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Yury Eliyashev

1 Introduction

In this paper we construct a tropical analog of the classical Hodge theory for Kahler
manifolds. We study only the case of one-dimensional tropical varieties, it is a tropical
analog of the Hodge theory on smooth complex curves. The main purpose of this paper
is to show that the classical analytical construction of the Hodge theory via harmonic
forms, Laplace-Beltrami operator and related objects and methods can be translated to
the tropical case practically word by word. So it is mostly an illustration of application
the method, though some of the results, like a computation of cohomology group of a
tropical curve, can be obtained using much simpler technique.

Let us very briefly recall the classical Hodge theory for complex curves. For general
references on the Hodge theory see [4], [5]. Given a smooth compact complex curve C of
genus n. Let £P9(C) be the space of smooth (p, g)—differential forms on C. The Dolbeault
cohomology Hg’q(C) is the cohomology group of the complex (£P*(C),3), where 8 is a
differential

8 : EPU(C) —» EPITL(C).

Suppose g is a hermitian metric on C and w is the corresponding Kahler form. The metric

g induces a scalar product on £P9(C) and defines the Hodge star operator
w1 EPA(C) —» EPI7Y(C).
Letd be a metric adjoint to 3. The Laplace-Beltrami operator is defined as follows:
A=33+33 : EPA(C) — EPA(C).

The space of harmonic forms #P-4(C) is by definition the kernel of A : £P4(C) —» £P9(C).

Our main goal is to prove a tropical analog of the following statement.

Theorem 1.1. Every harmonic form ¢ € #P4(C) is d—closed and, consequently, defines
a cohomology class [¢] € Hg’q(C). The map ¢ — [¢] is an isomorphism between FHP(C)

and Hg’q(C). The Hodge star operator is an isomorphism between the spaces of harmonics
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forms x: FP4(C) ~ F1~P179(C). The dimensions of cohomology groups are equal to
dime Hg’O(C) = dime H%’I(C) =1,

dime H%’O(C) = dime Hg’l(C) =n,
where n is the genus of C.

A one-dimensional tropical variety is essentially a metric graph I" with some additional
features. An analog of smooth (p, q)—differential forms is a special class of tensor fields
on edges of T satisfying some boundary conditions at vertices. We denote this class of
tensor by £P4(T) and call it the space of regular tropical super of degree (p, q). There is a
differential

d" : EPA(T) - EPITY(T)

and the cohomology group H';’(T) of the complex (£P*,d").

For references on and tropical cohomologies see [7], [8], [9]: notion of tropical coho-
mologies was introduced in [7] using methods of algebraic topology, notion of tropical
superforms, which play in the tropical case the role of smooth differential forms, was
introduced in [9], and in [8] differential topological approach to tropical cohomologies
was developed, i.e., an analog of the de Rham or Dolbeault cohomology theory. In [6]
the de Rham cohomology of metric graphs is considered in a fashion quite similar to
our paper. In [10] metric graphs was studied as a tropical limits of a degeneration of a
family of complex holomorphic curves and tropical holomorphic forms were obtained
as tropical limits of usual holomorphic forms.

The space £P4(T), the operator d”, and the cohomology group Hfi’,’,q(l“) play in the tropi-
cal case the same role as £P4(C),d, and Hg’q(C) in the complex case. Actually, the space
of tropical superforms on the interval [a,b] C R can be identified with the space of
U(1)—invariant differential forms on the complex annulus Log_l([a, b]) c C\ {0}, see Sec-
tion 2.6. Various operations on this tropical space: integration, taking the differential, etc.,
can be interpreted in term of usual complex operations on this space of U(1)—invariant

differential forms.
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There are tropical analogs of a Kahler form and a hermitian metric on T This tropical
Kéhler form induces a scalar product on £P4(T). Let d””* be the metric adjoint operator to

d” with respect to this scalar product. Then we can define the Laplace-Beltrami operator
A — d/ldl!* + dl/*d/l.

The space of harmonic forms FP-4(T) is by definition the kernel of A.
The genus of tropical curve T is, by definition, the rank of H(T), where H(T') is the
usual topological cohomology group of the graph I'. The main result of this paper is the

following

Theorem 1.2. Let T be a tropical curve of genus n. Every harmonic superform ¢ € F#P4(T') is
d"—closed and, consequently, defines the cohomology class [¢] € Hg,’? (). The map ¢ — [¢]

is an isomorphism between HP4(T') and H 5,’,‘1 (). The Hodge star operator maps harmonic
superform to harmonic superform and the map »: FP4(I') — F1~P1=9(T) is an isomorphism.
There are isomorphisms

HY () ~HYT) ~H'T,R) =R

and

HY() ~ HOYT) ~ HY(T,R) = R™.

We consider our results in the first place as a toy model and a proof of a concept
for the tropical Hodge theory, only then we consider it as a results about topology of
tropical curves. Indeed, one can compute cohomology of a tropical curve using much
simpler methods without any functional analysis or differential topology. In particular,
since, by definition, H*9(T') coincide with usual topological cohomologies of the graph
I and can be easily computed, one can apply the tropical Poincaré duality duality [8,
Theorem 4.33] and get H%4(T") ~ H!1~4(T"). Also the cohomologies HP-4(I'") were computed
in [6, Proposition 2.4.2.] in terms of tropical differential forms using quite simple methods,
actually in that paper a bit more general case was consider, that case is a tropical analog

of curves with punctures.
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The actual problem is to construct the tropical Hodge theory in higher dimensions.
To do so one can follow the way of classical complex Hodge theory and methods of this
paper, but it seems that there are many technical obstacles in this way. The main source
of these obstacles are: nonsmoothness of tropical varieties, which are locally behave
like a polyhedral complexes, and complicated behavior of various analytical objects at
infinity, which is typical in L2—cohomology theories. Both problems are illustrated in
this paper: the proofs of Lemma 3.5, Theorem 3.10, Proposition 3.13 require us to do
a tedious analysis of the infinite length edges case, and in Theorem 3.10 we deal with
the combinatorial aspects of metric graphs. The article [11] on a PL-Hodge theory was a

great source of inspiration for our work.

The paper is organized as follows. In the second section we introduce the main objects
and work with differential-topological part of the problem. In the third section section
we develop methods related to the functional analysis and L?—cohomology theory. For
general references on L>—~methods in the complex Hodge theory see, for example, [4,
Chapter VIII].

It is interesting that the topic of this paper is closely related to quantum graphs. The
main idea of quantum graphs is to study the Schrodinger equation and the Laplace
equation over a metric graph [2]. In this case various boundary conditions at vertices of
the graph arise. We do not know any source in the literature where methods of quantum

graphs were applied to the tropical geometry.

2 Tropical curves and tropical superforms

In this section we introduce main objects of our paper: Tropical curves, Tropical super-
forms, Tropical cohomologies, tropical Kahler form and operations on them. We study
their properties, and prove some results of differential-topological nature. Also, we show

the relation of this objects to the complex geometry.
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2.1 Tropical curves.

Definition 2.1. A compact connected tropical curveT is a connected metric graph with

the set of vertexes V and the set of edges E satisfying the following condition:

1. The sets E and G are finite and non-empty.
2. The length I(e) of an edge e € E is a positive real number or +c.
3. The length I(e) is equal to +oo if and only if e is incident on a degree one vertex.

4. A finite length edge e is isometric to the closed interval [—I(e), 0] with the standard

Euclidean metric.

5. If an infinite length edge e is incident to a degree one vertex and to a vertex of
a higher degree, then the edge is isometric to the closed interval [—oo, 0] with the

standard Euclidean metric, where —oo is the image of the degree one vertex.

6. If an infinite length edge e is incident to two degree one vertices, then this edge is
isometric to [—oo, +0]. Since T is connected it have to be a graph with one edge and

two vertices and the whole graph is isometric to [—oo, +o0].

In this paper we will address a compact connected tropical curve as just a curve. The

genus of a curve T is defined as the rank of cohomology group H(T).
Example 2.2. Let us consider several examples of curves.

* Any metric graph with finite-length edges such that all vertices has degree > 2 can

be considered as a tropical curve.

* The closed interval [-o0, +0] is an example of a genus 0 curve. We can consider

this curve as the tropical projective line TP' : = [—c0, +0].
* A finite number of disjoint copies of [—c0, 0] glued together along 0
[=[-00,0]U---U[—00,0]/ ~
is another example of a genus 0 curve.
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Remark 2.3. Usually in tropical geometry a tropical variety is defined in terms of poly-
hedral complexes in TR" = [—c0, +00)". One can consider these polyhedral complexes as
varieties embedded to some ambient space. In our definition we do not use any ambient
space or embeddings. For any compact connected tropical curve I in the sense of our def-
inition one can construct an isomorphic tropical curve in terms of polyhedral complexes

in TR". The similar approach to tropical curves via metric graphs were used in [10], [6].

Remark 2.4. We can consider S! = R/aZ, where a € (0, +), as an example of a tropical
curve of genus 1. Informally it is a metric graph with one edge and no vertexes and it
is not consistent with our definition of a curve. To resolve this problem one can put a
vertex to this curve and consider this as a metric graph with one vertex and one loop.
Another approach to deal with this problem is to extend the definition of a tropical curve
using the way similar to the definition a topological manifold in terms of charts and
transition maps. According to this approach a tropical curve is a space locally isomorphic
to a metric graph and transition maps are given by affine functions. We are not going to

use this approach in the paper.

2.2 Tropical superforms over R.

Definition 2.5. A tropical superforms of degree (p,q), p,q = 0,1, on R is a smooth section
of the line bundle
AP R = N TR N\ TR,

We denote the linear space of (p, g)—tropical superforms by £P4(R).

