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dimensions. A model example is provided where the cobordism group of
weighted 1-foams is identified, via the Sah—-Arnoux-Fathi invariant, with the
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Mee Seong Im, Mikhail Khovanov

1 Introduction

In link homology by a foam, one usually means a 2-dimensional finite combinatorial
CW-complex F, often embedded in R3, where each point has one of the three types
of neighborhoods shown in Figure 1 below. Foams are used in algebraically-defined
link homology to build state spaces of planar graphs, which are then combined into
complexes that define the homology of a link [16, 20, 30, 28, 17]. Foams also appear in

Kronheimer-Mrowka instanton Floer homology for 3-orbifolds [18].

Locally, the foam structure is that of a two-dimensional spine of a 3-manifold. Often,
foams come with extra decorations, such as orientations, weights and other labels on

facets.

In this paper, a closed 2-foam means a foam as above, with additional decorations
specified. More generally, one can define a 2-foam with boundary, the boundary being a
1-foam. A 1-foam is a finite graph, possibly with loops and circle edges without vertices,
and additional decorations. Splitting the boundary of a 2-foam F into two disjoint sets of
components, F = (-U,) U U,, allows one to view F as a cobordism between 1-foams U,

and U,. Decorations of Uy, U; are induced from those of F.

This paper is the first in a series of papers which aim to use foams, in all dimensions n
and with additional decorations, to understand K-theoretical structures. One expects that
n-dimensional foams decorated by objects and morphisms of an exact category ¢, modulo
concordances which are ¢-decorated (n + 1)-dimensional foams, carry information about
the n-th K-theory group K, (€) of €. Facets, respectively, seams of a foam are decorated
by flat connections with objects of €, respectively short exact sequences of G, as fibers
of these flat bundles. This relation between decorated foams and algebraic K-theory is

started to be studied in [9].

The present paper works out a straightforward example of this correspondence, where
the abelian group of suitably decorated one-dimensional foams modulo 2-dimensional

cobordisms is identified with the group R Ag R, which is the first homology of the group of
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interval exchange transformations [36]. The related invariant of interval exchange trans-
formations mapping a group element to its image in the first homology is known as the
Sah-Arnoux-Fathi invariant, or SAF invariant, for short [34, 8]. I. Zakharevich interpreted
the SAF invariant map via the K; group of a suitable assembler category [37, 38], and that
category plays the role of the exact category € above. In the present paper, we relate
these structures to two-dimensional cobordisms between decorated one-dimensional

foams.

In Section 2, we work out this new interpretation of the SAF invariant, as classifying
elements of the cobordism group of weighted oriented 1-foams. In this construction,
edges of an oriented 1-foam are decorated by positive real numbers a, with compatibility
relations on these numbers at the vertices. The cobordism group of such foams is identi-
fied with the abelianization of the group of interval exchange transformations (IETs) in
Theorem 2.6. The isomorphism uses the Sah-Arnoux-Fathi invariant of IETs, extended to

arbitrary weighted oriented 1-foams.

Section 3 considers the cobordism group of planar unoriented weighted 1-foams and
identifies it with the abelian group generated by brackets [a, b] with a,b € R, modulo
the antisymmetry and the 2-cocycle relations (14)-(16). It also looks at a variation on
weighted embedded foams, where each facet may carry either a positive or a negative
weight. Several other variations on the group of foam cobordisms are studied in Section 4.
Constructions of Sections 2 and 3 can perhaps be viewed as first steps exploring the

relation between foam cobordisms and dynamical systems.

2 Foams and interval exchange transformations

In this section we interpret the Sah-Arnoux-Fathi invariant of interval exchange trans-
formations [34, 36, 8] via cobordism classes of oriented 1-foams with facets decorated by

positive real numbers (called weighted or R.,-decorated 1-foams).

Arnold Mathematical Journal, Vol.12(1), 2026 3
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Figure 1: Three types of points on a 2-foam. Left to right: a regular point, seam points on

a seam interval, a vertex.

Figure 2: A choice of facet orientations and an order of thin facets near a seam of an
oriented 2-foam. Facet orientations are indicated by the three “cap” semicircular arrows.
The two thin facets are shown as tangent to each other along the seam, which is a

convenient convention for tracking thin facets.

2.1 Oriented 1-foams and 2-foams and cobordisms between 1-foams

In this paper, a closed 2-foam denotes a finite combinatorial CW-complex F, where
each point is one of the three types and has a neighborhood as depicted in Figure 1; these
points are called regular points, seam points and vertices of the 2-foam, respectively. The
union of seams and vertices of F is a four-valent graph s(F), possibly with loops and
verticeless circles. The connected components of F \ s(F) are called the facets of F, and

the set s(F) is called the singular points of F.

A closed 2-foam is oriented if

» Each facet is oriented so that along its seams and near its vertices, the orientations

match as shown in Figure 2 (for seams) and Figure 3 on the right (for vertices).

Arnold Mathematical Journal, Vol.12(1), 2026 4
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Figure 3: Left: ordering of seams near a vertex, with facets labelled f1, f5, f3, f12> f23,
f123- The orderings are from smaller to larger indices: (f1, f5), (f2, f3), (f1, f23)s (f125 f3)-
Right: one out of two possible facet orientations near a vertex is shown. Orientations

and orderings must be compatible along each seam, as explained earlier and in Figure 2.

Along each seam, two of the facets are designated as thin and the remaining one as
thick. The orientation of each thin facet matches (flows into) the orientation of the
thick facet. Furthermore, the orientations of the two thin facets along a seam are
opposite. A facet which is thin at one of its seams may be thick at another seam;

this is a crucial difference from the foams mentioned at the beginning of Section 1.

* An order of two thin facets along each seam is fixed (shown by the small curly arrow

from one thin facet to the other in Figure 2).

* At each vertex of the foam, the decorations (orientations and orders) of the six
adjoint facets along the four seams match as follows (and shown in Figure 3 on the
right). The six facets are labeled f1, f,, f3, f12, f13, f123- Among the triples of facets
(f15 2, [12)s (25 3 f23)s (F 125 35 f123)s (f15 [ 23, f123), One triple for each seam, the first
two facets are thin and the last one is thick. The facets are oriented either as shown
in Figure 3 on the right or with all orientations opposite (which follows from the
orientation requirements along the seams). The orders of the facets along the seams
are as shown in Figure 3 on the left, in the direction of increasing indices, or the

opposite (decreasing indices).
Figure 4 shows a set of three “parallel cross-sections” of a foam near a vertex, with

Arnold Mathematical Journal, Vol.12(1), 2026 5
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Figure 4: Three parallel cross-sections near a vertex of a 2-foam, with the middle cross-

section going through the vertex. Small arrows show the order of facets along the seams.

Figure 5: A vertex of a (weighted) 2-foam is analogous to that of a branched surface,
c.f. [24, Figure 1.1].

one of the cross-sections going through the vertex. Figure 5 depicts a neighborhood of a
vertex taking “tangencies” of the thin facets along the four seams near the vertex into
account, analogous to that of a vertex in a branched surface [24, Figure 1.1], see also [27].

(For now, ignore the weights of the facets in Figure 5.)

The 1-foams can be thought of as generic cross-sections of 2-foams. A 1-foam is a finite
oriented trivalent graph. At each vertex, there are two in edges and one out edge or
vice versa. We call these merge and split vertices, correspondingly. They are shown in
Figure 6 on the left (ignoring the weights a,b,a + b in that figure). An oriented circle
with no vertices on it is allowed as a component of a 1-foam. Loops are a priori allowed,
although we will not encounter them in the present section due to working with oriented
foams (they do appear in Section 3, upon consideration of unoriented foams).

It is convenient to visualize the thin edges at a merge vertex as sharing a tangent

line at a vertex and think of a neighborhood of a merge vertex as a generic cross-section

Arnold Mathematical Journal, Vol.12(1), 2026 6
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across the seam of the Figure 2 foam. Likewise, a neighborhood of a split vertex of a
1-foam can be visualized as a horizontal cross-section of the rightmost foam in Figure 6.

Similar conventions are used in [29, 27].

We define an oriented 2-foam F with boundary as a cobordism between oriented
1-foams U, U;, where we read the morphism from bottom to top. The boundary of F is

split into two disjoint 1-foams,
OF = (—0yF) U o,F = U, U(=U,).

Away from the boundary F has a local structure that of an oriented 2-foam and collar
neighborhoods near U;, i = 0,1, where it is homeomorphic to the product U; x [0,€), € > 0.
The orientations of the facets of F and local orders of the thin facets along the seams of F
restrict to orientations of edges of its boundary 1-foams and local orders of the thin edges
at the vertices of the boundary 1-foams using the standard convention for an induced

orientation of the boundary of a manifold.

For completeness, we mention that an oriented 0-foam is a finite collection of points

with orientations (signs + and —). It is clear how to define oriented 1-foams with boundary.

2.2 Weighted or R, -decorated foams

Consider oriented 1-foams and 2-foams with edges (for 1-foams) and facets (for 2-foams)
decorated by real numbers a for various a > 0 and refer to a as the thickness, width, or
label of the facet. At a vertex of a 1-foam and a seam of a 2-foam, widths must add as
shown in Figure 6. Informally, one can “thicken” the foams and think of intervals [0, a)
and [0, b) merging into the interval [0,a + b) = [0,a) U [a, a + b) at a vertex of a 1-foam and
a seam of a 2-foam. This thickening is independent of a facet being thin or thick. The
order of thin edges near a vertex (for 1-foams) and order of thin 2-facets near a seam (for

2-foams) matches the order of the intervals in the merge, see Figure 6.

At a vertex of a decorated 2-foam, three thin facets of thickness a,, a,, a; merge into

facets of thickness a, + a, and a, + a3, which then merge with the remaining thin facet

Arnold Mathematical Journal, Vol.12(1), 2026 7
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a+b

s a+b

Figure 6: Left: Neighborhoods of a merge and split vertices of a weighted 1-foam,

respectively. Right: neighborhoods of a point near a seam of a weighted 2-foam.

b
Vs a+b+c a+b+c a+b+c
a
“ N ¢pa+b a+b\7\ \_7\b+c
/ib+c c A [N
| a+b+c = N

Figure 7: Left: labels near a vertex. Small arrows indicate one of the two possible orders
of thin edges at each of the four seams near a vertex (orientations of facets are not shown).

Right: three parellel cross-sections of this foam, including one which contains the vertex.

into the facet of thickness a;, + a, + as;, see Figure 7, which also shows three parallel

cross-sections of this foam.

