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Abstract

We prove various mathematical aspects of the quantitative uncertainty principles,
including Donoho-Stark’s uncertainty principle and a variant of Benedicks theorem
for Lions transform.
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1 Introduction

The uncertainty principle says that a function and its transform cannot concentrate
both on small sets. Depending on the precise way to measure “concentration” and
“smallness”, this principle can assume different forms. This paper focuses on study-
ing different uncertainty principles for the Jacobi—Dunkl transform, by following the
procedures for similar transforms, such as the Fourier transform (the classical setting)
we refer to the book [12] and the surveys [5, 9] for further references. The concept
of concentration has taken different interpretations in different contexts. For example,
Benedicks [2], Slepian and Pollak [17], Landau and Pollak [13], and Donoho and Stark
[7] paid attention to the supports of functions and gave quantitative uncertainty princi-
ples for the Fourier transforms. Qualitative uncertainty principles are not inequalities,
but are theorems that tell us how a function (and its Fourier transform) behave under
certain circumstances. For example, Hardy [11], Cowling and Price [6], Beurling [4],
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and Miyachi [14] theorems enter within the framework of the quantitative uncertainty
principles. The quantitative and qualitative uncertainty principles have been studied
by many authors for various Fourier transforms, cf. for instance [1, 3, 10, 15, 18].
The first principle, studied in Sect. 2, is a Benedicks-type result which shows that
two measurable sets (S, X) with finite measure form a strong annihilating pair. This
means that a function supported in S cannot have an spectrum in ¥ giving a quantitative
information of the mass of a function whose spectrum is contained in X. The approach
is based on the corresponding version of this type of principle for the Fourier—Bessel
transform, studied in [10].

The second principle that is studied is a Donoho—Stark-type inequality. One can
write the classical uncertainty principle in the following way: if a function f(¢) is
essentially zero outside an interval of length Az and its Fourier transform f(w) is
essentially zero outside an interval of length Aw, then AtAw > 1. In [7], Donoho
and Stark show that it is not necessary to assume that the support and the spectrum are
concentrated on intervals and one can replace intervals by measurable sets, and then
the length of the interval is naturally replaced by the measure of the set. In Sect. 3, a
version of this inequality for the Jacobi—Dunkl transform is given, and, as it appears in
[7] it is explained how to reconstruct a signal f from a noisy measurement, knowing
that the signal is supported on a set S.

In the last section, after having introduced the notion of e-concentration we study
what is the relation between the measure of the support of the function f and the mea-
sure of the support of the Fourier transform of f, that is e-concentrated in measurable
sets giving. More precisely we will prove that [supp(f)|.|supp(F(f)| > 1.

To describe our results, we first need to introduce some facts about harmonic anal-
ysis related to Lions transform. We cite here, as briefly as possible, some properties.
For more details, we refer to [20].

The Lions operator A defined on ]0, +o00[ by

T2 T A ox P

3? .A’(x)i+ )

where
-1
Ax) = x2*T'B(x), a > -

where B is an even C°°-function on R such that B(0) = 1 and p > 0. Moreover, we
assume that A satisfy the following conditions:

e Aisincreasing and limy_, o A(x) = o0.
/

. . . A’(x) _
° i is decreasing and lim,_, o T = 2p > 0.

e There exists a constant § > 0 such that

Ba) _, 20+l
B(x)
B'(x)
B(x)

+ D(x)exp(—=éx), p >0

= D(x)exp(—dx), p=0
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where D is an infinitely differentiable function bounded together with its derivatives.
For all 1 € C, the equation

_ 2
{ Au = —\u 1)

u0)y=1, u'(0)=0.
admits a unique C* solution on R™ denoted ¢;,.
Equation (1) possesses also two solutions ¢+, linearly independent having the

following behavior at infinity: ¢4, (x) ~ eF*~P)X Then, there exists a function C
such that

:.(x) = C(W) P (x) + C(=1)Pp_»(x).
For 1 € C and x > 0 such that |Img(})| < p, we have

lor ()] < 1.