The notions of a tropical superform on R" and related objects consider in this subsec-
tion were initially introduced in [9].

Here /\0 T*Ris atrivial line bundle. In particular, (0, 0)-tropical superforms are smooth
functions on R, the spaces of (1,0) and (0, 1) tropical superforms can be identified with
differential 1-formes, i.e., with tensor fields of valency (0, 1), and (1, 1)-tropical superforms

can be identified with with tensor fields of valency (0, 2).

Arnold Mathematical Journal, Vol.11(1), 2025 33


http://dx.doi.org/10.56994/ARMJ

Yury Eliyashev

Let x be a cartesian coordinate on R. We denote by d’x and by d”x the differential
dx which we consider, correspondingly, as a (1,0)—tropical form or (0, 1)—tropical form,
and we denote by d’x A d”x the tensor field dx ® dx which we consider as a (1,1)—form.
Then any (0,0), (1, 0),(0,1), (1, 1)—tropical superform can be written, correspondingly, as
o(x), p(x)d’'x, p(x)d"” x, p(x)d’x A d"” x for some smooth function ¢(x).

There is a natural wedge product
AL EPIR) ® EPY (R) — EPHPITI(R).

The wedge product of the (1,0)—tropical form d’x and the (0, 1)—form d”x is defined to be

equal to the (1,1)—form d’x A d”’x. The wedge product satisfies the alternation condition
dxAnd'x=—-d"xrnd'x,
dxAd'x=d"xAnd"x=0.
There is the differential d” : P9(R) — EPITY(R). It is defined on (0,0)—forms, i.e.,

functions, as

9p(x)

n _ n
d"(p(x)) = —5—d"x
and on (1, 0)—forms as

dp(x) .,
ox d

In all other cases d” is equal to zero for dimensional reasons.

d"(p()d'x) = d"(p(x) Ad'x = — xAd'x,

In the same way we define the differential operator
d' 1 EPI(R) — EPTLI(R) :

d'(p(x)) = aigo(x)d'x and d'(p(x)d"x) = d'(p(x)) Ad"x = aigo(x)d’x Ad"x, in all other cases
X X
d’ is equal to zero.

The tropical integral over R of a (1, 1)-forms ¢(x)d’'x A d”x is defined as

/go(x)d’x/\d”x=fgo(x)dx,
R R

where the right hand side is the usual integral. The integral over an interval I of R is

defined in the same way f; p(x)d'x A d"x = f; p(x)dx.
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Remark 2.6. From an abstract point of view to define the tropical integral of (1, 1)-tropical
superform w over a 1-dimensional R—linear space L we need to choose a volume form u
with a constant coefficient. We can identify this form with a non-zero element of T;L,
since a constant section of T*L is defined by its value at 0.

This tropical integral depends on the choice of x, we denote it by f; ,». The form
1 ® u defines a trivialization of T*L ® T*L. Hence any (1, 1)-tropical superforms w can be

written as w = f(x)u ® u for some function f(x) on L.

/ w = f fu,
(L.w) L

where the right-hand side is the usual integral of a differential form of the top degree

The integral is defined as

over an orientated linear space, the orientation of L is induced by the form pu.
Notice that for the form x’ = —u we obtain the same integral as for the form u. Indeed,

wehavew = f(x)u ® u = f(x)(—u) ® (—u) = f(x)’ ® ¢’ and the integrals

f@ o= fL fGou = - fL F G —t0) = — fL oo’ = [Lﬂx)u' . f@ T

are the same, where L is the space L with an opposite orientation, i.e., the orientation
induced by y'.
On the other hand, scaling of the volume form changes the value of the integral.

Indeed, if 4’ = cu,c > 0, then f()u @ u = clzf(x),u’ ® u'. Thus we get

f w= f SO,
(L,p) L

1 r_ |1 _1 '
f(L o= fL L reon fL L fou =2 f(L K

Let A be a lattice in L, then it determines the form g uniquely up to the sign by the
condition u(e) = 1, where e is a generator of A. Here u(e) is a contraction of u € T;L and
e € TyL ~ L. Therefore the lattice A defines the tropical integral uniquely.

It the case L = R we choose A to be equal to Z and u to be equal to the differential of

the cartesian coordinate dx, this give us the initial definition of the tropical integral.
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2.3 Tropical superforms over tropical curve

Let e be an edge of T then the space £P(e) of (p, g)—tropical superforms over e is defined
as the restriction of £P4(R) to either [—I(e), 0] or (—o0,0] Or (—o0, +0o0) if e is, consequently,
isometric to [—I(e), 0] or [—c0,0] Or [—o0, +c0]. An integral / » over the edge e of a form

w € EVY(e) is defined as an tropical integral over the corresponding interval of R.

Definition 2.7. The linear space EP4(T') of tropical superforms of degree (p,q), p,q = 0,1

on a curve I is defined as follows

EPA(T) = @ £pa(e).

ecE

We denote by w, the component over the edge e of the form w € EP4(D).

The integral of a form w € E-(T) over I is defined as the sum of the tropical integrals

/w=z .
r ecE Je

Notice that for a form from £P-9(T') there are no conditions over values of the form at

over all edges:

the ends of different edges which represent the same vertex of I'. Actually, this space is
not an adequate analog of the smooth differential form on a Riemann surface and will
play supplementary role in the paper. The tropical analog of smooth forms is regular

tropical superforms which is defined below.

Definition 2.8. The space of regular tropical superforms P4(T) is a subspace of EP4(T).

Elements of £P4(T") should satisfy the following conditions:

1. Continuity. A (0,0)-form ¢ € &%°(T) is continuous if for any two edges e,e’ € E
incident to the same vertex v, the values of ¢, and ¢, at the points corresponding to
v coincide. In the other words, ¢ have to be a continuous function on the metric

graph T.

2. Kirchhoff’s law. Given a vertex v € V. Let E, C E be a set of edges incident to

this vertex. Suppose that an edge e € E,, is identified with the interval [—I(e),0] and
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the point 0 € [-I(e), 0] corresponds to the vertex v. Let ¢ € £Y(T') be a (1,0)-form,
®. = .(x)d’'x. We say that the form ¢ satisfies Kirchhoff’s law at the vertex v if

D 9.(0) = 0.

ec€E,

The form ¢ satisfies Kirchhoff’s law on the curve T if it satisfies Kirchhoff’s law at

every vertex of ' of degree > 2.

3. Regularity at infinity. We say that a superform o is regular at infinity if for any
degree one vertex v of T there is a neighborhood U of v such that the restriction
of w to U is a constant function if w has degree (0,0) and identically equal to zero

otherwise, i.e., if w has degrees (1, 0), (0,1), (1, 1).

Thus a form is regular if is regular at infinity and, in addition to this, is continuous in

case of (0,0)—forms, or satisfies the Kirchhoff’s law in the case of (1, 0)—form.

Remark 2.9. Very similar but slightly different definition of smooth tropical forms were
introduced in [6]. It is more common to define tropical superforms on tropical varieties
as a restriction of tropical superforms form TR" to charts in tropical varieties, the idea is
the same as in definition of smooth forms on a smooth manifold X as pullback of smooth
forms on R" via a embedding of X to R", this approach was used in [8]. In [6, Proposition

4.3.2] it was shown that both approaches are equivalent.

Proposition 2.10. The space of regular tropical superforms £**(T') is closed under the

wedge product and the d"-differential.
The proof is straightforward.

Theorem 2.11 (Stokes’ theorem). Ifw € £-(I), then f.d"w = 0. Consequently, if p € EPO(T)
and ¥ € E7POT), then

f "o A = (~1)PH1 f o Ad".

r T

Here [8, Theorem 4.9], [6, Theorem 2.3.5] you can find practically the same theorem.
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Proof. Let w be an element of £49(T). Let e be an edge of T and w,(x)d’x be a restriction
of w to e. Using the Newton-Leibniz formula we get [, d"’(w,(x)d'x) = —w,(0) + w.(I(e)).
Since the integral over I' is a sum of integrals over edges, combining the Newton-Leibniz
formula, the Kirchhoff’s law, and Regularity at infinity we obtain the first statement.

The second statement follows from the first statement and the Leibniz’s rule. O

2.4 Tropical cohomologies

Remark 2.12. The notion of tropical homology was introduced in [7]. The de Rham (or
Dolbeault) approach to tropical cohomology was developed in [8], in this subsection
we repeat constructions from this article. This approach is a tropical rewriting of the

standard constructions of differential topology.

Let U be an open set in . We define £7(U) as a linear space of smooth (p, g)—forms
on U regular in the sense of Definition 2.8. The correspondence U — £24(U) defines the
sheaf €29 of smooth tropical regular superforms over T, the space ££9(U) is the space of
sections of &2 over U.

Let Q} be the subsheaf of d’’—closed forms the sheaf 8%’0. Let us notice that (1, 0)—form

@ is d”’—closed if its restriction to an edge e

Pe(x)d’x

has a locally constant coefficient ¢, (x).
Let us describe the sheaf Q] more explicitly. Given a vertex v of I' of degree d > 2.
Consider a small e—neighborhood U, of v. It is isometric to
.= || (-01/~, 1)
d-times
where points 0 of different intervals are identified by the equivalence relation. The
equivalence class of 0 is identified with the vertex v. A section of Q. over U, is a collection

of (1, 0)—forms with constant coefficient
p;d'x, p; €R, j=1,..,d,
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where the form ¢;d’x is defined on the j—th interval (—¢,0] C U,, and the coefficients

satisfy the Kirchhoff’s law:
d
2.9 =0.
j=1

Suppose v is a degree 1 vertex its e—neighborhood U, is isometric to U, = [—o0, —¢),
since section of Q[ are regular at infinity, this section are identically equal to zero on U,.