Remark 2.1. If desired, one may allow lines and facets to carry the empty interval [0, 0),
but this does not seem essential. Such lines and facets can then be deleted from a foam.
Namely, remove all 0-weight facets. If a seam had thin facets of weights 0 and a > 0 along
it, the seam can be hidden and thin and thick facets of thickness a along it merged into a
single facet. A seam with thin facets of weights (0, 0) is deleted. This operation is suitably
extended to vertices with thin facets of thickness (a, b, c) at it, see Figure 7, depending on

which of these three numbers are 0.
We call such foams weighted foams or R, -decorated foams or IET-foams (see Sec-

Arnold Mathematical Journal, Vol.12(1), 2026 8
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o

a+b+c a+b+c

Figure 8: Left: the link of a vertex of a foam, with one possible choice of compatible
orientations of facets inducing orientations of edges of the link. Likewise, one out of
two possible compatible orders of thin facets at seams is shown. Right: the dashed
line cuts the diagram into two pieces that appear as the two boundaries of a vertex
cobordism in Figure 16, second row on the right (one of those two diagrams requires
orientation reversal vs the diagram above, due to splitting the boundary into top and

bottom components).

tion 2.3). The definition is straightforward to extend to all dimensions. A weighted 0-foam
is a finite set of points with signs {+, —} and weights a > 0.

Figure 8 shows the link of a vertex of a weighted 2-foam. Weighted 2-foams are
analogous to measured branched surfaces and measured laminations [23, 24], but without
an embedding into a 3-manifold.

For n = 0,1 denote by CobZ, the cobordism group of weighted oriented n-foams. An
n-foam U defines the trivial element [U] = 0 € CobZ, if and only if it bounds a weighted

oriented (n + 1)-foam.

Proposition 2.2. The cobordism group of weighted oriented 0-foams is isomorphic to R:
0
Cob,, ~R. (1

Proof. A weighted oriented 0-foam is given by a finite collection of points decorated by

signs and real weights a > 0. Merge all +-decorated points into one point (adding the

Arnold Mathematical Journal, Vol.12(1), 2026 9
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Figure 9: Merging points (+, a) and (—, b) via a cobordism, where a,b > 0.

weights) and all —-decorated points into a point (adding the weights). The result is at
most two points (+, a), (—, b), which are cobordant to (+,a —b)ifa > b, (—,b —a)ifa < b,

and to the empty 0-foam if a = b, see Figure 9.

Under the isomorphism in (1) point (+, a), a € R, is sent to a € R, point (—, a) is sent
to —a € R, and the disjoint union of signed decorated points is converted to the sum of

corresponding numbers. O

2.3 Interval exchange transformations and R -decorated 1-foams

r

Pick r > 1, a decomposition 1 = Z/li, 0 < 4; < 1,4; € R and a permutation ¢ € S,. Interval
i=1
exchange transformation 7, , : [0,1) — [0,1) is a bijection of a semiclosed interval to

itself given by writing it as the disjoint union of r intervals
[0,1) =[0,A) U4, 44 +)U...u[1-4,,1)

and permuting the order of intervals according to o, making the i-th interval o(i)-th in
the order.

The Sah-Arnoux-Fathi invariant of T, , is an element of R ®¢ R given by

SAF(Tp0) =, ® =21 27 4®4 =2 4®4, 2)
i=1

i \jio(j<o() j<i

where t; = ), € R is the displacement of the i-th interval by o.

jio(j)<o(i) /lj - Zj<i /11'

Arnold Mathematical Journal, Vol.12(1), 2026 10
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One can write SAF(T; ;) as a linear combination of elements ; ® 1, —1;®4;, i, j < r and
view it as an element of R Ag R = Aép(R), the quotient of R ®¢g R by the abelian subgroup
spanned by 1 ® 1,1 € R. Note that we have the decomposition R ® R Aa(R) o) Sé(R),
the sum of exterior and symmetric squares, and one is taking the projection onto the
first summand. The invariant can also be written as follows:

SAF(T10) =2 D, A4AA, (3)
i<j:o(j)<a()
where a A b denotes the image of a ® b under the quotient mapq : RQg R — Aé[R{, since
ga®b—-b®a)=2aAb.
The SAF invariant of T, , can be written as the integral
SAF(T) ;) = / 1® (T),(x) = x)dx,
[0,1)
see [36, page 2]. This invariant vanishes precisely on the commutator subgroup.

Let Autier be the group of Interval Exchange Transformations of [0, 1), that is, the

group of bijections T, , as above, with the group operation given by the composition of

maps. There is a short exact sequence of groups
SAF
1— [AUtIET’ AUtIET] —_— AUtIET —> AéR — 1. (4)

Remark 2.3. 1. Zakharevich [38] interpreted the Sah-Arnoux-Fathi invariant as describ-
ing K, of an appropriate assembler category. Combining this result with constructions of
the present paper yields an example of the relation between K; group of an appropriate
category and the group of 1-foam cobordisms, in a rather special case. In a forthcoming
paper, we will discuss the relation between the K; group and the cobordism group of

decorated 1-foams in greater generality.

Remark 2.4. To each interval exchange transformation T,, as earlier, we assign a
weighted 1-foam with boundary F, , and a closed weighted 1-foam F, ;, as shown in
Figure 10. Start with a line of thickness 1 and split it into lines of thickness 4, ..., 4, from

left to right. Then permute the points at the top end of the split via the permutation

Arnold Mathematical Journal, Vol.12(1), 2026 11
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merges I
g F/l,a

splits

Figure 10: A foam with boundary F, , associated to IET T, and its closure F, ,. Intersec-

tions are virtual due to having to depict the foam via a projection to the plane.

o € S,. After that, merge the resulting points into an interval of width 1, and close up
top and bottom endpoints, both of thickness 1, into a closed diagram. Denote by F; , the
resulting weighted oriented 1-foam with boundary and by F, ., its closure. Intersections
in Figure 10 are virtual, that is, due to having to depict the foam via a projection to the

plane.

Notice that, in the cobordism group Cob.,, a 1-foam F,, does not depend on the
sequence in which the interval 1 is split into 4, ..., 4, as long as in the split, 4,, ..., 1, go
from left to right. For instance, for r = 3, the two sequences of splits 1 — (1;,4, + 13) —
(A1, 45, 43) and 1 - (4; + 4,,43) = (44,45, 43) give rise to cobordant foams. Likewise, the
sequence of merging the intervals back is irrelevant, as long as the order from left to
right is A5-1(1), ..., Ag-1(). The two 1-foams that differ in that way are then cobordant via a
composition of 2-foams that create the vertices, see Figure 7. Likewise, a foam F, ;, in the
cobordism set of 1-foams with a fixed boundary, does not depend on the order of merges

and splits.
Composition of two IETS T; , and T, o+ is an IET Tyn on = Ty 50T, , for suitable (1”7, ¢”).

Proposition 2.5. The foams F,, ,» and F, , U F; ., are cobordant. Assigning a 1-foam F, ,

Arnold Mathematical Journal, Vol.12(1), 2026 12
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1 \

1 \
~” AN N
Fio Fyr o

Figure 11: A schematic depiction of the cobordism from F, , Li F), ., to F;, ,» in the proof

of Proposition 2.5.

to an IET T, , extends to a homomorphism of groups

¢, . AUtIET — C0b1>0. (5)

Proof. The cobordism is given by first merging F, , u F;, ,» into a connected foam, as
schematically shown in the bottom half of Figure 11. The interval of thickness 1, labelled
in that Figure, is then repeatedly split, by repeatedly applying elementary cobordisms
shown in the second row on the right in Figure 16. These elementary cobordisms convert
the 1-foam into F;, ,» via a foam concordance between braid-like foams, as schematically
depicted in the top half of Figure 11. The rules for computing the composition T, ;0T ,
are easy to translate to a particular sequence of elementary braid-like cobordisms be-

tween these two 1-foams. O

Arnold Mathematical Journal, Vol.12(1), 2026 13
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Figure 12: A commutator of IETSs x, y is null-cobordant.

2.4 Cobordism group of weighted oriented 1-foams

Since the cobordism group is abelian, homomorphism ¢’ factors modulo the commutator

of the automorphism group, giving a homomorphism
¢ . Hl(AUtIET’ Z) e C0b1>0. (6)

Figure 12 shows a cobordism from a commutator of two elements to the identity (or to

the empty 1-foam).

Theorem 2.6. The homomorphism ¢ in (6) is an isomorphism of abelian groups, giving
isomorphisms

Cobl, =~ RAgR = H;(Autgr,Z) = Ki(Cyp). (7)

The second isomorphism is the SAF invariant, and an isomorphism H;(Autgr, Z) =
K,(€y) is constructed in [38]. The category €, is the Zacharevich assembler category [38]

for the IETSs, also see Remark 2.7 below.
Proof. We establish an isomorphism
% : Cobly— RAgR (8)

which is compatible with homomorphism ¢ and makes the following diagram commute

Arnold Mathematical Journal, Vol.12(1), 2026 14
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a+b a+b
~~ v
S| w | X
a+b a+b b b a b

0 bAa 0 aAnb anb

Figure 13: Contributions of splits, merges and intersections to the invariant ».

Coblfy— 4 ~RAgR

X ];SAF

H;(Auter, Z).

Consider a weighted oriented 1-foam U and project it generically to a plane to a
diagram D.

The projection has two types of merge points and two types of split points, depending
on whether the order of thin edges at a point is clockwise or counterclockwise, see
Table 13.

To diagram D, assign an element »(D) € R Ag R as a sum over local contributions:

» A split vertex with a clockwise thin edge order and a merge vertex with a counter-
clockwise thin edge order contribute 0. See the first split and the first merge (from

left to right) in the table in Figure 13.
 For the other orientations, the contributions are shown in the table in Figure 13.

* A crossing of two intervals of lengths a and b contributes a A b, with the orientations

of the intervals determining the order of a, b in the product, see the table in Figure 13.

Some examples are shown in Figure 14. Note that » is additive under the disjoint union

of diagrams.

We claim that »(D) depends only on the 1-foam U, that is, different plane projections

result in the same invariant »(D). Two such projections differ by local moves in Figure 15

Arnold Mathematical Journal, Vol.12(1), 2026 15
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Yam's a
CDy
- a+b
aAb
anb

Figure 14: An invariant v for each of these two foams is a A b. For the foam on the left, the
merge contributes a A b while the split contributes 0. For the foam on the right, denoted
U,p, the intersection contributes a A b, while both the merge and the split contribute
0. (These two foams are homeomorphic, through a homeomorphism that preserves all

decorations.)

and versions of these moves given by reversing orientation of one or more of the com-
ponents or reversing the order of thin edges at a vertex. This follows from the list of
Reidemeister moves for embedded rigid graphs in Kauffman [14], although our case is
easier, since the graphs are projected onto the plane rather than first embedded in R?

and then projected onto R2.

It is straightforward to check the invariance of v under all variations of moves in
Figure 15. For example, independent of orientations of a and b lines, invariance of »
under move 1 in Figure 15 is the relationa Ab + b Aa = 0. For move 2itis a A a = 0. Move
4 and its version for the opposite orientation determine two entries of the Figure 13 table
given the other three (they determine, for instance, entries 1 and 3 of row 2 given values

at entries 2, 4, 5). Move 5 corresponds to the bilinearity property of the tensor product.