We denote by L”(R™, u), 1 < p < oo the space of measurable functions f on
R such that

1
r .
I fllee @t ) = (/R+ |f(x)|de(X)) < oo, ifl < p <400,

[ flloo =ess sup [f(x)] < +o0, if p=o00

xeR+
where
du(x) = A(x)dx.

The Lions transform F is defined on L' (R, ) by

F(Hn) = / F)@n(x)du(x), forallx € RT.
R+

Let v be the measure defined on [0, oo[ by

da

Let LP(RT, v), 1 < p < oo, the space of measurable functions f on [0, co[, such
that [| £l Lr g+ 1) < 00.

Plancherel theorem. The Lions transform F extends uniquely to an isometric
isomorphism of L>(R*, 1) onto L>(R*, v)

/ |f () Pdp(x) = / IF () Pdv(R). 2)
Rt Rt
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Inversion theorem. Let f € L'(R*, u) such that F(f) € L' (R, v). Then,
fx) = /w F(H)Wea(x)dv(r), ae. x € RT.

Definition1 Let S, ¥ be two measurable subsets of RT. Then, (S, ¥) is called a
strong annihilating pair for the Lions transform if there exists a constant C (S, X) such
that for all function f € L2(R™, u), with supp F(f) C %,

1Al 2@+ ) < CS DNl L2ese,0) (3)
where §¢ = RT\S and supp f = {x : f(x) # 0}.

Lemmal Let p > 0,1 < p < 2 and D, be the strip in the complex &-plane defined
by

2
Dp={Se@:|]mg(§)|<p<;—l>}.

For any function f € LP(RY, w), its Lions transform F(f) is well defined and
holomorphic in D), and for all§ € D,

[FOEN = NS e @+,wlee | Law+ vy
1,1 _
where > + 7= 1.
Proof See Lemma 3.1 in [8]. O

As|ps(x)] < 1, thegif fe LY(RT, w), F(f) is continuous also in the closure D
of Dy and for all £ € D

IF (P lloo = If It @+, 1) “

where ||.|| is the usual essential supremum norm.

2 Uncertainty Principles

In this section, we will give some remarks about Annihilating sets.

Proposition 1 Let f € L*>(R*, i) has non empty support, then

v(supp F(f))u(supp f) > 1.

In particular, if :
u(supp fiv(supp F(f)) < lthen f = 0.
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Proof If the function f € L*(R*, i) has non empty support, by the Cauchy—Schwartz
inequality and (4), we have

A

IF O 2@y < visupp FUDIF I
vsupp FUD NI 1 @s
v(supp F(Nsupp NIFI72g+ -

IA

IA

Using Plancherel’s theorem (2), we have the following quantitative uncertainty
inequality connecting the support of f and the support of its Lions transform F :

v(suppF(f))u(suppf) > 1. )

It follows that if :

p(supp f)v(suppF(f)) < I then f = 0.

m}

We consider a pair of orthogonal projections on L>(R™, ). The first is the operator
defined by

Esf=xsf (6)
and the second is the operator defined by
Fsf=F"'xsF(N], )
where S and X are measurable subsets of RT, and xs denote the characteristic function
of S.

LetO < g5, ex < landlet f € L?(R™, i), be a nonzero function where 1 < p <
2. We say that f is eg-concentrated on S if:

IEse fll 2w,y < esllfl2@s - (3)
Similarly, we say that f is ex-concentrated on X for the Lion transform if
| Fxe fllzwe ) < esllf 2@ )
We define the norm of Eg as following:

IEs( 22w+ 0

IEs| =
fer2@®ryy Il
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In the same way, the norm of F; is defined by

1 Fx (Ol 2@+, 0

| Fs|l =
ferr@®ryy  Nflzes

Since Es and Fy are projections, it is clear that | Eg|| = || Fs|| = 1.