Let Rp be a subsheaf of locally constant functions on T of the sheaf 8?’0. Sections of Ry
are locally constant functions over edges satisfying the continuity property at vertices.
Obviously, the subsheaf Ry coincides with the subsheaf of d”’—closed functions the sheaf
&y,
Remark 2.13. The sheaves Ry, Qr, Elr”q play in the tropical theory the same role as, cor-
respondingly, the sheaves of holomorphic functions O, holomorphic 1-forms Q. and
smooth (p, g)—differential forms Sg’q on a smooth curve C in the complex case. The
differential d” play the same role as the 4 operator.

The space Qp was introduced in [10, Definition 2.25, Tropical 1-form]. In that paper
it is related to degeneration of complex curves to tropical, and related degeneration of

holomorphic forms on curves.
Proposition 2.14. There are exact sequences of sheaves

: "
ioa10 4" 11
0—>Q%—>8F’ —>8F’ - 0,

i 00 9" Lot
0->Rpr— & — & =0,
where i is the natural inclusion of subsheaves.

Proof. The map i is injective by definition. The kernel of d” consists of forms with coeffi-
cients constant on edges. These are exactly forms either from Qg or from R. Therefore
imi = kerd”.

The surjectivity of d” follows from the Newton-Leibniz formula. Let U, be an e—neighborhood

of a vertex v as defined in (1). Given a (1, 1)—form w. Let
w;j(x)d'x Ad'"x
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be a component of w over the j—th edge of U.. Let ¢;(x) = ff w;(t)dt and ¢;(x)d'x be a
component of the (1,0)—form ¢ over j—th edge. The form ¢ is regular. Indeed, ¢;(0) = 0,
therefore it satisfies the Kirchhoff’s law at v. We have d"¢ = w.

Let U, = [—o0,—¢) be an e—neighborhood of a degree 1 vertex and w(x)d’x A d”x be a

regular (1,1)—form on U,. Suppose

p(x) = —/ w(t)dt

then ¢(x)d’x is a regular form on U,. Indeed, since w is regular at infinity it is zero at
some neighborhood of —. Hence the integral is convergent and ¢(x) is equal to zero at
the same neighborhood of —co.

For an interior point of an edge there is a neighborhood isometric to a bounded
interval U, = (—¢,¢). The exactness of sequences over this neighborhood follows from
the Newton-Leibniz formula. Thus we checked all possible cases and proved that in a
neighborhood of any point x € T the operator d” is surjective.

The proof of the surjectivity of d” in the second sequences repeats the above arguments.

O

Let us define the bigraded cohomology group H?(T) of T as
HY(T) = HI(T, Qp),

HO(T) = HI(T, Rp).

Since R is the sheaf of locally constant functions, the group H%4(I') is isomorphic to the

usual topological cohomology group H4(T, R) of the graph T.

Proposition 2.15. The sheaves 81{”‘1 are fine and acyclic. There is an isomorphism HP4(T) =

HI(&EP*(T),d"), where HI(EP*(T),d") is the cohomology group of the complex
dll
0— &PV — EP(T) = 0.

Proof. The proof of this statement repeats the proof of acyclicity of the sheaf of smooth

forms on a smooth manifold and the Cech to de Rham isomorphism on a smooth manifold.
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For any open cover A of T there is a smooth partition of unity for the sheaf of regular
tropical (0, 0)-superforms £7°. Since the sheaf €27 is an £}°~module, there is a partition
of unity on it and £2? is a fine sheaf and, consequently, is acyclic.

Let U = {U;} be a finite acyclic open cover of T, i.e., U such a cover that for any
intersection U of elements of U the sequences of section corresponding to the sequences
(2.14) of sheaves are exact. Using the standard construction of the Cech to de Rham

isomorphism we prove the proposition. O

2.5 Kahler form, inner product and Hodge star operator.

Let g = g(x)d'x A d"x € EY(R) be a positive tropical (1, 1)—superform over R. We say that
form is positive if g(x) > 0 for every x € R. Since g(x)d’x A d”’x stands for g(x)dx ® dx,
we can consider g as a Riemannian metric on R. The Riemannian metric g defines the
pointwise scalar product (¢, $),(x) between elements of ¢,3 € £P4(R). Indeed, we can
consider elements of £79(R) as tensor fields, a Riemannian metric defines the pointwise
scalar product on tensor fields. Let us define the scalar product (¢, $), between two forms
p, P € EPI(R) as
@9 = [ (0.9
where g is consider as a tropical (1,1)—form and the right-hand side is a tropical integral.
At this moment we are not concerned with convergence of this integral. Usually we will
omit subscript in (-, -), and write (-, -) instead.
Let us describe the scalar product in coordinate terms for the various p,q :

(f(x), h(x)) = f 8(x)f(x)h(x)dx

R

(f(x)d'x, h(x)d'x) = (f(x)d"x, h(x)d" x) = f FxX)h(x)dx
R

(FOOd'x Ad"x, h(x)d'x A d"x) = f L onodx
R g(x)
The Hodge star operator

xg: EPA(R) — E1-PIA(R)
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is defined by the relation
fqof\ *g P = (9, P)g
R

for every ¢,9 € EP9(R). Usually we will omit the subscript in *, and write = instead.

The Hodge star is an isometry, i.e., for any ¢, ¢ € £P9(R) holds

(@, %) = (x @, % P).

Also, for any ¢ € £P9(R) holds
sk P = (=1)PT.

In terms of coordinate the Hodge star looks as follows:

 f(x) = fl)g(x)d'x Ad"x,

* fx)d'x Ad"x = Lf(x),
g(x) (2)

* f(x)d'x = f(x)d"x,
x f(x)d"x = —f(x)d’x.

Remark 2.16. In the differential geometry a Riemannian metric defines the standard
scalar product on the space of sections of tensor fields. Since the form g is a symmetric
tensor field of valence (0, 2) we can consider it as a Riemannian metric on R. Also, we can
consider the space £P4(R) as a space of tensor fields. Therefore, this Riemannian metric
induces the standard scalar product on the space £P-9(R), but this scalar product does not
coincide with the tropical scalar product defined above.

Indeed, let f(x), h(x) be functions on R then the standard scalar product on the space

of functions equals

(F(), h(x)) = f FoOhGon/gdx.
R

On the space of 1-forms which can be identified with £1°(R) or £%!(R) the standard scalar

is equal to
1

(FO0)dx, h(x)dx) = f FOOR()——dx.

R g(x)
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The reason for this is that the tropical superforms over R correspond to the usual differen-
tial form over C \ {0}, not on R, and the scalar product on the space of tropical superforms
is consistent with the standard scalar product on C\ {0}. This correspondence is described

in the next subsection.

If we identify an edge e of T with an interval of R, then a Kdhler form on this interval

defines the scalar product (,) and the Hodge star operator on this edge of T.
Definition 2.17. A Kihler form g on the curve I'is a (1,1)—form g € £P4(T') such that

1. gis positive, i.e., in local coordinates it is given by g = g(x)d’x A d”’x with positive

g(x);
2. Jr8 < +oo;
3. on any infinite length edge e the integral /, x?g(x)d’x A d”x converges.

We define the scalar product for ¢,% € EP9(T) as follows:

(@, P)g = fqo/\ *g .
T

Remark 2.18. The last condition in the definition, convergence of /, x*g(x)d’x A d"x, play
its role in the study of L?—theory in the next section. It allow us to get some estimates on
convergence of various integrals. It is not clear for us what is necessary and sufficient
condition here or how this condition can be weakened.

As Example 2.22 shows tropical Kahler forms that arises from the complex geometry
are, actually, have rapidly decreasing at infinity coefficients, which is, actually, much

higher rate of convergence that we required in the definition.

Remark 2.19. In the tropical setting a Kahler form g plays the role of a Kahler form and
a hermitian metric in the classical complex geometry. Also the Kadhler form g defines a
Riemannian metric on each edge of I'. Notice that, this Riemannian metric is unrelated to
the metric structure onT,i.e., to the length of the edges. In general, the Hodge star operator

does not preserve the regularity conditions, i.e., there is a regular form ¢ € £P4(T) such

Arnold Mathematical Journal, Vol.11(1), 2025 43


http://dx.doi.org/10.56994/ARMJ

Yury Eliyashev

that * ¢ is not regular. This is important and unfortunate difference between the tropical
and the classical settings. Indeed, the Hodge star of a smooth from on a manifold is again

a smooth form.

We can summarize the results of this section as follows

Theorem 2.20. Let g be a Kahler form on the curve T. Then £P4(T) is a differential bigraded

algebra with the nondegenerate pairing
() 1 EPAM) @ EPITT) - R,

(p.9) = f P A,
r
and the scalar product

(p,¥) = f¢A*¢.
T

In this theorem the scalar product and and pairing are well-defined for all elements,
i.e., all integrals are convergent. The convergence follows from the regularity at infinity
condition for regular forms and the convergence of the tropical integral /. g which is

required by the definition of the Kahler form g.

2.6 Tropical superforms and complex geometry

At the first glance the tropical superforms and related objects may seem to be a bit artificial
constructions. In this section we show that these objects can be naturally interpreted in
terms of the classical complex geometry.

