilateral billiard orbit of £, which do not have its edges on a
foci line, is circumscribed about a Cj;

e any complex orbit inscribed in £ and circumscribed about a C; is a quadrilateral
orbit.
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Fig.9 The initial ellipse with its
three caustics in the case when
n=4a=2andb =1 c

C3

Fig. 10 The flat 4-periodic orbit
T;
0

Example 7.2 We consider the case when a = 2 and b = 1; see Fig. 9. We compute
that

A3 = —A] =

N

4
~ 1,333 and A2:§:0,8.

Let us investigate to which type of orbits corresponds each of the C;. To do so, we
fix a point S to be the vertex (—a, 0) of the initial ellipse £, and we want to determine
the 4-periodic orbits having S as a vertex. One is already known: it is the flat orbit
whose vertices are on the foci-line and denoted by Té‘ ; see Fig. 10.

By Theorem 1.3, each one of the other orbits is tangent to a C;: denote by Tl.4 the
4-periodic orbit tangent to C;, where i = 1,2,3. Let v; = (vy,;, vy,;) be a vector
directing a side of Ti4 starting from S, and such that g(v;) = 1. By Proposition 4.12,
one has

A = —(ab)*P(T{) = —b*vy ;. (12)

Thus we can determine v; for each i.
Case i = 1: We compute that

1
V| = ———=(%a, £ib).
1 —az—bz( )

A line passing through S and directed by one of the solution for v; intersects the ellipse
in S and a point at infinity My = (a : +ib : 0). We get the orbit (S, M4, S', M_),
where $’ = —S; see Fig. 11.

Case i = 2: By Eq. (12) and g(v2) = 1 we get

vy = E (£a, £b).

1
va*+b
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Fig. 11 The infinite 4-periodic
orbit T14 . A change of
coordinates y — iy to represent
the the orbit properly; this
operation changes £ into a
hyperbola. The infinite points of
the orbit, M1 and M_, lie “at
the end” of each branch of the
hyperbola

wn
w
m
N
O

Fig. 12 The 4-periodic orbit T24 P

/N
\/

It corresponds to the well-known real orbit (S, P, §’, P’), where P = (0, b), P’ = —P
and §" = —S§; see Fig. 12.
Case i = 3: Here we have

1
V3 = ———(Fa, +iv2a? — b?).

a2_b2

A line passing through S and directed by one of the solutions for v intersects the
ellipse in S and in one of the points

1
Ni = m(—aB, +ibv/2a% — b2)

depending on the signs we choose for v3’s coordinates.

The question is: why are the points N4 not on the x- or y-axis by symmetry of the
4-periodic orbit? The reason is that the line passing through S and directed by v3 is
reflected in the same line at one of the points N4. Indeed, the system of equations in
v

P(Ny,v) = P(T}) and q(v) =1

(see Lemma 4.6) has a unique solution (up to multiplication by —1), which is in fact
v = v3. Thus the corresponding orbit is (S, N4, S, N_); see Fig. 13.

Remark 7.3 Observe that the points N1 belong to £ and to C3. Indeed, SN+ and N4 S
realize the two tangent lines to C3 (by Theorem 1.2), thus there is only one such tangent
line and therefore Ny € C3. The same argument is true with N_.
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Fig. 13 The 4-periodic orbit T3 Ny
Its edges SN+ and SN_ are

reflected into themselves in N

and N_, respectively. Here the s

drawing is biased, because we

cannot represent T34 which has

complex vertices
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