Lemma?2 Let (S, X) be two measurable subsets of RY. Then, the following assertions
are equivalent:

@) IEsFsl < 1.
(1) (S, X) is strongly annihilating pair for the Lions transform. Moreover, we have

112y < 0= IEsFs D (1Ese £y + 1Fse M2z ) -

Proof First, we show the following implication (i) = (ii). The identity operator /
satisfies

I =Eg+ Egc = EgFy + EgFyc + Ege,
we have from the orthogonality of Eg and Egc

If = EsFs fll7ags 0y = 1EsFse f + Esc 72

= ||ESFE"f||iz(]R+,M) + ||ES"f||iZ(R+,u)'

It follows by || Eg|| = 1 that

2
I/ = EsFs Mo = (1Fse fI3ae i+ 1Es Sl ) - ©)
On the other hand, we have

If = EsFs fllizwe, )y = 1 2@ ) — 1EsFs fll2@e+ 0
> 1 f 2@ ) — NEsE I F g2t -

It follows from inequality (9)

D=

A= 1EsFDIf 2 < (1Es S ags o+ 1Fse fRagr ) - (10)

As |EsFx || < 1, then we obtain the desired result.
Let us now show the second implication (ii) = (i). We have

IEsFsll < [EsllFsll < 1.

We suppose that ||EsFx| = 1. Then, we can find a bandlimited sequence f,, €
L>(R*, ) on ¥ of norm 1 (in particular f, = Fy f,) such that
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||E5f"||L2(R+,M) —> lasn — 0.
By the fact that Eg f and EY f are orthogonal for every f, we have
”ESCfn”iz(Rﬁm = ||fn||iz(R+’M) —Esfull 2@+ ) —> Oasn —> oo,

which contradicts (3). O

Theorem 1 If 0 < u(S)v(X) < 1 then for all functions f € L*(R*t, ) such that
supp F(f) C &

-1
112 < (1= VEOWED) £ 205t 0

Proof A straightforward computation shows that EgFy is an integral operator with
kernel

N(t, %) = xsOF " (xs @2 () (x).
Indeed, we have
EsFs f (1) = xs(t) A L EOFDE0dvE)
= xs(0) /R RGO ( /R . f(x)m(x)du(x)) dv(#)
= fR | FONE AR,
where

N(t,x) = xs(t) A‘w xz ()@ ()@ (x)dv(§).

Since v(E) < oo and g, is bounded, then for all 1 € RY, yxp, (1) € L>(RT, v).
Then, EgFy is an integral operator with Kernel

N(t,x) = xs(OF (s 0. (1)) (x).

As |EsFsllus = [IN[lL2®+ xR+, u@pu)- it follows from Plancherel’s theorem (2) that

|EsFsls = /R lsoP ( /R ) |f—1<xm<r)><x>|2du<s>> du(o)

_ / s / 22 ©)le (OPdvE) o).
R+ R+
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We can deduce from |@; ()| < 1 that

IEsFs|l < [EsFslns < vr($)=(Z). (11)

Since n(S)v(X) < 1, then we have from inequality (11) and Lemma 2

-2
112 < (1= VSV ED) (15t 12y + 1 Foe fage ) -

Since supp F(f) C X, it follows from Plancherel’s theorem (2) that

2
||FEff||L2(]R+

fz ) IFEPdvE = 1F N2 ge ) =0,

o

which shows the desired result. O
We are now in position to prove our main result for the Lions transform.

Theorem 2 Let S and ¥ be a pair of measurable subsets of RT with 0 < u(S),
Vv(X) < oo, then the pair (S, X) is strong annihilating pair.

Proof Let f € L>(RT, i) be a nonzero function such that
supp f C S and supp F(f) C X.