The real line R can be considered as a tropical analog of the complex torus C*. There
is the map

log|z] : C* = R

between them.
Let £P4(C*) be a space of smooth differential C-valued forms of bidegree (p, q) over

C*. Let us define the bigraded algebra homomorphism © : &P9(R) — £P9(C*). On the
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generators it is defined as follows

O(p(x)) = p(log|z|), p(x) € E*(R),

o) = ——% gy = —L_92,

2\ 2 2\m z

Since £P4(R) is an R—algebra, we consider © as an R—algebra homomorphism.
Consider the unitary group U(1) = {t € C : |t| = 1} and the standard action U(1) x
C* — C*, i.e, (t,z) — t - z. This action induces action of U(1) on &P9(C*). The image of

EP4(R) under © is an R-linear subspace in the space 85’(‘11)(0:*) of U(1)—invariant forms.

Its complexification ©(£P4(R)) ®g C coincides with 8’;(‘11)(0:*).

Let g(x)d’x A d”x be a tropical Kdhler form. One can check that its image

dzAdz
|z|2

0(g(x)d'x Ad"'x) = 2 —g(log|z])

is a Kahler form on C*. A Kédhler form w = %h(z)dz A dz determines the hermitian metric
h = h(z)dz ® dz on C*. Thus for the Kdhler form w = ©(g(x)d’x A d”x) the corresponding

hermitian metric is
_ 1 g(log|z|)

=37 2P dz ® dz.

Let «, be the Hodge star operator and (,), be the scalar product on £P4(C*) corre-

sponding to the metric h.
Proposition 2.21. Suppose ¢, € EP4(R), then the following relations hold:
1 © = O xg,
(O9, 09), = (@, )y,

0(d"p) = ——30 ,
d"e) N (®)

od'y) = vi_a@)(qo).
T

fcuzf O(w).
R c*
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The tropical integral f; w over an interval I = (a,b) is equal to the integral of [, ©(w) over

the annulus U = {z € C* : €% < |z| < ebl.

The proof is a straightforward computation.
Thus tropical superform can be reinterpreted as an R—subalgebra of U(1)—invariant

forms of the algebra £P4(C*).

Example 2.22. Let us consider the Fubini-Study metric and its Kahler form

_ i = o _ L dzadz
W= 27_[6510g(1 +|z|%) = o —(1 R
on C* c CP'.
There is the tropical form
er
w =2———d'xAnd"x

T+ ey
such that 8(w’) = w. Moreover, o’ = id’ d" log(1 + ¢**) thus

11 5L Flogl + |22,

© = O(=d'd" log(1 +€>)) =
2 2 P P
Since «’ satisfies all condition of Definition 2.17, we can consider «’ as a Kdhler from on

the tropical projective space TP' = [—oo, +0].

Remark 2.23. The tropical form «’ from the example above is not a regular tropical form
according to our definition of regularity since the regularity at infinity condition does
not hold. On the other hand, the form ©w’ can be extended to a smooth form on CP'. Let

eZX

us also notice that the coefficient

RS of the form o’ is a rapidly decreasing function
on R in the sense of Schwartz space.
Moreover, since the coefficients of any Kdhler form g a curve I are everywhere positive,
a Kahler form g fails to be regular at infinity if there are infinite length edges on I'. On the
other hand, its coefficients should decrease fast enough near infinity since we require
the convergence of the integral /. g.
Also, notice that the map

log|z] : C* >R
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can be extend to the map

log|z| : C —» RU{—o0}

These observations lead us to the idea to extend the notion of regularity at infinity as
follows. We may call a tropical form ¢ € £P4(R) regular at infinity if ©p € £P4(C*) can be
extended to a smooth form over whole C. This extension seems to be consistent but we

do not develop this idea further in this paper.

3 L*-theory, Laplace-Beltrami operator and harmonic form

In this section we prove the main statements of the paper. We introduce the notions
of tropical superforms with L2-coefficients, weak d” —differential, the Laplace-Beltrami
operator, and harmonic tropical superforms. Main methods of this parts are in style of
L?—cohomology theory: functional analysis, unbounded differential operators, distribu-
tions, Sobolev spaces, various analytical estimations. For reference, the way how the
Hodge on PL-manifolds was treated via L?>-cohomology theory in [11] is ideologically very
close to our paper, [4, Chapter VIII] can be used as a general reference in L>-methods in
complex geometry.

Let us note that the main source of complications in our work is a treatment of infinite

length edges which require to use some tedious analysis.

3.1 Tropical superforms with L>-coefficients and weak d”—differential.

Let I be a tropical curve with a Kdhler from g. Let us denote by £7:4(T) the Hilbert space of
(p, @)—form on I with L2-coefficients with the scalar product (-, -)g defined in the subsection
2.5. This space is the metric completion of £E74(I"). Obviously, the space of regular form
EP4(T) is a subspace of £P4(T'), and £P-4(T) is also the metric completion of EP4(T).
There is a continuous linear extension of the Hodge star operator * from E4(T) to
LP4(T) which we also denote by « . The Hodge star operator is an isometry between

£P4(T) and £1-P1-9(T).
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Definition 3.1. A form w € £P-1(T') is called the weak d” —differential of a form ¢ € £P°(T)

if for any regular form ¢ € £1-P9(T) holds

fwA¢=(—1)P+1f¢Ad”¢. 3)
r r
We denote the weak d”—differential of a form 3 by d"%.

Obviously, the d”’—differential of a regular form is also the weak d"”—differential.
The weak d”—differential of a from ¢ is unique if it exists. Indeed, suppose there is

two such differentials w; and w,. Then using (3) we obtain

f(wl _ o) A = (<P f(zp — P Ad’p=0
T T

f(wl—wz)A¢=if**(wl—wz)A¢=i‘(* (w1 —@,),9) =0
T T

Since it holds for any ¢ € £17P9(T) and £PO(T) is dense in £17PO(T'), we get the equality
W1 = Wy.

Thus, there is the densely defined unbounded operator
d”’ . £PO(T) —» £PI(T).

We denote its domain by D(d"”) or by DPO(T).

In the sequel we denote the domain of an unbounded operator A by D(A).

3.2 Presheaves £77 and DPP,

Definition 3.2. Restrictions of £P4(T) to an open subsets of I' defines the presheaf £74
of (p, g)—superform with L?-coefficients on T. Let us define the subpresheaf 2P of the
presheaf £P9. For an open subset U c T the (p,0)—form ¢ € £P(U) belongs to DPO(U) if
there is w € £P1(U) such that for any ¢ € £17P9(T") with a compact support on U holds the

equation (3).

Arnold Mathematical Journal, Vol.11(1), 2025 48


http://dx.doi.org/10.56994/ARMJ

Hodge Theory on Tropical Curves

Example 3.3. In the definition above the from ¢ has a compact support in the open set U.
Let us clarify the structure of topology on the infinite edges and what is considered to be
a compact support in that case. Consider the tropical projective space TP' = [—c0, +0].
Then, for example, U = [—o0, ) iS an open subset of TP, the set [-00,a]l,a € Ris a

compact subset of U and the set [a, +),a € R is not compact.

Remark 3.4. We should warn that the sheafification of £P9 is the sheaf AZ’Z of (p, g)—superform
with locally L?-coefficients onT, i.e., sections of Lf;’f(U) over an openset U are (p, g)—superform
such that their coefficients are L?-integrable functions over every compact set of U. Since
T is compact, we have Li’f(r) = LP4(T). To avoid complications related to the locally
L?-coefficients we will work with the presheaf £P4.

In the other hand, £P9 and DP° are almost sheaves, to be sheaves they have to satisfy
Locality and Gluing axioms. Let us recall these axioms for a sheaf #.

(Locality) Suppose U is an open set, {U;};c; iS an open cover of U, and s,t € #(U) are
sections. If s|y, = t|y, foralli e I, thens =t.

(Gluing) Suppose U is an open set, {U;};c; is an open cover of U, and {s; € F(U;)};c; is a
family of sections. If all pairs of sections agree on the overlap of their domains, that is, if
Silunu; = Siluiny, for alli, j € I, then there exists a section s € #(U) such that s|,, = s; for
alli eIl

Presheaves £P4, DP0 satisfy Locality axiom for any open cover and Gluing axiom only
for finite covers. Indeed, if {U,};; is an infinite cover of U, then it may happen that the
norms of restriction to each U; are finite but the norm of the element on U is infinite,
therefore it does not belong to £P4(U).

It is possible to glue sections of DP9, because there is partition of unity in the space of
regular tropical (0, 0)—forms. Using that partition of unity one can check that the equation
(3) holds for the glued section.

Indeed, suppose U is an open set, {U;};c; is an open finite cover of U, and {y; €
DPO(U,)}ier is a family of sections such that Yiluau, = ¥jluay, for all i, j € I. Then there is

a section 3 € £PO(U) such that bly, = 9. Since forms w; = d"3; € £LP'(U,) agree on the
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overlaps of their domains, we can glue them to the global form w € £P1(U). Let us show

that ¥ is an element of DPO(U), that is, for any ¢ € £!7P0(T") with a compact support on U

holds:
f wAgp=(—1)P*H f P Ad .
U U

Let p; € £%9(T),i € I be a partition of unity subordinate to the open cover {U,};c;. Then

fwA<o=Z WA PP =
U

iel YU;

because p;¢ has a compact support on U;, we get

= (—1pH1 Yy / P Ad"(pip) = (=1)PH! f pAd’p.
U; U

iel
3.3 The main technical lemma.

Lemma 3.5. Let U = [—o0, a) be an open neighborhood of a degree 1 vertex of T, the vertex

is identified with the point —co. Given a form w € LP1(U).
1. If p=0and w = w(x)d"x, let us define a (0,0)—form ) = ¢(x), i.e., a function as follows:
a
U(x) = —f w(t)dt.

The function ¢ is well-defined and belongs to £%°(U), and the following estimates
holds:
[Pl < Va —x|lwx)d"x||.