Suppose that weighted 1-foams Uy, U, are cobordant. A cobordism between them
can be realized as a finite sequence of elementary cobordisms shown in Figure 16. We
can put a foam in a generic position and then take a sequence of cross-sections with

minimal changes of topology between consecutive cross-sections. These changes include
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@% 1 2 3
a b a a a b c a b c

b a

a b a b b c a b c a
V't
~e ~e
a+b a+b
a b+c a b+c

Figure 15: Diagram moves 1-5 that do not change the underlying foam.

(a) going through a vertex, which correspond to the changes in row 2 of Figure 16, (b)
going through a local maximum or minimum of a seam, as shown in row 1 of Figure 16,
(c) Morse critical point of a facet, as shown in row 3 on the right and the bottom row.
What remains are isotopies. The cobordism on the left of row 3 of the figure has no
topology change between its top and bottom boundaries, which are different projections
onto the plane of the same decorated 1-foam. This cobordism is included for completeness,
and it corresponds to move 4 in Figure 15. Remaining isotopies correspond to the other

moves in Figure 15.

For each elementary cobordism, one can pick diagrams for the two 1-foams at its
boundaries so that they differ as shown in Figure 16. A direct computation implies that,
in each case, the two diagrams have the same invariant .

Consequently, the homomorphism % in (8) is well-defined. It is clearly surjective, since

each generator a A b is the image of some foam. Define a homomorphism
¥, 1 R®, R —> Cobl, (9)

by taking a ® b to the foam in Figure 14 on the right.
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Yo
+
[ —— e

a+b+c a+b+c a+b a+b c

Figure 16: Top left (two pictures): a singular cap cobordism. Its reflection in a horizontal
plane gives a singular cup cobordism. Top right (two pictures): a singular saddle cobor-
dism. Second row: the standard cobordisms between these pairs of 1-foams are given
by 2-foams with a single vertex. These transformations can also be obtained by splitting
the link of a vertex into two halves, see Figure 8. Third row left (two pictures): flipping
thin edges at a vertex in a diagram of a 1-foam. Third row right (two pictures): a saddle
cobordism relates these two 1-foams. Bottom row: cup and cap cobordisms allow a circle

to vanish or appear.
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Fi Y2
ig.
b ? 18g 29 :
N
Q a; g

AN
a1+a2 a;

Figure 17: The cobordism for the first arrow splits the line a; + a, into two lines a; and a,.

a
a1+a2+b

In the second cobordism, two intersection points (with their neighborhoods indicated
by dotted circles) are converted into foams U, , and U,, ;, with the remaining braid-like

foam U, cobordant to a circle of weight a, + a, + b; see Figure 18.

To show that 1, is well-defined, we need to check the relations

¥o((a; + a;) ® b)
¥,(a ® (by + by))

P2(a; ® b) +P,(a; @ b), (10)
P2(a ® by) +P,y(a ® by), 11

which also imply n¥,(a ® b) = ,(na ® b) = P,(a ® nb), and, since Q is a divisible group,
imply $,(° ® b) = $,(a ® ).
Note a related observation, that the natural quotient map R ® ; R — R ®q R is an

isomorphism, so that (9) holds with R ®y R on the LHS as well.

The 1-foam U, ,,, ) associated to (a; + a;) ® b is shown in Figure 17 on the left. It is
cobordant to the foam U with two crossings shown in the middle of the same figure. A

crossing can be split off from any foam, as shown in Figure 18.

Splitting off both crossings from U results in the foam U, shown on the right of
Figure 17. Foam U, is the union of U, ;,U,,, and a braid-like foam U, with no crossings
and compatible thin edge orientations at vertices. Foam U, is cobordant to the circle of
weight a; + a, + b and, then, to the empty foam. Hence, foams U, ,,,, and U, , U Ug,

are cobordant and the relation (10) holds. The relation (11) follows in the same way.
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b a b a b a
@ @ a+b @
a+b
AN AN AN @ b
allDb allDb a a+t
a b
NG NG a+b NG
a b a b a b

Figure 18: Converting a foam with a crossing to the union of a foam with one less crossing

and foam U, , shown in Figure 14 on the right.

To check that ¢, factors through a homomorphism

114

¥; : RAzR— Cobl,, (12)

we observe that
P(a®b+bQ®a)=0

since the disjoint union U, ,LIU,, , of 1-foams associated to a®b and b®a is null-cobordant.

To see that ¢, is surjective, pick a 1-foam U. This foam can be represented as the
closure of a braid-like 1-foam B. Choose a diagram D of B where all splits and merges
have local v-invariant 0, see Table 13, with the closure D describing the foam U.

All crossings can be removed from D via cobordisms shown in Figure 18. There, as a
first step, parallel lines of thickness a and b above and below the crossing are merged to
create two intervals, each of thickness a + b. They are then brought near each other and
merged via a saddle point cobordism. This results in a disconnected 1-foam which is the
disjoint union of foam U, ;, and a foam with one fewer crossing versus the original.

The 1-foam D is cobordant to the union D, L D,. Here D; is the closure of a braid-like
crossingless diagram D, where all merges and splits have local v-invariant 0, and D,
is the union of foams U, ;, a;,b; € R, over all crossings (a;, b;) of D. The diagram D,
is cobordant to a circle of some thickness and, hence, null-cobordant. This shows the

surjectivity of ;.
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Composition oz, is clearly identity. That and surjectivity of ¢, implies that ¢, 0 is
the identity map. O

Remark 2.7. On the category side, we can follow Zakharevich [37, 38] and consider the
category G, with objects — half-open interval [a, b) C R. Morphisms are metric-preserving
and order-preserving inclusions of intervals, and the assembler structure is given by pairs
of morphisms [a,, by),[a,, b,) MZ [a, b) that cover the interval without overlaps. More
generally, given a Zacharevich assembler category €, one can consider n-dimensional
foams where facets are decorated by objects of €, (n — 1)-dimensional seams by coverings
of ¢, and so on. The cobordism group of ¢-decorated n-foams should then be related
to K-theory groups K, (C) as defined in [37]. Cobordism groups of foams decorated by

objects of a category are introduced in [9].

Remark 2.8. It is possible to loosely compare the group Aut;zr of IET transformations of
the interval to the braid group and weighted 1-foams to links (note, though, that 1-foams
are not embedded anywhere, while links are embedded in R3). The closure of a braid
is an oriented link and the closure of an IET can be described by an oriented weighted
1-foam. The analogue of the Alexander theorem is simple: any oriented weighted 1-foam
is the closure of some element of Aut;r, and the analogue of the Markov theorem is
straightforward to write down as well since 1-foams are not embedded in R3 (Markov’s
theorem is known in the harder case of graphs embedded in R3, see [12, 13, 7]). The
analogue of the SAF invariant for oriented links is, perhaps, the sum of the linking
numbers k(L;, L)), i < j, over all pairs of components of a link L. This analogy is inspired
by Figure 13, where (a, b) crossing adds a A b to the SAF invariant, similar to the formula
for the linking number. The SAF invariant is preserved by the cobordisms of the oriented
weighted 1-foams, as Theorem 2.6 shows. The linking number is invariant under some
cobordisms in R3x[0, 1] between the links in R3. More precisely, pick an ordered countable
set S and equip a link L with a map ¢ : comp(L) — S from its set comp(L) of connected
components to S. Consider the cobordisms M between such links L, L’ equipped with a

map comp(M) — S which is compatible with the maps ¢, ¢’ for its boundary links L, L'.
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The S-linking number

ks(L) 1= D, Ik(&iL)

Ljp@<Pp(j)

is invariant under such cobordisms.
Remark 2.9. In the definition of weighted foams, the abelian semigroup (R, +) can
be replaced by an arbitrary commutative semigroup (H,+). One can then form the
abelian group Coby; of H-weighted oriented 1-foams modulo cobordisms. The latter
are H-weighted oriented 2-foams with boundary. The above arguments extend to an
isomorphism

HAH = Cobj, (13)

taking a Ab to [U,,]. Here H A H is the abelian group generated by symbols aAb, a,b € H,

with defining relations

aAb+bAa = 0,

(a1+a2)/\b = al/\b'l'az/\b.

In particular, the cobordism group of R-decorated oriented 1-foams is isomorphic to
that of R, ,-decorated foams, since the natural map R., A R, — R A R induced by the

inclusion R, , < R is an isomorphism.

There are several related ways to thicken an (oriented) R ,-weighted 1-foam to a
2-dimensional structure and a cobordism between such foams to a three-dimensional

structure.

2.4.1 Lower limit topology

One can thicken an R ,-decorated 1-foam to a 2-dimensional structure by multiplying a
1-facet I carrying label a by [0, a) and then gluing these products at vertices, see Figures 19,
20.

We equip intervals [0, a) with the lower limit topology ¢, with a basis of open sets given

by [a;, by), With 0 < a; < b; < a, see Munkres [22, Section 13]. With this topology, there
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flat view sideways view

a

a+b o
aX

Figure 19: A split and its thickening. An IET 1-foam U can be replaced by a “surface”
T(U), which is locally the product (0,1) x [0,1),, where ¢ denotes the lower limit topology,

also see Figure 20.

a+b o
aX

Figure 20: A split with the opposite thin edge orientation vs. the one in Figure 19 and its

thickening, shown sideways.
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Figure 21: A weighted oriented 1-foam can be thickened to a weighted oriented train

track on an oriented surface with boundary.

are homeomorphisms [0,a) LI [0,b) = [0, a + b) given by placing [0, b) immediately to the
right of [0, a).

In thisway, a 1-foam U as above is thickened to a topological space T(U) which is locally
homeomorphic to the product [0, 1), x (0,1). A cobordism between two such 1-foams is
thickened to a topological space locally homeomorphic to [0, 1), x (0,1)>.

This thickening of 1-foams and 2-foams is related to the Zakharevich assembler cate-
gory, see Remark 2.7 above and the discussion in the introduction.

The topological space T(U) associated to a 1-foam U carries a foliation where connected
components of the leaves are locally x x (0,1) for 0 < x < a. If all leaves are compact
(and then necessarily homeomorphic to S!), the foam U is null-cobordant. The opposite
implication fails, since U L U* is null-cobordant for any U, where U' is the mirror image

of U.

2.4.2 Train tracks on surfaces

A weighted oriented 1-foam can be thickened to an oriented train track [25] on a surface
with boundary, see Figure 21. Transformations of unoriented train tracks that do not
change the associated measured foliation or measured lamination [25, Sections 2.1, 2.3]
can be interpreted as the cobordisms of train tracks in S x [0, 1], where S is the surface

that contains the train track.
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a+b thickening

ANNNNN

a b a
Figure 22: Thickening an embedded (a, b) vertex to a flow.

Remark 2.10. Interval exchange transformations can be thickened to very flat surfaces,
or translation surfaces [39, 40], i.e., surfaces with a flat metric and singular points where
total angles at these points are multiples of 2z. Oriented weighted 1-foams, equipped

with additional data, can likewise be thickened to very flat surfaces (we omit the details).