Using the Cauchy—Schwartz inequality, we have
AT g gy < #SUPP DIF I 2 -

As f has support of finite measure, hence f belongs in L!(R*, ). From Lemma
1, F(f) is analytic in the open strip {£ : |£] < p}. This contradicts that F(f)
has support of finite measure. Then, (S, ¥) is weak annihilating pair for the Lions
transform. According to [[12], [.1.3.2.A, p. 90], if EgFyx is compact (in particular
if EgFy is Hilbert—Schmidt), then if the pair (S, X) is weakly annihilating, it is also
strongly annihilating. O

3 The Donoho-Stark’s Uncertainty Principle

The classical uncertainty principle says thatif a function f(¢) is essentially zero outside
an interval of length Ar and its Fourier transform f(w) is essentially zero outside an
interval of length Aw, then

At - Aw > 1.

In this section, we will prove a quantitative uncertainty inequality like (5) about the
essential supports of a nonzero function f € L?>(R*, i) and its Lions transform. The
first such inequality for the usual Fourier transform was obtained by Donoho—Stark

[7].
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Theorem 3 Let 2, S C RT be a pair of measurable subsets and let €5, &3, > 0 such
that 8% + 822 < 1.Let f € L>(R*, ) be a nonzero function. If f is es-concentrated
on S and ey -concentrated on X for the Lions transform, then

2
w(SHv(T) > (1 —Jei+ e%) )

Proof The result follows from inequalities (10) and (11). O

Often the uncertainty principle is used to show that certain things are impossi-
ble, such as determining the momentum and position of a particle simultaneously or
measuring the “instantaneous frequency” of a signal. In the following, we present an
example where the generalized uncertainty principle shows something. Unexpectedly
is possible the recovery of a signal or image despite significant amounts of missing
information.

The following example is prototypical. A signal f is transmitted to a receiver
who knows that f is bandlimited on X for the Lions transform, meaning that f is
synthesized using only frequencies on X; equivalently /' = Fy f. Suppose that the
observation of f is corrupted by anoisen € L?(R*, ) (which is nonetheless assumed
to be small) and unregistered values on S. Thus, the observable function r satisfies

Here, we have assumed without loss of generality that » = 0 on S. Equivalently,
r={—Eg)f +n.

We say that f can be stably reconstructed from r, if there exists a linear operator K
and a constant C such that

If = Krlie@+ ) < Clinlli2g+ - (12)
The estimate (12) shows that the noise n is at most amplified by a factor C.

Corollary 1 If S and ¥ are arbitrary measurable sets of RT with 0 < u(S)v(2) < 1.
If f is bandlimited on X then f can be stably reconstructed from r. The constant C

in Eq. (12) is not larger than (1 — «/,LL(S)U(E))_I.

Proof If u(S)v(X) < 1, using (11), ||EsFx]|| < 1. Hence, I — EgFy is invertible.
Let

K =(—EsFs)™ .
Since f is bandlimited on X, then (I — Eg) f = (I — EsFx) f. Therefore,

f—Kr=f—-K(—-Es)f+n)
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=f—KU—-EsFy)f —Kn
= f—(—EsFs)(I —EsFs) ' f —Kn
=0— Kn.

So that

If = Krlipzw+ 0y = 1Knll 2w 0
< I — EsFs) "lnll 2@+ 0

oo
< Y IEsFs Ml 2 )
k=0

< > VEN Il 2
k=0

-1
(1_ M(S)v(E)) 72l 2+ )

The constant C in Eq. (12) is, therefore, not larger than (1 — «/,u(S)v(Z))_l.

The identity

oo
K=(-EsFs)™' =) (EsFp)*
k=0

suggests an algorithm for computing K r. Put

=) (EsFo)*r,

k=0

then
fO =, O = 4 EsFs f™ and f™ — Krasn — oo.
As f is bandlimited on ¥ we deduce that

FOHD — f = EsFe(f™ — f).

(13)

Algorithms of this type have applied to a lot of problems in signal recovery (see for

examples [13, 16]).