2. Ifp=1and w = w(x)d'x A d"x, let us define a (1,0)—form ¢ = p(x)d’x as follows:
P
P(x) = —/ w(t)dt.

The form v is well-defined and belongs to £%1(U), and the following estimates holds:

[p(0)] < 4 f g)dt|lw(x)d"x A d"x]|.
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3. The map w — 3 is a bounded linear operator from £LP1(U) to DP°(U) and d"y = w. Let

us denote this operator Ty.

4. Suppose there is a form ) € DP(U) such that "¢ = w. Then, if p = 1,y = ¢, and, if
p=0,p=C+19,C eR.

Remark 3.6. In other words, this lemma says that starting from a form w € £P1(U) we can

find a form ¢ € £P1(U) such that d”"¢ = w. The value and the norm of 3 can be estimated

using the norm of w. Also, the form % is a unique form such that d’y = w if p = 1, or

unique up to addition of a constant if p = 0.

Proof. Let us consider the case of (1,1)—form. Let I, be the indicator function of the
set [—o0, x]. Given a form w = w(x)d’x A d”’x € £1(U). Then the (0,1)—form 3 = (x)d’x is
defined as follows:
90 == [ Lo

This integral is well-defined, indeed, it CalIJl be written using the scalar product on the
space £VH(U) :

| 1extwuoa = @ 1.0
and the form I, g is an element of £1(U).

We have to show that 3 € £°(U). In particular, that

[1p11? = f P?(x)dx < +oo.
U

Recall that

ool |? = f ﬁw%x)dx
U

Using the Cauchy-Schwarz inequality we get

()| =

/ Iﬁx(t)w(t)dt‘ =
U

1
\/g(t)ng(t)—w(t)IP' <|lwl| f (DI, (t)dt.
-/l; v g(t) U
So we obtained the estimation:

[p(x)] < ||w]|4 ‘f g(t)dt.
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Then
I|¢|I2=f PA(x)dx < IIwIIZf dX(f g(t)dt) =

changing the order of integration we get

= Ilelzf g(t)dt(f dx) = IIwIIZf (a —t)g(t)dt
—0 t —o0

By the definition of the Kdahler metric (Definition 2.17) the integral f_aoo(a —t)g(t)dt con-

verges. Thus

191l < Cll|

and the constant C does not depend on the choice of w. So there is a bounded linear

operator

Ty : LY(U) - DYO(U)

such that Tyw = 1.

Let us check that d"¢ is equal to w. It means that for any for regular (0, 0)—form ¢ with

fco/\gozfl,b/\d”go.
U U

Consider the right hand side of the equality

] pAadig = f B0 ()dx = f - f (DD (x)dx =
U U -0 -0

changing the order of integration we get

= f (- / o' ()dx)e(t)dt =
—00 t

by the Newton-Leibniz formula, since ¢(x) is equal to zero in a neighborhood of a, we

=f qo(t)co(t)dtzfcoAqo.
—00 U

Thus, ¥ belongs to D(U) and d"¢ = w.

the compact support in U holds:

obtain
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Let us consider the case of (0, 1)—forms. This case is quite similar to the previous one,

but there are some minor differences. Given a form
w = w(x)d"x € LOY(U).

Let I, be the indicator function of the set [x, a). Consider the function
P(x) = - /U L<(D(t)dt.

This integral is well-define since it is equal to the scalar product of two elements in
LOYU) :
P(x) = —(w, L<(0)d"x).

We have to show that y € £%°(U), thus we need to check that
nwﬁ=fgmwumx<ﬂn
U

Since
|MW=fwww
U

using the Cauchy-Schwarz inequality we get

fIxs(t)w(t)dt' < lelly/ / Li<(Odt = ||w||[Va —x.
U U

l1911? = / g)P(x)dx < ||CU||/ (a — x)g(x)dx
U —00

[p(x)| =

Then

By the definition of K&hler metric (Definition 2.17) the integral f_aoo(a —x)g(x)dx converges.
Thus

191l < Clll|

and the constant does not depends on the choice of w. So there is a bounded linear
operator

Ty : LOY(U) - DOO(U)

such that Tyw = 1.
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Let us check that d”¢ is equal to w. It means that for any regular (1,0)—form ¢ = ¢(x)d’x
with the compact support in U holds:

fcu/\go=—f1/)/\d”go.
U U

Consider the right hand side of the equality:

- f PAdp=— f - / (D))~ (x))dx =
U —0 X

changing the order of integration we obtain

a t
= —f (f @' (x)dx)w(t)dt =

Since ¢ is regular it equal to zero in a neighborhood of —c. Thus, applying the Newton-

= —f p(t)w(t)dt = f WA Q.
—00 U

Suppose there is a form ¢ € DPO(U) such that d”’i = w. Then d”’ (3 — ) = 0, hence the

Leibniz formula we obtain

Thus, ¥ belongs to D%O(U).

coefficient of{ﬁ— ¥ should be constant, i.e., z,f —ypisequal,if p=1,tocd”x,orif p=0,toc

where ¢ € R. In the case p =1,
a
[led”x||? = f c?dx = +oo,
—00
hence ¢ = 0 and ¢ = ¢. In the case p = 0, the integral

a
||C|I2=j c?g(x)dx

converges by the definition of the Kéhler form (Definition 2.17) and ¢ can be any real

number.
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3.4 Relation to the Sobolev space.

Lemma 3.7. Suppose U is an open subsets of T and it is isometric to an open interval of
the finite length U = (a, b). Given a form ¢ € DPO(U), in terms of coordinates it is equal
either to ¢ = (x)d’x or to ¢ = (x). Then the coefficient {(x) belongs to the Sobolev space
HY(U) = H'(a,b).

Proof. Suppose 3 € D*°(U). Let w = w(x)d”x = d"7. Then the norms of these elements

are equal:

b
9l1* = / P(x)g(x)dx,
a
b
ol = [ e,
a
Since g(x) is a nonnegative continuous function on the closure of U, there are constants
0 < ¢,C such that ¢ < g(x) < C for any x € U. Therefore, the norm on £%°(U) is equivalent

to the standard norm on L%(a, b) :

b b
cf P2 (x)dx < ||[P]]? < C/ P2(x)dx.

The norm of the (1,1)-form w € £%(U) is equal to the standard norm on L?(a, b) of its
coefficient the function w(x).

Consider equation (3):

fwA¢=—f¢Ad”¢.
U U

Since ¢ € D*°(U), it holds for any regular from ¢ = ¢(x)d’x with a compact support on U.
Therefore, the coefficient p(x) € C;°(U) is a smooth function with a compact support on

the interval U = (a, b). In the terms of coefficient the equation looks like:

b b
f w(X)p(x) = — f (e’ (x),

where (x),w(x) € L*(a,b), and ¢(x) € C;o(a, b). It is exactly the definition of the Sobolev
space, hence w(x) is the weak derivative of ¢(x), and the function ¥(x) belongs to the

Sobolev space H(U). O
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Corollary 3.8. Given a form i € DPO(T') and a vertex v of T of degree > 2. There are

well-defined boundary values of the coefficients of i at v along the edges incident to v.

Proof. Let e be an edge of I' incident to v. Let U be a finite open interval such that U c e
and the closure of U contains v. Then by Lemma 3.7 the coefficient of the restriction 9|y
is a function from the Sobolev space H(U), and, therefore, has a well-defined trace at

the boundary of U, in particular, at v. O

3.5 d”is a closed.

Proposition 3.9. The operator d” is a closed operator.

Proof. An operator is closed if its graph is closed. Suppose w,, € DP°(d"), w,, — w in LPO(T)

and d”"w,, — ¥ in £P}(T). Then the relation

/d”wn/\go = (—1)P+1fwnAd”¢
T T

holds for any ¢ € £1=P0(T).

Since #x= (—=1)P*91d on the space of (p, g)—forms and («, 8) = J. aA * B, we get
f d"w, Ap = (1P f d"w,A w5 @ = (—1)P7H(d" wp, * @),
r T

and
(-1)p+! f w, Ad"p = — f WA 5 d"p = ~(wn, % d').
T r
Thus
(_1)p(d”a)n7 * 90) = (wl’h * d”qo)'

Taking limit as n — co we get
(—DP®@, * @) = (@, * d"¢).
This equation is equivalent to
fl,b Ap = (=1)PH fco Ad"p.
r Tr
Hence, 9 is the weak d”'—differential of w. O
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3.6 L>-cohomology and the Cech to de Rham isomorphism.
Let HI(LP*(T),d"”) be the cohomology group of the complex
0 —» DPYT) - LPYT) — 0,
where DPO(T") ¢ £PO(T) is the domain of the operator d”.

Theorem 3.10. For a sufficiently small neighborhood U of a point x € T there are exact
sequences:

i d’
0 - Rp(U)— D*(U) — £L%(U) - 0,

i d” )
0 - ALU)— DHO(U) — L£LM(U) — 0,

where i is a natural inclusion of subpresheaves.

Proof. Firstly, we will prove the following statement.

Lemma 3.11. Let U be a sufficiently small neighborhood of a point in T then there is a
bounded operator

Ty : L2Y(U) - DRO(U)
such that d" Ty = 1d.

Proof. To prove the statement we will consider several distinct cases: the neighborhood
U can be a neighborhood of a degree 1 vertex, or of a degree n > 2 vertex, or of an internal
point of an edge; p can be equal to 0 or 1.

Let U ~ [—o0,a) be a neighborhood of a degree 1 vertex. We identify —oco with this
vertex. In this case the required operator Ty : L‘r”l(U) - DIE’O(U) was constructed in
Lemma 3.5.