3 Planar unoriented weighted foams and antisymmetric 2-

brackets

Consider unoriented weighted 1-foams U embedded in the plane R?, and denote an
embedded foam also by U. Such a foam U is analogous to a weighted unoriented train
track on a surface [25], except that no conditions are imposed on the Euler characteristic of
components of the complement of U in R? (compare with [25, Section 1.1]). An embedded
1-foam can be thickened to an open subset of R? with an unoriented bidirectional flow

on it, see Figure 22.

By a cobordism between two unoriented embedded 1-foams U,, U;, we mean an
unoriented embedded 2-foam V ¢ R? x [0,1] so that V n (R? x {i}) = U;, i = 0, 1. Note that
for any 1-foam U, the disjoint union U u U' of U with its mirror image is null-cobordant.

See Figure 23 for an example of the mirror image of an unoriented embedded foam.

Denote by Cobguz the set of cobordism classes of unoriented embedded 1-foams (“up”

in the superscript stands for unoriented planar). The disjoint union and mirror image
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a+b a+b
2 2

a+b a+b |
T(a,b) T(b,a) = T(a,b)
a a

[SHES]

a
2

Figure 23: The tripod 1-foam T(a, b) and its mirror image T(a, b)' = T(b, a).

a a
2

2 2
Icobordism

a

Figure 24: A cobordism between an interval and two looped half-intervals (lollipops).

operations turn this set into an abelian group. Denote by [U] the image of a 1-foam U in
that group.

In general, there is no obvious cobordism between U and U' (and we will see that
[U] # [U'], in general).

For a,b > 0 denote by T(a, b) the 1-foam shown in Figure 23, which we also call a tripod

foam. Note that T(a,b)' := T(b, a).

Proposition 3.1. The group Cob[ﬁus is generated by symbols [T(a, b)] of tripod 1-foams

overalla,b > 0.

Proof. The cobordism shown in Figures 24, 25 allows to convert an interval into two
looped half-intervals. The loop at the end of an a-interval has thickness a/2. This cobor-
dism can be applied at each edge of U, as shown in Figure 26 on the left, to cut U into
a union of tripod foams and circles. Each circle can further be cut into a barbell foam

(the latter is shown in Figure 27, together with a cobordism from it to the empty foam, in
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Figure 25: The cobordism from Figure 24 in more detail.

a+ b &a + b
cobordism
b a b a b c a b c

Figure 26: Left: splitting off a vertex of a planar 1-foam into the tripod T(a, b), see also
Figure 23 on the left. Right: existence of a cobordism between these 1-foams combined
with the splittings on the left corresponds to the relation [a, b] +[a + b, c] = [b,c] +[a, b +c]

in Z%(R.,), see proof of Proposition 3.3 below.

the top right corner of the figure). If a foam U has vertices vy, ..., v, with thin edges at the

vertex v; of thickness (a;, b;), going counterclockwise, then [U] = Z?ZI[T(ai, b)]. O

Remark 3.2. Figure 28 shows that T(a, b) is cobordant to T(a,b — a) if a < b. Passing to
mirror images shows that T'(a, b) is cobordant to T(a — b, b) if a > b. These cobordisms can
be iterated to a foam cobordism version of the Euclidean division algorithm. In particular,
iterating these operations we see that T'(a, b) is null-cobordant if b € Qa (that is, if a and b
are proportional over Q). Cobordism between T(a, a) and the empty foam is shown in

the second row in Figure 27.

Consider 1-foams in the first two rows of Figure 16, ignoring the orientations of edges

and orders of thin edges at vertices and instead viewing the 1-foams as planar (embedded

Arnold Mathematical Journal, Vol.12(1), 2026 27


http://dx.doi.org/10.56994/ARMJ

Mee Seong Im, Mikhail Khovanov

+b
a4 a+b

Y [

a

a
2a a
~~ ~~ co——— ~ (%)
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Figure 27: Top left: the two foams there are cobordant, which corresponds to the relation

[SH RS
N e

[a,b] + [b,a] = 0 (see proof of Proposition 3.3 below). Top right: barbell 1-foam is null-
cobordant (encoding the last cobordism in the bottom row). Bottom row: foam T(a, a) is

cobordant to a barbell foam and null-cobordant (relation [a, a] = 0).

[SHRS]

Figure 28: A cobordism between T(a,b) and T(a, b — a), for a < b.

Arnold Mathematical Journal, Vol.12(1), 2026 28


http://dx.doi.org/10.56994/ARMJ

Foam cobordism and the Sah-Arnoux-Fathi invariant

in R?). These 1-foams are cobordant in pairs, via 2-foam cobordisms embedded in R?x[0, 1].
At the same time, breaking up these 1-foams along edges results in disjoint unions of the
foam T(x,y) for various x,y € R.,. Passing to the cobordism group and replacing R, by

a commutative semigroup H motivates the following definition.

Given a commutative semigroup (H, +), denote by Z?(H) the abelian group with gen-

erators [a, b], a,b € H, and defining relations

[a,a] = 0, a€H, (14)
[a,b]+[b,a] = 0, a,beH, (15)
[a,b]+[a+b,c] = [a,b+c]+[b,c], a,b,c € H. (16)

Note that relation (14) does not imply the skew-commutativity relation (15) since the
bracket [a, b] is not bilinear. Equations (14) and (15) together are the strong version of the
skew-commutativity property in the absence of bilinearity. Equation (16) is reminiscent
of the 2-cocycle relation - the difference between the two sides can be interpreted as the
signed boundary of a 3-simplex with oriented edges labeled a,b,c,a + b,b +c,a+ b +c.
This is explained in Figure 29. The analogue of symbol [x, y] is an oriented triangle with
oriented sides labeled x, y, x + y. The oriented boundary of a 3-simplex with sides labeled
by a, b, c and their sums is the difference between the right-hand side and left-hand side
of equation (16). Also see [11, Section 2.4].

We call Z2(H) the antisymmetric 2-bracket or antisymmetric 2-cocycle of H.

A homomorphism f : H; — H, of commutative semigroups induces a homomor-

phism Z2(H,) — Z?(H,).

Proposition 3.3. The cobordism group COb@lRiE of planar unoriented weighted 1-foams is
isomorphic to Z%(R.):

Cobﬂléjs ~ ZX(Rsy), (17)
taking [T(a, b)] to [a, b] for all a,b > 0.
Proof. Consider the free abelian group Z on generators [a, b]’, over all a,b € R.,. Propo-

sition 3.1 says that there is a surjective homomorphism r : Z — Cobuléug taking [a, b]’ to
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Figure 29: We have 3(A3) = front — back = [a,b + ¢] + [b,c] — ([a,b] + [a + b, c]). Equation
d(A3) = 0 is then the relation (16).

[T(a,b)]. Furthermore, relations (14)-(16) hold for the images of [a, b]’ under 7. Indeed,
T(a, a)is null-cobordant, giving the relation z([a, a]’) = 0. The disjoint union T(a, b)uT(b, a)
is null-cobordant, implying

7([a,b] + [b,a]’) = 0. (18)

It is convenient to pair up a- and b-lollipop ends of T(a,b) U T(b,a) and pass to the 1-
foam which is a split of (a + b)-strand into a- and b-strands, followed by the merge, see
Figure 27 top left. There is a natural cobordism from the split-merge to the (a + b)-strand,
which is another way to see the relation (18). Ignoring orientations and edge orders, this

cobordism is depicted in the top left corner of Figure 16. Likewise, that
7([a, b)) + t([a + b,c]’) = 7([a,b + c]") + =([b,c]’) (19)

follows from the existence of a cobordism between the two ways to merge the parallel
a, b, c-strands into (a + b + c¢)-strand, see Figure 26 on the right. For example, there is the
one-vertex cobordism between these two 1-foams.

Consequently, the homomorphism r descends to a surjective homomorphism, also
denoted

T Z2(Rse) — Coby? (20)

Vice versa, breaking a planar weighted 1-foam into tripods gives a map 7’ from planar
foams into Z-linear combinations of symbols [a, b]’, and we would like to turn 7’ into the

inverse of 7. A cobordism between two 1-foams can be represented as a composition of
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elementary cobordisms, including vertex cobordisms, singular saddles, cups and caps,
and the usual saddle, cup and cap cobordisms between 1-manifolds. These cobordisms do
not change the linear combination of symbols [a, b] associated to a 1-foam, when viewed
as an element of Z%(R.).

Note that the relation [a, a] = 0 in (14) does not come from any elementary cobordism.
The tripod T(a, a) is null-cobordant, however, as shown in Figure 27. This discrepancy has
the following explanation. When breaking a tripod T(a, b) along every edge to construct
the map 7/, one adds three more terms to [a, b]’ due to the three lollipop vertices of the

tripod, so that the composition of 7 and 7’ is

!

[a,b] = [T(a,b)] N la,b]) +[a/2,a/2] +[b/2,b/2]) + [(a + b)/2,(a + b)/2].

In particular, the composition 7’z differs from the identity due to the presence of three
terms [x,x]’ for x € {a/2,b/2,(a + b)/2}. Setting these terms to 0 in Z%(R,,) makes the

composition 7'z = id, where now 7’ is a well-defined map

!

' Coby® — Z2(R,q), [T(a,b)]— [a,b]. (21)

In the other direction, it is clear that 7z’ = id. Consequently, the homomorphism 7 in (20)

is an isomorphism. O

Extending from R, to R and adding bilinearity relations on the symbols [a, b], so that,

in addition [a; + a,, b] = [a;,b] + [a,, b], gives a surjective homomorphism
0" : Z2(Ryg) — RAZR2R Ag R, (22)
and, consequently, a surjective homomorphism
6 : Cobg™ — RAGR (23)

taking [T(a, b)] to a A b (compare with the SAF invariant, see Section 2). This allows to

show that some unoriented planar 1-foams are not null-cobordant.

Corollary 3.4. Planar unoriented foam T(a,b) for a,b € R, is not null-cobordant if

b & Qa.
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That is, if the unoriented planar foam T(a,b) for a,b € R, is null-cobordant, then
b € Qa.
It turns out that the bracket [a, b] is almost bilinear, as explained by the following

result.

Proposition 3.5. The kernels of 6/ and 6 consist of elements of order at most two. For

any a, by, b, € R, the following relation holds in Z2(R.,):
2([a5b1 + bZ] - [aa bl] - [a’ bZ]) = 0. (24)

Proof. Consider the following three equations:

[a’bl +b2] + [b11b2] = [a+b19b2] + [a’ bl]’ (25)
[b1,by +al +[by,a] = [by + by, a] +[by, by], (26)
[bl’ a+ bz] + [a, b2] = [a + bl’ bz] + [bl, a]. (27)

Equation (25) is the 2-cocycle relation, for a,b;,b,. Equation (26) is given by cyclicly
permuting the terms of the previous equation, a ~— b, ~— b, — a. Equation (27) is
given by transposing a and b, in (25). Writing down the linear combination (25) + (26) —
(27) and using that the bracket is antisymmetric gives relation (24).