Theorem 4 If S and X are arbitrary measurable sets of R™. If the pair (S, Z) is
strongly annihilating for the Lions transform, then f can be stably reconstructed from

r. The constant C in Eq. (12) is not larger than (l — «//,L(S)V(Z))il.
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Quantitative Uncertainty Principles Related to Lions Transform 491

Proof The result follows immediately from the proof of Theorem 1 and from Lemma
2. O

Under the hypotheses of Theorem 4 and from equality (13), the following error
estimate holds:

If = ™ N 2@ < NEsFsIf = rll2ges -

4 Quantitative Uncertainty Principle for Lions Transform

Many uncertainty principles have already been proved for the Fourier transform on
L? space for 1 < p < 2 (see [18]). In this section, we shall investigate the case where
f and F(f) are close to zero outside measurable sets. Here, the notion of ’close to
zero’ is formulated as follows.

We say that F(f) is ex-concentrated on X if and only if

IF(F) = F(Fs HllLaws,vy < exIF (e @ v)- (14)

By Riesz’s interpolation theorem [19], we deduce that for every 1 < p < 2 and
for every f € LP(R™, 1) the function F(f) belongs to the space LY (R*,v), g =
p/(p—1),and

IF N+ vy < N lLe @R+, ) (15)

Theorem 5 Ifv(X) <ooand f € LP(RT, ), 1 < p <2,
Fsf(x) = /E F(FE e (0)dv(E).

Prc:lof Let f €e LP(RT,n),1 < p <2andg = %. Then, by Holder’s inequality
and (15)

IFO iz =L|f(f)(X)IdV(X)

< ENTIF) vy

< EN Il

and

1
1P 20 = ( /E If(f)(x)lzdv(x))z

< WENT I1F Do)

g2
< (W(E) 2 N fllLr@+, -
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Hence xx F(f) € L'(R*, v) N L>(R*, v) and by (7)

Fsf=F""(x=F(f)).

Lemma3 If f e LP(RT, ), 1 < p<2andq = % then
IF(Fs Hliar+,vy < NS e, -

Proof Let f e LP(RT, n),1<p<2andq = %. From (15) and (7)

IF(F HllLa@s vy = </z If(f)(X)lqu(X)>q < IFDOlas vy < 1 lr@s,w

this yields the desired result. O

Lemma4 Let S and X be measurable subsets of RT, if f e LP(RT, n), 1 < p <2
and q = % then

I F(F2Es Pl 1oy < (1S)T WENTFllLo@s -

Proof Assume that ;1(S) < oo and V() < oo. Let f € LP(RT, u), 1 < p <2 and
q= %. From (7)

F(FsEsf) = xsF(Esf)

thus

1
q

|F(Fs Es )l o = ( /E lf(Esf)(X)lqu(X)> (16)
o
FEsf)(x) = /S e (o)
since |¢;,(0)] < 1 and by Holder’s inequality
FEs 0l = [ 17w

< (SN FlLr o

Then, by (16)

IF(FsEs llLa@s vy < (M(S))é (V(E))"l Il L et -
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Thus, the proof is complete. O

Theorem 6 Let S and ¥ be a measurable subsets of R* and f € LP(RY, u), 1 <
p < 2.If f is eg-concentrated to S in L?-norm and F ( f) is ex -concentrated to X in
Li(R™*, v)-norm, then

s 1 5 l+
IF Dl < LTS gy

Proof Let f € LP(RT, n),1 < p <2andq = %. From (8), (14) and Lemma 3, it
follows that

I1F(f) = FFsEsHllparry < I1FS) —FFs Hllraw+,v)
HIF(Fs f) = F(FsEs )l La®+,v)
<eslIFO e+ vy 11 — Esfllor®+
<esIF e vy +eslfllrw+ -

The triangle inequality and the Lemma 4 show that

I o < IFFsEsPlagsw + IF() = F(FeEs Dl
< [snT @ENT +e5] 1 lo@e + eIl F Dl )

which gives the desired result. O

Next the second continuous-time uncertainty principle of concentrated type for the
L'(R*, ) N LP(R*, 1) theory is given by the following theorem.