Given a vertex v of T of degree d > 2. Consider a neighborhood U of v :

v= || (-a0l/~,
d-times
where points 0 of the different intervals are all identified by the equivalence relation ~ .

The class of 0 is identified with the vertex v.
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Given a form w € £V1(U). Suppose ¢; ~ (—a,0] c U,i = 1,...,d is the i—th edge of U and
w; = w;(x)d’x A d"x is the restriction of w to ¢;. Let us define ) = Tyw, where ¢; = ¥;(x)d’x

is the restriction of ¢ to e;, as follows:

0
Pi() = f w0t

These functions 3;(x) are well-defined since they can be expressed as a scalar product

Pi(x) = (C‘)ali,xg)a

where w,1; ,g € £1(U), and I, . is the indicator function of the set [x,0] C e;.

Since 9;(0) = 0,i = 1,...,d, the Kirchhoff’s law holds for ¢. Using the same arguments
as in Lemma 3.5 we can check that ¢ € DYO(U), d"y = w, and Ty, is bounded.

Finally, if w € £%(U), and w; = w;(x)d”x is the restriction of w to ¢;. Let us define

Y = Tyw, where 3; = ¥;(x) is the restriction of 3 to ¢;, as follows:

0
Pi(x) = —f w;(t)dt.

Since ;(0) = 0, the Continuity property hold at the vertex v. Again, using the same
arguments as above we can check that y € D%°(U), d"”¢ = w, and Ty, is bounded.
The case of a neighborhood of an internal point of an edge is equivalence to the case

of a neighborhood of degree 2 vertex. O

Let U be a sufficiently small neighborhood of a pointin I. The kernel of d” : ZDIF”O(U) -
£P1(U) coincides with Rp(U) or AL(U). By Lemma 3.11 the map d” : DY°(U) — £%'(U) is

surjective. Therefore, the sequences (4) are exact. O
Proposition 3.12. There is an isomorphism
HPA(T) = HI(LP*(T),d").

Proof. Using the exact sequences (4) we can repeat the proof of the Proposition 2.15. O
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3.7 Integration by parts for weakly d”—differentiable forms.

Proposition 3.13. Ify € D%°(T) and ¢ € DYO(T) are two weakly d"'—differentiable froms,
then the equation of integration by parts holds:

fd"l/)Ago=—f1,bAd”(p. (5)
T T

Proof. Firstly, let us notice that both integrals in (5) are well-defined, i.e., convergent.
Indeed, consider the integral f.d"% A ¢, using the property of the Hodge star sx= +Id we
can rewrite it as — f.d"A = ¢. Thus, it is equal to —(d"9, = ¢). Since d”¢ € £%(T') and
the Hodge star is, in this case, is an isomorphisms between £9(T") and £%(T), this scalar
product is well-defined and, consequently, the integral is well-defined. We can apply the
same argument for the second integral.

Let us choose a function p, € £%°(T") such that
1. its values between 0 and 1;

2. itis equal to 1 on each finite-length edge and in a neighborhood of any vertex of

degree > 2;

3. itis equal to 0 on a neighborhood of any vertex of degree 1, i.e., in neighborhoods

of infinite tails of the tropical curve.

Let us denote p; =1 — p,. These two function, p,, p; give us a partition of unity such that
one of them is nonzero on a finite part of the curve another on the infinite tails.

Consider the integral

f@b ANd"p = fP0¢ Ad"p + /plz/) Ad"p.
r r r

The support of p, is a union of finite-length edges and compact parts of infinite-length
edges. Using Lemma 3.7 we obtain that ¢ and ¢ has H!'—coefficients in a neighborhood of
supp po. For the H!'—function we can apply integration by parts and the boundary terms

at vertices vanish by the same reasons as in Stokes’ Theorem (Theorem 2.11).
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The second integral f;. p;Ad” ¢ is a sum of integrals over infinite-length edges. Suppose
an infinite-length edge e is isomorphic to e = [—o0, 0], the function p, is equal to 0 at a
neighborhood of the point 0 and equal to 1 at a neighborhood of —co. From this moment

let write ¢ instead of ;3. We are going to prove that

f d”aAgo:—f PAdp.
[—0,0] [—00,0]

Then we can take a sum over all infinite-length edges this will prove the statement of the
proposition.

The tropical integrals by definition equals:

0
j PpAd'p =~ f (g’ (t)dt

and o
f d"PAp=— f 7 (Op()dt.

Therefore, we have to show that

0 0 ’
f B0 (tdt = — f 3 Op(t)dt. ®)

Let us split both parts of the equality to sums of integrals:

0 X 0 ’ X .
f B (Ot + f PO ()it = — f 7 Op()dt - f 3 (D),

where x € (-0, 0]. Since our initial integrals are convergent, we have

lim f Y@’ (t)dt =0

and

X

lim [ % ©Opdt =o.

By Lemma 3.7 the restrictions of E(x),qo(x) to any interval (x,0) C [—0,0] e, x € R
are functions form the Sobolev space H!(x, 0). Thus, we can apply integration by parts on
(x,0):

0 0 ,
f PP’ ()dt = p(Op(t)|S — f ¥ (Dp(t)dt.
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Consider the term 1 (£)e(£)|% = %(0)p(0)—p(x)p(x). The first summand 1(0) = p,(0)%(0) =
0 is equal to zero. We are going to show that

lim P(0)p(x) = 0.
Consider the forms w = d”¢ and = = d”’y. In the local coordinates we have:
P =9x), o =p(x)d'x, o =wx)d'x Ad"x, T =1(x)d"x.
Suppose U = [-,0) C e. The operator
Ty : £2(U) - D)

was defined in Lemma 3.11. It has the following properties d"Ty; = Id, Tyd" ¢ = Tyw = ¢,

and Tyd"y = Tyt = P + ¢ where ¢ is some constant. By the definition of T, we get:
_ 0
Y(xX)+c=Tyt = —/ T(t)dt,
X
and
X
p(x)d'x = Tyw = —(/ w(t)dt)d’ x.

Since $(0) = p,(0)(0) = 0 and Y(0) + ¢ = f; 7(t)dt, the constant c is equal to 0, and P = Ty

The the following estimates was proven for Ty, :

lp(x)| < IIwII\If g(t)dt,

19(x)| < [zl IV]x|

By definition of Kdhler metric (Definition 2.17) the integral f_ooo t?g(t)dt converges

which is equivalent to
X
lim f t?g(t)dt = 0.
X—>—00 o

For t < x < 0 we have x?g(t) < r?g(t) and

x> / g(Hdt < / t2g(t)dt
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f g(t)dtgé / t2g(t)dt.

Finally, combining all our estimates we get

which is equivalent to

_ x 1 x
[Pl < el - 7]V ]x] f g(t)dt < [lef| - ||z]| f t2g(t)dt.
—00 \/le —00

The right hand side tends to 0 as x tends to —co. O

3.8 The adjoint of d".

Let us consider the adjoint operator
d"” . £PY(T) - £PO(T).
By definition, d"*w = 3 if for any ¢ € DP°(T') holds
(d"p,w) = (@, 9).
Proposition 3.14. The adjoint operator
d" . LPY(T) - L£LPOT)
is densely defined and closed. It is equal to
d™ =—xd=x*.
In particular;, ¥ € D(d"*) if and only if
* 1 € DITPOD).
Its adjoint d"** equals d".

Proof. From the general properties of unbounded operators follows that the adjoint A*
of a closed densely defined operator A is a closed densely defined operator and its adjoint

A** equals A, [1, Theorem 3.1 and Theorem 3.3]. Thus we have to prove thatd”* = — x d = .
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If A: H, - H,is an unbounded operator with a domain D(A) c H, then its adjoint A*

is an unbounded operator A* : H, — H, such that for any x € D(A) c H,; holds
(x, A"V, = (AX, Y),»
the domain of A* is a maximal subspace of elements in H, satisfying that relation, i.e.,
D(A*)={x € H, : 3z € H;,Vy € D(A) : (¥,2)n, = (Ay, X)), }-

Suppose a form ¥ € £P1(T) is in the domain of d”*, ¥ € D(d”*) and w = d""*3. Then
by the definition of the adjoint operator for any form ¢ € DPO(T) the following equality
holds:

(p,w) = (d"p,9).

]qp/\*cozfd”go/\*zp.
T T

Since £PO(T) is a subspace of DPY(T) this equality hold for any regular form ¢ € £P9(T).

We can rewrite it as follows:

Hence, by the definition, = ¢ is d”’—weakly differentiable form and its differential is equal
to

d" ¢ = (=P x w.
Applying the Hodge star operator to both parts of the previous equality we get
xd" %P = (1P xx 0 = —w.
Hence
d*p=w=—=xd" x1.

At this moment we proved that if € D(d"’*) then = 9 is d”—weakly differentiable. Let
us prove the converse: if = ¢ is d”—weakly differentiable then ¢ € D(d"*). By Proposition
3.13, we can integrate by parts a product of two d”’—weakly differentiable forms, i.e., if
form = 9 is d”—weakly differentiable, then for any form ¢ € DP(T) holds:

/d”go/\*t,b:(—l)p‘”fqo/\d”*gb:fqo/\*(—*d”>x<z,b).

r r r
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That equality can be written as
(d"p,9) = (@, — = d" = ).

Thus we proved that the domain of D(d"”"*) coincides with the space of forms such that
theirs Hodge stars are d”’—weakly differentiable. O
3.9 The Laplace-Beltrami operator and harmonic tropical superforms.

Let us define the Laplace-Beltrami operator as follows
A=d"d"™ +d"d" . £LPAT) - LPAT).
It’s domain equals
D(A) ={w € LPAT) : w € D(d"*),w € D(A"),(d"w) € D(A"*),(d"*w) € D(d")}.