This argument is borrowed from [5], which shows bilinearity of the difference [a, b] —
[b, a] assuming only the 2-cocycle equation (16) for all a,b € H, where H is an abelian
group. When the 2-cocycle is, additionally, antisymmetric, via equation (15), the differ-

ence [a,b] — [b, a] = 2[a, b]. O

The proposition tells us that the bracket [a, b] is “almost” bilinear, with the difference

[a,b; + b,] — [a,b;] — [a, b,] either 0 or an element of order 2.
Corollary 3.6. The foam U u U, where

U = T(a,b; + b)) uT(b;,a)uT(b,,a),
is null-cobordant for any a, b, b, > 0.
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U a+b1+b2 a+b1 a+b2

a b1 + b2 bl a b2 a

Figure 30: The 1-foam U = T(a, b, + b,) U T(by,a) U T(b,,a) in Corollary 3.6.

The foam U is shown in Figure 30.

We do not know whether the scalar 2 can be dropped from equation (24), so that
[a,b] is bilinear in a,b. That would be equivalent to foams U in Corollary 3.6 being
null-cobordant for all a, b;, b, > 0.

To further study abelian groups in Proposition 3.3, it is natural to extend the possible
weights of the foam facets from positive to all real numbers. First, we discuss the group
Z?(H) for general commutative semigroups H, having (R, +) in mind. Note that Proposi-
tion 3.5 holds for any commutative semigroup H in place of R., so that there is an exact

sequence

el
0— ker8 — Z%(H)— HA' H — 0,

with 2x = 0 for x € ker ¢’. Here H A’ H is the abelian group which is the quotient of the
abelian group closure of H®; H by the relations aA’b+bA’a = 0and aA’a = 0, by analogy
with (14), (15). Symbol A’ is used instead of A since the relation a A a = 0 is usually not

imposed in the definition of the exterior square (but follows for 2-divisible semigroups).

If 0 € H, then (16) with the particular triple (a, b, c) = (a, 0, b) implies that [a,0] = [0, b]

for all a,b € H. Specializing to b = 0 gives
[a,0] = [0,a] = 0, Va € H. (28)
Proposition 3.7. Assume that 0 € H. Then

1. [a,0] =0foralla € H,
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0
a+b+c a+b+c 0
a
a+b A b+c 0 0 A 0
b c a a —a a —a a —a a —a

a b c

Figure 31: Left: cobordance of these 1-foams matches the 2-cocycle equation (16). Right:

Two trees merging (a, —a,a, —a) to 0.

2. If —a € H (i.e., a is invertible in H), then

2[a,—a] = o, (29)
[b,—a] = [a,b—a]+][a,—a]forallbeH, (30)
[2a,—2a] = O, (31)
3. If —a,—b € H, then
[—a,—b] = [a,b] + [a,—a] + [b,—b] — [a + b, —a — b]. (32)

Proof. See (28) for 1. Notice that relation (16) can be visualized as the “associativity”
property for merging a, b, c into a + b + ¢ in two possible ways, where a vertex merging

x,y contributes [x, y] to the sum, see Figure 31.

Iterating this associativity relation gives us a relation between any two tree diagrams
for merging (qa,, ..., a,) into a; + ... + a,. Now apply the relation to the two trees shown
in Figure 31 on the right merging (a, —a, a, —a) to 0 and use that [a, —a] + [—-a, a] = 0 and
[b,0] = 0 for any b to conclude that 2[a, —a] = 0, resulting in relation (29).

For the relation (30), apply (16) to (b—a, a, —a) to get [b—a, a]+[b, —a] = [b—a, 0]+[a, —a].

For the relation (31), two of the ways to merge (a, a, —a, —a) to 0 give
la,a] + [—a,—a] + [2a,—2a] = [a, —a] + [a,0] + [a, —a], (33)

resulting in [2a, —2a] = 2[a, —a] = 0.

For the relation (32), apply (16) to (a,—a,—b) and (—a — b, a, b). O
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Notice that, modulo terms [x, —x], relations (30) and (32) are [b,—a] ~ [a,b — a] and
[—a,—b] ~ [a, b].

Remark 3.8. We give an example for which [a,—a] # 0. Let H = (Z/4,+) = {0,1,2,3}. It is
tedious but straightforward to check that the map

0 ifa=0orb=0ora=>o,
¥(la,b]) = (34)

1 otherwise
extends to a homomorphism 3 : Z*(Z/4) — 7 /2. Under this homomorphism, the image
of [1,—1] = [1, 3] is nontrivial. Via the surjective homomorphism Z — Z/4 we see that
[1,—1] in nontrivial in Z%(Z) as well. Consequently, [a,—a] is not always 0 in Z?(H) for

a,—a € H.

Elements [a, —a], over all a,—a € H, generate a 2-torsion subgroup in Z?(H), which we
can denote Z2(H). This subgroup is trivial if H is 2-divisible, in view of the relation (31).
In particular; it is trivial for H = (R, +).

We denote by R, the semigroup (R, +) and by R the group (R, +). Semigroup (R., +)

is not a monoid, that is, 0 ¢ R.,. The inclusion R, ¢ R induces a homomorphism
o ZX(Ryy) — Z3(R). (35)

To differentiate between the elements of the two groups, denote by [a, b]r the symbol of
the pair a,b € R viewed as an element of Z2(R). The map p is given by p([a, b]) = [a, b

fora,b > 0.

Corollary 3.9. In Z2(R) and for a, b > 0, the following relations hold:

[b,a—b]g if a > b,

[a,=blr =1[b—-a,alg ifa<b, (36)
0 if a =b,
[_a’ b][R = _[b’ _a]R’ [_a! _b]IR = [a’ b]R (37)
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Proof. These relations are obtained by dropping off the terms [x, —x] from the relations

in Proposition 3.7. Terms [x, —x]|r = 0 since R is 2-divisible. O

Corollary 3.9 implies that p is surjective, since the symbol [a, b]g with at least one of

a,b negative can be written as +p([a’, b’]) for suitable a’,b’ € R., or [a,b]g = 0.
Proposition 3.10. The homomorphism

p 1 ZA(Ry0) — Z*(R)
induced by the inclusion R, c R is an isomorphism.

Proof. Corollary 3.9 relations can be used to define a map from symbols [a, b]r with
a,b € R to signed symbols [a, b] with positive a, b. Consider the map § defined on symbols

as follows and assuming a, b > 0:

6([a,blg) = &([-a,=blr) = [a,b], (38)
6([a,=blr) = [b,a—b], if a>b, (39)
8(la,=blr) = [b—a,al, ifa<b, (40)
6([-a,blr) = —6([b,—alr), (41)
6([a,—alg) = O. (42)

We claim that § extends to a well-defined homomorphism § : Z?(R) — Z%(R.,). This
map respects the relations (14) and (15). A tedious case-by-case verification shows that it
also respects the relation (16). For example, consider relation (16) for the triple (a, —b, ¢)

where ¢ > b > a > 0. To check that
6([a, —b]r) + 6([a — b,clr) = 6([a,c — blg) + 5([-b, c]g),
we compute the two sides:

LHS = [b—a,a]l+[a+c—b,b—a],

RHS = [a,c—b]+][c—b,b],
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and write

[a,c—b]+[c—b,b] = ([c—=b,b]l+[a,b—a])+[a,b—c]—[a,b—a]
= ([c=b,a]l+[a+c—b,b—a])+[a,b—c]—[a,b—a]

= [a+c—b,b—a]l+[b—a,a] = LHS.

The case a > b > c follows by symmetry, and other cases to consider are a > b,c > b;
b > a+c;a+c>b,b> a,b> c. All of them together take care of the relation (16) when only
the middle number is negative. The case (—a, —b, —c), i.e., all three numbers are negative,
is trivial, but there are many other cases. They follow via straightforward computations

which are omitted. O

The group Z%(H) depends only on the isomorphism class of abelian semigroup H.
Thinking of R an abelian group and using the axiom of choice, one can write R = &;Q,
where the index set J is uncountable. Consequently, Z%(R.,) = Z2(R) =~ Z?(d,;Q), giving
a more symmetric presentation of Z2(R,,) since we can now work with positive and
non-positive generators satisfying the relations (14) - (16). This does not give an explicit
description of Z%(R.,), just a description with more internal symmetries, but in our
study of this group we stop here. A natural question would be to understand the kernel
of the surjective homomorphism 6’ : Z*(R,,) — Aé(IR) sending [a,b] to a A b. From

Proposition 3.5 we know that 2x = 0 for any element x € ker(9").

Remark 3.11. Note that Z?(Q,,) = Z*(Q) = 0. This can be derived from all tripods T(a, b)
for a,b € Q. being null-homotopic. A related observation is that thickening T'(a, b) with
rational a, b results in a foliated planar surface with all leaves closed and diffeomorphic

to S'.

Proposition 3.10 shows that passing from R., to R does not change the group Z>2. Let
us consider unoriented planar 1-foams where edges are labeled by real numbers rather
than just positive numbers (planar R-weighted 1-foams). A cobordism between two such

foams is given by an unoriented R-decorated 2-foam in R? x [0,1]. An R-weighted 2-foam
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a>0 a>0

Figure 32: Going from an R-weighted 1-foam to an R,,-weighted 1-foam (continues in

Figures 33, 34).

also has vertices with local structure as in Figures 7 and 5, but now a, b, c are arbitrary
real numbers, possibly 0. Denote by CobkLlp the cobordism group of R-weighted planar

unoriented 1-foams. There is a natural homomorphism
. 1,up 1,up
[ CobR>0 — Coby (43)

given by viewing R, -weighted 1- and 2-foams as R-weighted foams. Likewise, there is a
homomorphism

g Z*(R) — Coby™ (44)

defined analogously to the homomorphism (20). The map 7 takes the symbol [a, b]r to

the concordance class of the tripod T(a, b), where now the weights may be non-positive.
Theorem 3.12. Maps ( and 7 are isomorphism of abelian groups.

Proof. That 7 is an isomorphism can be shown in the same way as for 7, see the proof
of Proposition 3.3. Next, observe that formulas in Corollary 3.9 convert symbols [x, y|g
when one of both x, y are negative into symbols with positive entries. We now define the
foam counterpart of these formulas. Start with an R-weighted 1-foam U and convert it to
an R, ,-weighted 1-foam U* as follows. First, convert each line a into a line of weight |a|,
for a € R*, see Figure 32.

At the vertices of U, only the edges of negative weight are bent to the opposite side
to retain the balance of weights at a vertex. If an edge has positive weight, it is not
bent. Figure 33 shows how a single negative edge is bent at a vertex. Figure 34 shows

modifications at a vertex if two out of three edges have negative weights. In Figure 35
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a—b>0
a>b>0
AN
a -b
a—-b>0
a>b>0
AN
-b a

Figure 33: Converting a vertex with one negative weight into a positive vertex; compare

a—b>b
Ab
a
a—b>b
a

with (36), top equality. If a = b, the line a — b = 0 is removed, see also Figure 35.

top row, we see that an (a, —a) vertex gets smoothed out into part of a segment, and in
Figure 35 bottom row, that no bending is necessary at a (—a, —b) vertex, but just weight

reversal at all three edges of the vertex.