Theorem7 Let S and S be a measurable subsets of RT and f € L'(RT, ) N

LP(RY, w), 1 < p < 2.1If f is es-concentrated to S in L' (R, )-norm and F(f)
is ex-concentrated to ¥ in LY (R™T, v)-norm, then

_ ) ()

IF e @ vy = (1 —es)(1 —ex)

e+ g0

Proof Let f € L'(RT, u) N LP(RT, ), 1 < p < 2. Since F(f) is es-concentrated

to ¥ in LY(R™", v)-norm, g = %, then

A

1
IF O La@+vy < eslIF(OllLawsy + (/z If(f)lqdv(X)>q

exIF (Pl vy + (v(2)7 IF N oo @t )

IA

thus by |@; (x)| < 1, we have

5 1
IF a0 < G 1 g1 (1)
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On the other hand, since f is eg-concentrated to S in L!-norm

1Al e < sl Fllpigs 0 + fS |f@O)ldu()

1
<esllflliprwe ) + WP 1 llLr @+

thus
(W(S)7
7 P
1Al @+ ) < 1—||f||LP(R+,M)- (18)
— &g
Combining (17) and (18), we obtain the result of this theorem. O

Let EP(F),1 < p <2, be the set of functions g € L?(R™T, 1) that are bandlimited
to X i.e (g € EP(F) implies Fxg = g).
We say that f is e-bandlimited to X in L?-norm if there isa g € EP(F) with

If —gller@s,y < esllflLe@s+, -
Then, the space E? (F) satisfies the following property.

Lemma5 Let S and ¥ be measurable subsets of RY. For g € EP(F), 1 < p <2,

L 1
IEsgllLr@t uy < ()P (X)) P IgllLr®t

Proof If (1(S) = oo or v(X) = oo the inequality is clear. Assume that ;1 (S) < oo and
v(X) <oo.Forg € EP(F), 1 < p <2 from Theorem 5

(0] = /E P (D F ()0 dv ()
< /Z IF () () dv(x)
by |9, (x)| < 1 and Holder inequality
1801 = DT IF@lirwr) < OO el 9= 2.
Hence,
IEsgllire 0 = ( /; Ig(t)lpdu(t)>p < ()T WENT gl

which yields the result. O
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Theorem 8 Let S and ¥ be measurable subsets of RT and f ¢ LP(RT, n), 1 < p <
2. If f is ex-bandlimited to ¥ in LP (R™, )-norm then

1Esgllire < [(1+e)@GNT0EN? +e5 | 1l .

Proof Let f € LP(R™, 1), 1 < p < 2.Since f is ¢x-bandlimited to ¥ in L? (R™, p)-
norm by definition there is a g € E(F) with || f — gllzrr+ ) < el fllLr @+, - For
this g, we have

NEsfllr@+ ) < NEsgllLr@w+,wy + 1Es(f — D ller@+ ) < 1EsgllLr@+
tesll fllLr @+, )

Then, by Lemma 5 and the fact that ||g || .rr+ ) < (1 + &) flLr @R+, ). We get the
result. 0

Corollary 2 Let S and ¥ be measurable subsets of RT and f € LP, 1 < p <2.If f
is eg-concentrated to S and ex,-bandlimited to X in LP-norm then

1—e5—ex

1 1
e (u(8)) 7 (v(X))r .

Proof Let f € LP(RT, u), 1 < p < 2. Since f is eg-concentrated to S in L”-norm
then by (8)

e ) < esllflliee@e ) + NESS e @+ -

Thus,
I llLr @+ ) = ] IEsfllLe@e -
— &g
By Lemma 5 and Theorem 8, we deduce the desired inequality. O
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