By the dimensional reasons one of the summands in A is identically equal to zero, so A is

either equals A = d”’d"* or A = d"*d".

Proposition 3.15. Let w be an element of £LP4(T), then Aw = 0 if and only if d"w = 0 and
d"w = 0.

Proof. Suppose Aw = 0.If w € D(A), then w € D(d"*) n D(d"”). By Proposition 3.14 we have

d"** = d”. From the definition of an adjoint operator we get
0 — (ACU, CU) - (d//d’/* + d//*d”a)’ CU) — (d”*w, d’/*w) + (d’/w, d’/**w) — (d’l*w, d’/*w) + (d//w, d’/w)'

Hence ||d"*w]|| = 0, ||d"w]|| = 0, and d"*w = d"’w = 0. The converse follows directly from

the definition of the Laplace-Beltrami operator. O

Definition 3.16. Let us denote the kernel of the Laplace-Beltrami operator A : £P49(T) —
LPA(T) by FP4(T'). We call this space #P4(T') the space of harmonic tropical superform of
degree (p,q)onT.
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By Proposition 3.15 any harmonic superform is closed, hence there is the map i :

HPAT) - HPA(T), that maps any harmonic form to its class in the cohomology group.
Proposition 3.17. The map i : #P4(T) - HP4(T) is an isomorphism.

Proof. Let w be an element of DP°(T). By Proposition 3.15, d’w = 0 if and only if Aw = 0.
Thus, HPO(T) = kerd” = FPOT).

Lemma 3.18. The range im d” of d" is closed.

Proof. Let U = {U;}; be a cover of I. Let us denote U;; = U; N U;.

Since T is compact, we may choose U in such a way that:

1. U is finite cover;

2. the sequences of sections (4) are exact over any U; and U;; = U; N Uj;

3. there is bounded operator Ty as in Lemma 3.11 for any U; and U;; = U; n U;.

Let C;(8) be the Cech complex of a presheaf 8 and the cover U with the differential §.

In particular,

Co(8) = P S, €1 = P sW,

i<j
and § : Cy(8) = C1(8).

Since C;(£P9) is a direct sum of £P9(U) it has a structure of a Hilbert space induced
from the summands. Then § is a continuous linear operator. The kernel ker§ : Cy(£P9) —
C,(£P9) coincides with £P4(T). Actually, the norm on this kernel does not coincide with
the norm on £P4(T), but these two norms are equivalent. Since £P4(T) is the kernel of
a bounded operator; it is a closed subspace of Cy(£P9). We will consider £P4(T') as a
subspace of Cy(£P1)

The bounded operator T : £PY(U) — £PO(U) was defined in Lemma 3.11. Let T :

Co(LPY) - Cy(£PP) be a direct sum of Ty,. The composition of operators T : LPYT) -
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C,(£P0) is a continuous linear operator. Combining the facts that d”T¢ = ¢, the operator

§ commutes with d”, and kers = £P4(T), for any w € £LP1(T") we get
d"6Tw = 8d"Tw = 6w = 0.

Therefore 8T is a bounded operator from £P}(T') to the kernel of
d" : C(LPO) - Cy(LPY),

which is equal to either C;(Ry) or C;(A}). Both spaces C;(Rr) and C;(A}) are finite dimen-

sional. There are the quotient maps

e : C1(Rp) = H'(T,Ry) = C1(Rp)/6Co(Rr)
and

£ : Ci(Ap) = HY(T,Ap) = C1(AL)/8CH(AD).

These maps are continuous because these are linear maps between finite-dimensional
vector spaces.

The kernel of 6T coincides with im d” in £P1(T). Indeed, assume w € £%(T) and
e6Tw = 0, then there is a cochain ¢ € Cy(Rr) such that §Tw = 6. Since §(Tw—19) = 0, we get
Tw -1y € £%() and d”"(Tw — ¥) = w. The same arguments works for the case w € £LL1(T).

Since 8T is continuous, the kernel is closed, and, consequently, im d” is closed. a
Since im d” is closed, there is the decomposition
LPYTD) =im d” @ (im d”)'.

Hence

HY(LP*(I),d") = £LPY(T)/im d” = (im d")*

The kernel of a closed densely defined operator coincides with the orthogonal complement

of the range of the adjoint. Thus by Proposition 3.14 we get (im d”)' = kerd”*. By
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Proposition 3.15 an element w € £P1(T") is harmonic if and only if d"*w = 0, thus #P}(T) =

kerd”* and i : #PX(T) - H(LP*(T),d"”) is an isomorphism. Also we proved that

LPYT) = HPYT) @ im d". (7

Theorem 3.19. The Laplace-Beltrami operator is a self-adjoint operator.

Proof. By the dimensional reasons the operator A is equal to either A = d”’d”* or A =
d”*d”. By von Neumann theorem for any closed densely operator A the operator A*A is a
self-adjoint operator [1, Theorem 7.3]. Thus by Proposition 3.14 both d”d"* and d"*d" are
self-adjoint. O

Remark 3.20. Let us describe the operator A in terms of local coordinates. Let x be a
local coordinate on an edge of I and the Kahler form g is locally given by the equation

g = g(x)d’x A d”x. Then by straightforward computation we obtain

__1 &f
s = -,
pv_ 1 () 1 8f(x)dgx)
A(f(x)d'x) = _g(x) 32 + 20 9x  ox d'x,
A(f(x)d"x) = — 1 9*f(x) + 1 Jf(x) ag(x)d,/x

g(x) 0Jx2 g2(x) ox Odx ’

1 0*f(x 2 df(x)dg(x 2 d%g(x 2 odglx
f()+ f()g()+ g()f(x)_ (g()

g(x) o0x2 g2(x) dx JOx  g%(x) Ox2 g3(x)" Jx
Proposition 3.21. The Hodge star operator commutes with the Laplace-Beltrami operator,
ie,* A=Axand e € DA : LPIT) —» £PA)) ifand only if x ¢ € D(A : L17P14(T) —

£1-P1=q(T)),

A(f(x)d'xAd"x) = — 2 f(x)d xAd" x.

Proof. Firstly, let us check that ¢ € D(A : £P49(T) —» £P4()) if and only if « ¢ € D(A
L17P1=(T) —» L£1-P179(T)).

The domain of A equals either
D(A : LPOT) - LPUT)) = {w : € D(d"),d"w € D(d")},
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or

DA : LPYT) = LPYD)) = {w : w € D), d"*w € D)}

By Proposition 3.14 w € D(d”) if and only if * w € D(d"*), and d""* = — % d” % . Thus,
d"w € D(d"*) if and only if « d”’w € D(d"”). Using the equality

% d” =% d" wx=+£d"* %

and the previous statement we get d"w € D(d”*) if and only if d"* * w € D(d”). Thus
w € D("”) and d"w € D(d"*) if and only if * w € D(d"*) and d"* * w € D(d") which is
equivalent to

w € D(A) =+ w e D(A).

Now, let us check the commutativity « A = A * . The equality = A = A * can be written
as

x A=—sd"«d"« —sxd'+d'=-d" «d" sx —xd" «d" =A%
Since #*x= (—1)P*91d, as an operator on £P49(T'), we get
— s d” w d x H(=1)PFHILG" 5 4" = (—=1)PHIHLG" s @ — 5 4w ! x
Thus the equality = A = A % holds. O
Proposition 3.22. There are the following decompositions:
LPYT) = HPY(T) @ im d”,
£%4(T) = H*(T) @ im d""*.

Proof. The first decomposition was already proved (7). Since the Hodge star is an isometry
we get

L% =« LI7PNT) =% K1Y ()@ * im d”’

By Proposition 3.21 we have #%4(I') =« F1~%!(T). By Proposition 3.14 we have d"* = — %
d” x,thus x im d” = im d"*. Combining these facts we obtain the second decomposition.

O]
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3.10 The main result.
The main result of this paper is the following

Theorem 3.23. Let T be a tropical curve of genus n. The Hodge star operator maps harmonic
superform to harmonic superform and the map *: JP4(I") — F('~P1=4(T) is an isomorphism,

and, consequently, HP4(T') ~ H'~P1=4(T"). In particular,
HY(T) ~ H*(T) ~ HY(T,R) ~ R

and

HY() ~ HOYT) ~ HY(T,R) = R".

Proof. By Proposition 3.21 if w is an element of #P4(T), then * w is also a harmonic form,
* w € FPI9(T). Since = +Id, we get that * is an isomorphism between #74(T") and
F1=P1=9(T). Thus, by Proposition 3.17 we get HP4(I') ~ H'=P'=4(T"). Since by definition
H%4(T) is the cohomology group of the sheaf R of locally constant functions, H*4(T) is
isomorphic to the usual topological cohomology group HY(T, R). O

The space H*(I') is generated by a nonzero constant function. Since the Hodge star of
a constant function is proportional to the Kahler form g, the class of g is a generator of
HY(I). The space 71°(T") is the space of differential forms with coefficients constant on
edges and satisfying the Kirchhoff’s law and the Regularity at infinity conditions. Since
* d'x = d"x, the group #*}(T) ~ H>Y(T) is generated by essentially the same differential

forms which are considered as (0,1)—forms.

Remark 3.24. Theorem 3.23 is a tropical analog of the Hodge theory on a compact Riemann
surface. We proved this theorem using methods of the Hodge theory, but one can prove
that there is an isomorphism HP4(T') ~ H'=P'=9(T") using quite simple combinatorial
methods. For example, since, by definition, #%P(T) coincides with usual topological
cohomologies and can be easily computed, one can apply the tropical Poincaré duality
duality [8, Theorem 4.33] and get #(*P(TI") ~ F(1=P(T). Also in the case of tropical curves

in a bit more general situation, which is a tropical analog of curve with punctures, the
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cohomologies were computed in [6, Proposition 2.4.2.] using quite simple methods. So
for the purpose of this result our paper is overcomplicated. One can consider this paper

as a proof of concept for the Hodge theory on higher dimensional tropical varieties.