The foam U° may have edges (and circles) of weight 0. A circle of any weight is null-
cobordant even if there is a 1-foam inside the disk that it bounds, by converting the
circle to a barbell. Given a 0-edge e, applying Figure 26 (left) transformation at the two

endpoints of e produces tripod foams T(a,,0) and T(a,,0) (or their reflections) for some

a-b<o0 b-—a20

b>a>0

a —-b a

Figure 34: Vertex replacement when two out of three edges are negative. If a = b, the

line b — a = 0 is erased.
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S

U 0 U° 0
remove
a>0 0 line
NN a NN a
a

a —a

—a-—b>b a+b a+b
a,b>0
AN AN
a b

—a _b

Figure 35: Top row: converting (a, —a)-vertex to an undecorated a-segment (analogous
to the relation [a, —a]r = 0) by flipping (bending) the —a edge and removing the 0 edge.
Bottom row: at a (—a, —b)-vertex, all edges are negative so one bends all three edges or
one simply reverses all weights (corresponding to the relation [—a,—b]g = [a, b]r, See

Corollary 3.9).
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Figure 36: Top: T(a,0) tripod. Bottom row: a cobordism from T(a,0) U T(a,0) to T(a,0).
The first move is the cobordism in Figure 24, the second is (a, 0, 0)-vertex, the third move
cuts a 0 edge creating lollipops. The last move vanishes T(0,0), since it is null-cobordant.
Gluing T(a,0) x [0, 1] to this cobordism by capping off one T(a, 0) on each side shows that

T(a, 0) is null-cobordant.

a,,a,. These foams are null-cobordant (see Figure 36), and cobordant to barbell foams
with weights a;, a, (the latter are null-cobordant as well, see Figure 27). Inserting these
barbell foams back into the original 1-foam and composing these cobordisms shows that
an R.y,-weighted 1-foam V with a 0-weight edge e is cobordant to the same foam with
edge e deleted. Thus, all edges and circles of weight 0 (components of weight 0) can be
deleted from an R, -weighted foam V, resulting in a cobordant R ,-foam. In particular,

this is shown as the second step in the top row of Figure 35.

Denote by U* the foam U° with weight 0 components removed. The map U ~— U*
from planar R-weighted 1-foams to planar R.,-weighted 1-foams needs to be extended

to cobordisms between 1-foams, that is, to 2-foams with boundary.

Suppose that F is an R-weighted 2-foam with boundary U, unoriented and embedded
in R% x [0,1), with U ~ dF = F n (R? x {0}). We convert all facets of F with negative labels

—a to positive labels a > 0.

At each seam of F, two facets merge into one. If one or two of these facets had negative
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a>b>0

Figure 37: Top row: Converting a seam with a, —b thin facets, with a > b > 0, into a seam

with b, a — b thin facets. Bottom row: Converting a seam when b > a.

weights, we make these facets approach the seams from the opposite side, by taking the
rules in Figures 33, 34, 35 and multiplying them by the interval to get the corresponding

rules for 2-foams. These modifications are depicted in Figure 37.

Next, one produces modification rules at vertices of F, where facets have weights
a,b,c,a +b,b +c,a+ b +c, for some a,b,c € R. Taking the link of a vertex results in
a 2-foam L(a, b,c) on the 2-sphere (see Figure 8 on the left, with orientations and thin
edge orders at nodes dropped). Converting it to L(a, b, c)*, one needs to check that it is
null-cobordant through a R, ,-weighted foam and pick a particular cobordism to replace
each (a, b, c)-vertex of an R-weighted 2-foam. This is done on a case-by-case basis, and
the rest of the proof closely resembles that of Proposition 3.10 towards the end. Here
we provide the cobordisms in two out of the many cases here. Instead of the cobordism
from L(a, b,c)" to the empty foam we depict cobordisms between two possible ways to

merge a, b, c edges into the a + b + ¢ edge, see Figure 26 on the right.

We consider the case when the middle number is negative and write it as —b. Since

intermediate edges are a — b and c — b, there are four cases to consider:
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a,c2b20 R-weighted
U 1-vertex
1 cobordlsm U
ate- R,-weighted
foam
cobordlsr}n

Figure 38: Vertical arrows go from R-weighted foams U,, U, to R,-weighted foams U7, Us.

Bottom horizontal arrow indicates that we need to produce an R.,-weighted cobordism

between foams U7, U3. Such a cobordism is shown in Figure 39.

1. a>b,c>2b >0,

2.a>b>c>0(casec>b>a>0is given by reflection),
3.b>a,b>c,a+c>b,a,c>0,

4. b>a+c,a,c>0.

In each of the cases, one constructs an R ,-weighted cobordism between the correspond-
ing R, ,-weighted one foams. Schematically, Figure 38 shows what needs to be done in

case (1) above, and similar for the other cases.

Cobordisms between the diagrams that replace the corresponding vertices are shown

for cases (1) and (3) in Figures 39 and 40 via sequences of their cross-sections.

Further cases include L(—a, b, c), with the first number negative (that of L(a,b,—c)

follows by reflection symmetry). Another case is when two numbers out of three are
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a,c>b>0 a+c—b
a—>b ~
a b c
a+c—b
~ c—b
a b c

Figure 39: Replacing a vertex of an R-weighted 2-foam for weights (a,—b,c) with a,c >

b > 0 by an R,,-weighted 2-foam.

b>a,b>c>0, b<a+c

b—a

a+c—b

a+c—b b—c a+c—b

Figure 40: Vertex replacement for weights (a,—b,c) withb > a,b >c>0and b < a +c.
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negative. The case L(—a, —b, —c) is easy, since no modifications are done at any of the four
vertices of the boundary foam. (It is likely that additional symmetries of L(a, b,c)* can be
used to reduce the number of cases but we have not checked that.)

This procedure converts R-weighted 2-foam F with boundary U = JF to an R,-
weighted embedded foam, denoted F°, with boundary U°.

Next, 0-facets of F° can be removed as well, by analogy and extending our deletion
of 0-facets of the foam U°. The resulting 2-foam F* c R? x [0,1) is R, ,-weighted, with the
boundary U* c R? x {0}. Consequently, our procedure for converting R-weighted 1- and
2-foams into R, ,-weighted 1- and 2-foams gives a homomorphism

. . Lup Lup
l .CobR —>CobR>O.

It is clear that ("o = id, since ¢* on foams with all facets positive is the identity map.

To show that o:* = id it suffices to check that : is surjective. For that, it is enough to
show that [T(a, b)] is in the image of « for all a,b € R. Consider the tripod T(a,—b) for
a > b > 0. There are two ways to merge strands a, —b, b into an a — b + b = a strand, with
the one-vertex 2-foam cobordism connecting the two ways to merge. This translates into

a cobordism between R-weighted 1-foams:
T(a,—b)uT(a —b,b) ~ T(a,0) U T(-b,b).

Foam T(a — b, b) has positive weights. Foam T(a, 0) is null-cobordant via R.,-weighted
foams, see Figure 36. Foam T(-b, b) is null-cobordant, since [-b,b]r = 0 and [T(—b, b)] is
the image of [—b, b]r under the homomorphism 7 in (44). Alternatively, computation
in (33) with —b/2 in place of a can be converted into a description of a cobordism from
T(—b,b) to the empty 1-foam. Consequently, T(a,—b) is cobordant via an R-weighted
2-foam to an R, -weighted 1-foam T(b, a — b). Reflecting in the plane shows that T(-b, a)
is cobordant to T(a — b,b). We leave the remaining cases: T(a,—b) with b > a > 0 and
T(—a,-b), a,b > 0 to the reader.

Consequently, : and ¢* are mutually-inverse isomorphisms. This completes the proof

of Theorem 3.12. O
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Our constructions and results can be summarized into the following statement.

Theorem 3.13. There is a commutative diagram of isomorphisms of abelian groups

ZX(Ry) —— Cobp®

e | (45)
ZXR) —s Cob@l@m’Llp
The top arrow is given by (20), the bottom arrow rp is the map (44). The left arrow is the

map p in Proposition 3.10, the right arrow is given by (43).

In particular, the cobordism groups of R-weighted and R, ,-weighted planar unori-
ented 1-foams are isomorphic, and they are isomorphic to the corresponding abelian
groups generated by the symbols [a, b] over either all positive real a, b > 0 or, alternatively,

all real a, b, subject to relations (14) - (16) in each of the two cases.

Remark 3.14. In the isomorphisms 7 or rp in Theorem 3.13, commutative semigroup
R., or commutative group R can be replaced by any uniquely 2-divisible commutative
semigroup H or by a semimodule over Z.,[1/2]. Unique 2-divisibility is needed to consis-
tently split a planar H-weighted 1-foam into a union of tripods, since lollipop loops carry
weights a/2,b/2,(a + b)/2. These divisions by two must exist and be consistent. One then

gets an isomorphism of abelian groups
Cob, P = Z2(H). (46)

The group Z2(H) can be thought of as a universal antisymmetric 2-cocycle on H. Antisym-
metry condition forces the bracket to be almost bilinear, see Proposition 3.5.

Symmetric 2-cocycles are not almost bilinear; in this sense, and allow for a richer
structure. Interestingly, they naturally appear in the theory of formal groups [32, Section
6], with relations (16) and [a, b] = [b, a] interpreted as the infinitesimal version of the
formal group law axioms. Formal groups are closely related to cobordism groups of
manifolds (to the complex cobordism generalized cohomology theory), see [1, 21, 26, 31,

10] and the references therein.
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It seems possible to interpret symmetric 2-cocycles in the framework of foam cobor-
disms. A step towards such interpretation is to consider unoriented cobordisms (2-foams
with boundary) between 1-foams, not embedded anywhere, where 2-foams have oriented
seams. One imposes the compatibility condition on seam orientations at vertices of the
2-foam to match the 2-cocycle relation. Absence of an embedding and not keeping track
of the order of thin facets at a seam leads to the symmetric relation [a, b] = [b, a]. The
antisymmetry property vanishes, since in the cobordisms in the top row of Figure 16 the
seams are now oriented and the two vertices of the boundary 1-foam for each relation
have opposite types, leading us to denote the two brackets by [a, b], and [a, b]_ and giving
the relation [a, b], + [b,a]_ = 0, which simply allows to express one bracket via the other.

The bracket [a, b],, then, satisfies the symmetry property and the 2-cocycle condition.

Remark 3.15. For an interesting cobordism group, we considered planar unoriented
weighted 1-foams in this section. The planar oriented 1-foams do not allow loops and
creation of tripod foams T(a, b). The cobordism group of suitably defined planar oriented

1-foams is trivial.