3.11 Relation between cycles and harmonic tropical superforms.

Suppose some orientation of edges of a metric graph T is chosen. We can consider I as
a CW-complex, where edges of the graph are 1—cells and vertices are 0—cells. Consider
the group of 1-chains C,(T, R) of T with coefficients in R. An element j of this group is a

linear combination of edges

;B=Zﬁee’ B. € R.

ecE

There is the boundary operator d on edges, de = v; — vy, Where v, v, are, consequently,
inward and outward vertices of the edge e. Denote by Z,(T', R) the groups of cycles of
with coefficients R. By definition, a cycle § is a chain such that its boundary is equal to
zero, i.e., 98 = 0. Obviously, Z,(T, R) is isomorphic to homology group H,(T, R).

Let us define the linear map
¢ 1 C1i(T,R) - EXN(D)

as follows, an image ¢(e) of an edge e € E is a (0, 1)—tropical form such that its restriction

to any edge ¢’ # e equals 0 and its restriction to the edge e = [—I(e), 0] equals d" x.

Proposition 3.25. The map ¢ is an isomorphism between Z,(T, R) and 3%'(T"). Moreover,

suppose 8 € C,(T,R) and w € EYO(T), then

fw=fww(ﬁ),
8 T

where the integral on the left hand side is the integral of a usual differential 1—form
over 1—chain, we identify the tropical (1,0)—superform w with the corresponding differ-
ential 1-form, and on the right hand side there is the tropical integral of the tropical

(1,1)—superform over the tropical curve T.
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Proof. Recall that the Hodge star is an isomorphism between #°(T") and #%(T"), and
FHO(T) consists of closed regular forms. Therefore, these forms are forms with coefficients
constants on each edge, regular at infinity, in this case it means equal to zero at each
infinite length edge, and satisfying the Kirchhoff’s law at each vertex.

In the other hand, the image ¢(3) of a chain § is a form with coefficients constants
on each edge. Suppose that 3 is a cycle. It can’t have infinite length edges because
an infinite length edge is incident to a vertex of valence 1 and this vertex will appear
as a nonvanishing term in the boundary, hence ¢(3) is regular at infinity. It is easy to
understand that condition 48 = 0 is equivalent to the Kirchhoff’s law. Therefore, ¢ is an
isomorphism between Z, (T, R) and F%}(T).

Consider a chain

B = :E:ﬁe&

ecE
On the edge e the form ¢(B) is equal to 8,d” x. Consider a (1, 0)—tropical from w. Its restric-

tion to the edge e = [-I(e),0] is equal to w,(x)d’x.

/ﬁw=frcow(5>.

0
f 0= B f w(x)dx = ) f Bow,(x)d'x Ad"x = / w A p(B).
B —l(e) e T

ecE ecE

Let us show that

Indeed,

3.12 Pair of examples.
U1 v Uy €4 U3
€3

Figure 1:
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Example 3.26. Consider the graph I with three vertices v, v,,v; and four edges e, ..., e,
see Figure 1. The edges e;, e,, e; are incident to the vertices v, and v,, and the edge e, is
incident the vertices v, and v;. Therefore, its genus equals 2. Edges are isometric to the
intervals e¢; ~ [-1;,0],0 < [; < +o0,i = 1,2,3 and, since e, is incident to degree 1 vertex,
ey ~ [—o0,0]. Let us assume that 0 of each interval corresponds to the vertex v,. Let w be a
Kéhler form on T, this form have to satisfy the conditions from Definition 2.17. Consider
restriction of this form to edges w|,, = w;(x)d’x A d"x, then w;(x),i = 1,2,3 have to be
smooth positive function on the corresponding interval e; ~ [—];, 0], and w,(x) is a smooth
positive function on (—oo, 0] such that f_ooo x%w4(x)dx < +co. In particular, we can choose

e

2X
w;(x) =V;>0,i =1,2,3 to be any positive constants and w,(x) = zm, this w,(x) is the
e X

analog of Fubini-Study form from Example 2.22. One can check that

1
fCU = Vlll + Vzlz + Vglg + 5
r

The space #%°(T) is the space of constant functions on I, and #(T) is a linear span

of the Kahler form w. The space #°(T") consists of forms 3 such that
l’blei = Cl’d,x, Ci (S R, i= 1,2, 3, Cl + C2 + C3 = 0, ¢|e4 =0.

Indeed, because (1,0)—harmonic forms are closed they must have constant coefficients
on each edge. These forms have to satisfy conditions of Definition 2.8. Since they have
to be regular at infinity we get y|., = 0, and the Kirchhoff’s law condition at the vertex
v, o1, equivalently, v, give us C; + C, + C; = 0. Since the Hodge star is an isomorphism
between F19(T) and 7% ("), the space 7(%(T') is defined by the same condition but with
d”x instead of d’x.

Consider the basis ¥, and ¥, of 71°(T), where
Pile, =d'x, Yoo, = =d'x, Pil,, =0, P1le, = 05
¢2|e1 =0, ¢2|e2 = d'x, ¢2|e3 = —d'x, z/)2|e4 =0,

then

f¢1A*¢1=11+lz,f¢2A*¢2=lz+l3,/¢1A*¢2=/¢2A*¢1=—l2-
r

r r r
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Us
Uy U1
U4
U3
Figure 2:

Example 3.27. Now we are going to consider an example of a tropical curve defined
by a tropical polynomial, it is more standard approach in the tropical geometry, for
details see [3, Section 2]. We can think that R? is the tropical analog of (C \ {0})?, and its

compactification

R2 C [—c0, +00] X [—00, +00] = TP! x TP

is the analog of CP' x CP'. We can take the sum of Fubini-Study forms from Example 2.22

w=2 e dxAd'x+2 e” dynad”’
(1 + 2y (A+emyp 7Y

as an (1, 1)—form Kihler on TP x TP".
Consider the tropical polynomial
P(x,y)=€e342-(x+y+xt+y H+0-(xy+xy ' +xly+xy D,
this notation means that

P(x,y) =max(3,2+ x,2+ y,2—X,2—y, X+ Y, X—y,— X +y,—X — ),

it is a convex piecewise linear function. This tropical polynomial defines a tropical curve
I of genus 1 in TP' x TP', this curve is the corner locus of the function P(x,y), see Figure
2.

The length of an edge of I should be measured with respect to the minimal integer

tangent vector to this edge. For example, the length of the edge (v,,vs) equals 1 since the
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minimal integer tangent vector is (1, 1). For the edge (v,,v,) the length is equal to 2 and
the minimal integer tangent vector is (—1,0).

The restriction of w to T is a Kdhler form on T and its linear span is the space of
harmonic (1, 1)—forms #L(T).

Suppose edges e; = (vy,0,),e, = (5, 03),e3 = (U3,0,),e4 = (Uy,0;) are orientated in the
cyclic order, these edges are isometric to the interval [-2,0]. Let ¢ be a (1,0)—form equal
to d’x on these edges and to 0 at all other edges. Since this form is closed and regular it is
harmonic and it is a basis of 7¢%9(T). Its Hodge star = i, which is equal to d”’x on ey, ..., e4,
is a basis of H%1(I).

Since

w = 3d'd"(log(1 +¢>) +log(1 +¢2))

using Stokes’ theorem argument one can show that /. = 4. Also one can show that

JrYA P =8.

3.13 Final remarks.

Remark 3.28. Now we would like to discuss the relation of our paper to the quantum
graphs.

The research in quantum graphs is mostly devoted to the study of the Schrodinger
equation on metric graphs. This study usually based on study of stationary states, i.e.,
eigenfunctions of the Laplace operator. For the Laplace operator to be self-adjoint some
boundary conditions at the vertexes of a graph are needed. There are a variety of such
boundary conditions, some of them resembles our boundary conditions.

There is a difference between out approach and the standard quantum graph theory.
Usually only functions are considered, but we also consider differential forms and tensor
fields. We use harmonic forms as a tool to compute some cohomologies and the Laplace-
Beltrami operator arise from the chain complex. Usually quantum graphs are not related

to the study of cohomologies and chain complexes. In the quantum graphs setting the
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whole spectrum of the Laplace operator is studied, but we are only working with harmonic
functions and forms, i.e., with zero-eigenvectors.

In our case there is a Riemannian metric g on I which we consider as an analog of a
Kahler form. This metric is unrelated to the metric structure on T, i.e., to the length of

edges, but if we take g to be trivial
g=d'xAd'x ~dx ® dx,

then the length i(e) of an edge e, the function I(e) is a part of initial data for the metric
graph I, coincides with the length with respect to the Riemannian metric g. In this case
our theory is practically identical to the standard quantum graph theory, at least if we
work with functions only.

Also, in our case we require that all infinite-length edges should have finite length
with respect to the Riemannian metric g, otherwise we would get a different behavior
of harmonic forms. For example, constant functions are harmonic on T, but if there is
an infinite-length edge and g is the trivial metric, a non-zero constant function does not
belong L? since it has infinite norm. So if there are infinite-length edges, than the trivial

Riemannian metric is not a viable option for our purpose.

Remark 3.29. It would be interesting to study spectral properties (like asymptotics of
eigenvalues, Weyl law, and so on) of the Laplace-Beltrami operator and compare them

with spectral properties of complex curves and quantum graphs.
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