Constructions and results of this section demonstrate the possibility of having interest-
ing cobordism groups of planar objects other than embedded 1-manifolds, with additional
decorations, such as (positive) real weights. Notice that the resulting cobordism group
has the flavour of scissor congruence groups (for instance, surjecting onto A%R, so that R

is essentially viewed as a discrete group, which is typical of scissor congruence).

4 Variations on weighted foams

Here we go back to considering oriented R, ,-weighted foams, not embedded anywhere,

as in Section 2.
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$
b
1 —

Figure 41: Left: encoding flip by a dot. Middle: a cobordism that cancels a pair of dots on
a line. Right: Removing or adding two dots on a line results in a cobordant foam. Our

surfaces are not embedded in R3, and the square of the flip is the identity.

a_i_bA a+b
. =
a b
a+b

Figure 42: Splitting an (a + b)-line flip into a-line and b-line flips.

4.1 Foams with flips

The group of IET automorphisms of the interval can be enhanced with flips [0,a] —
[0,a],x =— a — x, see [19], viewed as a subgroup of all measurable automorphisms
of ([0,1], |[dx|). Denote this automorphism group by Ggp; it contains Autger as a sub-
group. Arnoux in [3, 4], also see [19], has shown that this group is simple, in particular,
[Griip> Griip] = Gijp-

A flip of an interval [0, a] can be encoded by a dot on a line labeled a, see Figure 41.
IET 1-foams and 2-foams can be enhanced by flip dots and flip networks, subject to the

following relations:
* Two dots on an interval can cancel via a cobordism,

A flip line on an (a + b)-facet can cross a seam and become two flip lines on a,b

facets, reversing the order of the two thin facets at the seam,
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a+b—y a+b—x

/ﬂ /'{" a+b
0 a+b 0 a+b
P ) S LN
= 0 a+b
0 X y (l+b 0a+b
L g L g

0<x<a a<y<a+b

Figure 43: The flip map x ~— 1 — x can be split as shown on the right.

a+b a+b a+b

Figure 44: Equation (1) encodes moving a dot through a vertex, which includes flipping
the order of thin edges. Relation (2) follows from Move 4 in Figure 15, which does not
involve dots. Right: foam cobordism between the two foams in equation (1), with reversed

orientation. Here, the direction is reversed during the interaction.
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4~ - O
a

a a

Figure 45: Splitting a dot off the rest of the foam.

as shown in Figures 41 and 44. Figure 42 shows how a flip on an (a + b)-line is modified
to flips on a- and b-lines, via a concordance of braid-like 1-foams with flips. Figure 43
shows the thickened version of that equivalence transformation. Denote by Cobi’(f)Iip the

cobordism group of R, ,-decorated 1-foams with flips.

Theorem 4.1. The cobordism group of weighted oriented 1-foams with flips is trivial,

Cob™™ ~ 0. (47)

>0 -

Proof. Any R.,-decorated 1-foam with flips U can be represented as the closure U, of
a braid-like foam U,. To U, there is associated the corresponding element u, € Ggp.
Since Gy, is perfect, u, can be represented as a product of commutators, u, = Hi;l[v,-, w;].
Write U, as the composition of corresponding 1-foams, U, = Hle[Vi, W;]. The foam for
each commutator is cobordant to the interval foam, using the argument as in Figure 12.

Consequently [U] = 0 in the cobordism group. O

Remark 4.2. Theorem 4.1 can also be proved directly, without invoking the perfectness
of Gy, Start with a 1-foam U, possibly with flips. A dot can be split off from the rest of
U into an a-circle with a dot, see Figure 45. An a-circle with a dot is null-cobordant, see

Figure 46.

Consequently, a 1-foam with flips is cobordant to the same foam without flips, and
flips can be removed at any time when constructing a sequence of cobordisms. Present
foam U as the closure of a braid-like foam U,. All crossings in U, can be split off from a

diagram as in Figure 18, along with the flips.
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a
ge 2
a 2
: o g
2
a

Figure 46: An a-circle with a dot is null-cobordant.

~ ~ ~ f\,Of\, %)
a+b a+b

Figure 47: A cobordism from U, to the empty foam.

An order of thin edges at a vertex can be reversed by adding three dots, one on each
adjacent edge, as shown in relation (1) in Figure 15, with an additional dot added on
both sides of the relation on the (a + b)-line. Two dots on the (a + b)-line on the left hand
side can then be cancelled via the Figure 41 cobordism. Dots can be split off as well and
removed, being null-cobordant (Figure 46).

A combination of these moves transforms U, into a cobordant foam which is a disjoint
union of foams U, ;. and a braid-like foam U, without crossings, dots, and compatible
orders of thin edges at all vertices, see Figure 17 on the right. Foam U, is null-cobordant,
as explained earlier. Foam U, is null-cobordant as well, as shown in Figure 47. Conse-

quently, U is null-cobordant.

4.2 Foams with a map into a topological space

Consider 1-foams and 2-foams equipped with a continuous map into a topological space X.
Without loss of generality we can assume that X is a connected CW-complex. One can form

the abelian group Cob:”* of R.,-decorated oriented 1-foams U withamap ¢ : U — X
Rso >
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modulo cobordisms. Two 1-foams as above with maps ¢; : U; — X are cobordant if there
is a 2-foam F with a continuous map 3 : F — X such that d(F, ) = (U1, %) U (=Uy, Py)-
For the sake of simplicity, we can further assume that X is a path-connected CW-complex.

The homotopy classes of maps ¢ : U — X of a 1-foam into X depend only on the
fundamental group 7,(X) of X. Denote this group by G and consider G-decorated 1-foams,
as follows. A decoration consists of finitely many dots on edges of U, each dot labeled by
an element of G. Form the standard model of the classifying space BG, take its 2-skeleton
and pass to the Poincaré dual P(G) of the 2-skeleton. A map of a 1-foam to BG can be
deformed to a piecewise linear (PL) map into the 1-skeleton BG' of BG, which we also
denotey : U — BG'. Here we view the 1-skeleton of BG as a subspace of P(G). The inverse
image of the 1-skeleton of P(G) is then a collection of points on the edges of U labeled by
elements of G. A point labeled g € G corresponds to the intersections of ¢(U) with the
one-cell of P(G) labeled g. Also see [9, Section 2].

A cobordism F between 1-foams U,, U, which is a 2-foam with a map 3 : F — X can
be converted to a PL map into the 2-skeleton P(G), also denoted . The inverse image of
the 1-skeleton P(G)! of P(G) is then a one-dimensional PL. CW-complex in F with labels on
edges, with possible singularities as shown in Figure 48. The edges labeled 1 € G can be

erased.

Proposition 4.3. The cobordism group of oriented R.,-decorated 1-foams equipped with

a continuous map to a path-connected CW-complex X is given by
R ®z Hi(X,2)) ® (R Ag R). (48)
Note that, if H,(X, Z) is torsion, the first term vanishes.
Proof. Denote by [g] the image of g € G in H;(G) = H,(X, Z) and define a map
R c:ob;;g0 — R ®, H (X, 2) (49)
by sending a G-labeled oriented 1-foam U to the sum

n@) = Zai®[gi1, (50)
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gh

Figure 48: Possible singularities of a network of G-defects on a 2-foam. Trivalent vertices
of the network on a facet (left figure) are points in 9 ~}(P(G)?), where P(G)° is the 0-skeleton
of the Poincaré dual P(G). Unlike that in Figure 44 on the right, the order of thin facets

does not reverse when a defect line crosses a seam (right figure).

where the sum is over all labels g; € G on U and q; is the thickness of the edge which
contains g;. It is clear that y; is invariant under cobordisms between 1-foams shown in
Figure 48. Topology changes of 1-foams under cobordisms, shown in Figure 16, happen
away from the one-dimensional network of G-defects on a cobordism, since the latter
network can be deformed away from vertices and from local maxima and minima of
seams and facets. Consequently, y,(U) depends only on the cobordism class of U in COb@lRi ,

so it is a well-defined map on cobordism classes [U]. Define the homomorphism
y @ Coby — (R®; Hi(X.2)® R AQR), y([UD) = (n(UD.SAFW). (1)

It is then straightforward to check that y is an isomorphism of groups. Indeed, the
defect points on a 1-foam U can be split away, each on its own circle, from the rest of U,
converting U into the disjoint union of a foam U’ without G-defects and a union U” of
circles Cy, ..., C,, carrying labels g, ..., g, and having thicknesses a,, ..., a,. The cobordism
class of U’ is an element of R Ag R, and that of U” reduces to an element of R ® » H,(X, Z)
as outlined above. The homomorphism y in (51) has a section s taking a generatora ® g
in the first term on the RHS to a circle of thickness a carrying label g, and a generator
a A b of the second term on the RHS to the web U, , shown in Figure 14, see the discussion

in that section. We have yos = 1. Our classification of the cobordism group without
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G-decorations in Theorem 2.6 and the above arguments, including splitting off G-points
away from the rest of the 1-foam, imply that soy = 1, showing that y is an isomorphism

and concluding the proof. O

4.3 Other variations

Remark 4.4. D. Sullivan in [33, 35] has proved that any oriented one-dimensional
solenoidal manifold M is the boundary of an oriented solenoidal surface. The idea
(tributing his much earlier conversation with B. Edwards) is to represent M as the closure
of a braid-like structure, that is, as the mapping torus of a homeomorphism of the Cantor
set. Sullivan then uses R. D. Anderson’s theorem [2] that the homeomorphism group of
the Cantor set is simple and, in particular, perfect. Representing the homeomorphism
as a product of commutators allows to realize M as the boundary, schematically shown
in Figure 12. This use of braid-like closures is analogous to that in the proofs of Theo-
rems 2.6, 4.1, where an oriented weighted 1-foam is represented as the closure of a braid
1-foam. It is likely that Sullivan’s result can be interpreted as the vanishing of K; of a
suitable assembler category [37, 38], where the assembler structure is that of coverings

of the Cantor set.

Remark 4.5. The SAF invariant can be generalized to the Kenyon-Smillie invariant [15,
6], and it is an interesting question to interpret the latter via suitably decorated foam

cobordisms.

Remark 4.6. O. Lacourte [19] defines a version of interval exchange transformations for
each subgroup I' c R/Z, via the corresponding subgroup IET(T) of the group Aut;er. He
establishes an isomorphism between H,(IET(I')) and the second skew-symmetric power
of T over Z, where T is the preimage of I' in R. It is straightforward to extend the results
of Section 2 to interpret the above first homology group as the group of foam cobordisms,
with the facets of foams carrying weights in T’ n R, (and see Remark 2.9).

Lacorte also considers the group of IETs with flips. This group is known to be perfect,

and Theorem 4.1 is a foam interpretation of this result. Lacourte shows that subgroups
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IET(I') with flips modulo the commutator may have 2-torsion, and there should be an

analogue of this result for foam cobordism.
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Abstract:

We describe a model Mg"m” for the boundary of the connectedness locus
ng of the parameter space of cubic symmetric polynomials p.(z) = z3 — 3¢?z.
We show that there exists a monotone continuous function 7 : am;y - Mg"mb

which is a homeomorphism if ng is locally connected.
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1 Introduction

A central problem of Complex Dynamics is to describe parameter spaces of holomorphic
maps. Investigating the deceptively simple quadratic family f.(z) = z* + ¢ led to an

explosion of activity in the field. Aided by computer graphics capabilities, mathematicians
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Symmetric cubic polynomials

made many interesting discoveries concerning the connectedness locus of the quadratic

family, the celebrated Mandelbrot set M,.

One of the first such discoveries, made by Douady and Hubbard [15], was that M, is
connected. Then the combinatorial description of the structure of the Mandelbrot set
was largely carried out in the language of laminations introduced by Thurston [42] (see
Section 3 and [42] or [6] for precise definitions and other details). Douady constructed
a topological pinched disk model of M,; Thurston made this model more explicit and
described it in terms of laminations. If M, is locally connected (which is still an open
question), then it is homeomorphic to its model. The local connectivity of the Mandelbrot
set is one of the most important long standing conjectures in the field; if true, it will imply

the density of hyperbolicity property of the quadratic family.

The above describes the quadratic version of what one can call the Douady-Hubbard-
Thurston program, i.e. a two step approach to studying some complex one-dimensional
parameter space of polynomials that we now fix. Similar to the quadratic family, its most
interesting part is the connectedness locus, i.e., the locus of all polynomials in the space
with connected Julia sets (in the quadratic case, this is the Mandelbrot set). One needs to
prove that the connectedness locus is connected itself. Then two steps are made. On the
first step one describes the laminations of the polynomials from the parameter space
in question producing in the end the corresponding space of laminations, most likely
described itself by a certain parameter lamination (like, e.g., Thurston’s QML lamination
[42]). On the second step one constructs a monotone map from the connectedness locus
of interest to the quotient space of the closed unit disk under the parameter lamination.

This quotient space can be viewed as a model for the connectedness locus.

The Douady-Hubbard-Thurston program has been implemented for quadratic poly-
nomials, and then for unicritical polynomials z? + ¢ of any degree d, cf. [1, 22, 39, 40],

where c is the parameter.

We initiated this program for the space SC2 of symmetric cubic polynomials p.(z) =

z® — 3¢z with marked critical point ¢ in papers [8, 9] that serve as a prequel to the present
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article. Namely, in [8] we investigated the space of symmetric cubic laminations and
constructed the associated parameter lamination called the cubic symmetric comajor
lamination C,CL (see Section 3). In [9] we proved an analog of Lavaurs algorithm for this
lamination. Now, let M,” be the connectedness locus of €. The aim of the present article

is to complete the program for the space S€2 and prove the following theorem.

Main Theorem. The set M;y is a full continuum. There exists a monotone continuous

surjective map « : M’ — D/C,CL. If MY is locally connected, then & is a homeomorphism.

We are not aware of any other articles in which the Douady-Hubbard-Thurston
program is fully implemented for non-unicritical polynomials. We did recently learn of a
manuscript by Xavier Buff [12] in which he studies the parameter space of symmetric
polynomials of the form P, 4(z) = 1z + z% and shows that the connectedness locus M,
contains the unit disk D and that every component of M, \ D is homeomorphic to a limb

of the Mandelbrot set.

Acknowledgments.
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software written by Wolf Jung. The authors are grateful to the reviewer for careful

reading and useful suggestions.

2 Notation and preliminaries

We assume knowledge of basic facts and concepts of complex dynamics. We also use
standard notation (such as J(P) for the Julia set of a polynomial P, etc).

Consider the space SC2 of symmetric cubic polynomials p,(z) = z* — 3c?z with marked
critical point ¢, or, more formally, the space of pairs (p,, c), which, in turn, is uniquely
parameterized by the values of c. Since p, = p_,, every polynomial (except for p,(z) = z3)

shows in €2 twice. Thus, S€2 is a (branched) two-to-one cover of the moduli space of all
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odd cubic polynomials, where the moduli space means the quotient space with respect
to complex linear conjugacy. The critical points of p, are ¢ and —c, the corresponding
critical values are —2c* and 2¢3. The marked cocritical point of p,, i.e., the other preimage
of —2¢3 = p.(c), is —2c. Subsets A and B of the plane are said to be mutually symmetric
if B=—-A. If A = —A we call a set A symmetric. Since p, is odd, the Julia set J(p,.), the
filled Julia set K(p.), and their complements are symmetric. Observe that p.(0) = 0 and
pe(z) = pi(—z) = 3z — 3¢

Let ng be the connectedness locus of SC2, i.e., the set of all ¢ for which the Julia set of
p. 1s connected. It is known that the Julia set of p,. is connected if and only if all forward
orbits of critical points of p. are bounded. Since p. has mutually symmetric critical orbits,
we conclude that ¢ € M;” if and only if the orbit of ¢ or, equivalently of —2c or 2, is
bounded.

Foranyr > 0setD, = {z € C||z| < r}, and write D for D,. Let S! be the unit circle. For a
set A C C, let A be its closure and dA be its boundary. We use the terms periodic orbit and
cycle interchangeably. External rays to the Julia set of a polynomial P are denoted Rp(6)
where 6 is the argument of the ray (if there is no ambiguity we may omit the polynomial
from our notation; also, we write R.(6) instead of R,, (6)).

Let X, Y be topological spaces and f : X — Y be continuous. Then f is said to be
monotone if f~1(y) is connected for each y € Y. It is known that if f is monotone and X is

a continuum then f~1(Z) is connected for every connected Z c f(X).

3 Symmetric cubic laminations

Invariant laminations were introduced in [42]; they play a major role in polynomial
dynamics. The preceding papers [8, 9] of this series contain an overview, based on [42]
and [6]. Here we follow [8] and [9] (see Section 2 of [8] for a detailed discussion).

If a monic polynomial P has a locally connected Julia set J(P), then P|,py is topologically

conjugate to a suitable quotient of the d-tupling map o; : S' - S! (Where o4(z) = z¢ if
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Figure 1: The parameter space of symmetric cubic polynomials SC2 on the left and the

Symmetric Cubic Comajor Lamination C,CL on the right.

St is viewed as the unit circle in C and as ¢4(6) = d6 if S! is identified with R/Z). The
quotient is with respect to an equivalence relation ~p; the leaves of the corresponding

lamination £, are by definition the edges of the convex hulls of all ~p-classes.

A chord of D with endpoints a, b is denoted by ab; it is critical if o4(a) = o4(b) while
a # b. Alamination is normally denoted by £ while the union of all its leaves and S* by
£*. For G c D, denote G N S! by V(G) and call the elements of V(G) vertices of G. Call G a
gap of a lamination £ if it is the closure of a component of D \ £*. A gap G is said to be
critical if its image is not a gap or the degree of g,|5; 1S greater than 1. A critical set is a
critical leaf or a critical gap. If G is a leaf or a gap of £, then G coincides with the convex
hull of V(G). A gap G is called infinite (finite) if and only if V(G) is infinite (finite).

Let £ be a lamination. The equivalence relation ~, induced by £ is defined by declar-
ing that x ~, y if and only if there exists a finite concatenation of leaves of £ joining x to
y. A lamination £ is called a g-lamination if the convex hulls of ~ .-classes are precisely
finite gaps or leaves of £. Two distinct chords are called (o,4-)siblings if they have the

same o4-image.
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Let 7 be the rotation of D (or of S*) by 180" around its center ©. Also, givenamap f : X — X
we call x € X preperiodic of preperiod k > 0 or k-preperiodic if f*(x) is f-periodic while

f*1(x) is not periodic.

Definition 3.1 (Symmetric laminations). A o;-invariant lamination £ is called a symmetric

(cubic) lamination if ¢ € £ implies 7(¢) € L.

Definition 3.2 (length and majors). Given a non-diameter chord ¢ in D, define the arc
h(¢) as the shortest arc of S! joining the endpoints of ¢. If ¢’ and ¢” are chords such that
h(¢') c h(¢"), then we say that ¢’ is under ¢". Define the length |¢| of ¢ as the length of
h(¢) divided by 27 in the case when ¢ is not a diameter; if ¢ is a diameter, set |¢| = i
Given a symmetric lamination £, call a leaf M a major of £ if there are no leaves of £

closer in length to % than M.

LetT : [0, %] - [0, %] be a piecewise linear function with slope +3 defined as I'(x) = 3x
ifo<x< % and as I'(x) = |3x — 1| if% <x< % Then |o3(¢)| = T(|£]). Simple analysis of the
dynamics of I shows that for any leaf ¢ an eventual image of ¢ has length 0, or length %,
or length which is between i and %

Suppose that i <|t] < % Then there exists a sibling chord ¢’ of ¢ such that the strip
S of D between ¢ and ¢’ has two circle arcs on its boundary, each at most % long. We also
consider chords 7(¢) and 7(¢’) as well as the D-strip 7(S) between them. The union S uz(S),
denoted SH(?), is called the short strips set of ¢.

If a major M of a symmetric lamination £ is critical, there is a unique point x € S! that
isnot an endpoint of M with the same o;-image as M. This point x is called a comajor (of £).
If M is not critical, then a leaf M’ (similar to ¢’ from the above) and leaves (M) and t(M')
are also majors of £. We set SH(£L) = SH(M) in this case and call this set the short strips
set of £. Let us stress again that SH(£L) is formed by two strips and that SH(M) = SH(z(M)).
The third sibling ¢ of M that is disjoint from M u M’, is of length at most % Itis called a

comajor (of £). Similarly we define a cocritical set co(U) of a critical set U as the gap, or
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the leaf, or the point disjoint from U but with the same image as U.

Because of the symmetry, comajors, majors, etc., come in pairs. A pair of comajors
¢, 7(c) of a symmetric lamination £ is called a symmetric comajor pair. It is degenerate
if its elements are points and non-degenerate otherwise. For a symmetric lamination
L we often assume that one of its majors is marked; we denote this major by M, and
the corresponding comajor by co.. Observe that if £, and £, are symmetric laminations
such that SH(£,) c SH(L,) (e.g., if £, c £,) then the comajors of £, are located under the

comajors of £,.

Lemma 3.3 ([8]). Let ¢ be a leaf of a symmetric lamination £ with |¢| > i. Ifn>0is
the least such that o (¢) C SH(¢), then the leaf o’;(¢) non-strictly separates (in D) either ¢
from¢', or «(¢) from =(¢"). Thus, either o’;(¢) equals one of the leaves ¢,¢',7(¢),7(¢"), or it
is closer to % in length than ¢. In particular, forward images of majors/comajors of £ never

enter the open circle arcs on the boundary of the set SH(L).
Lemma 3.3 motivates the next definition.

Definition 3.4 (Legal pairs). If a symmetric pair {c, 7(c)} is either degenerate or satisfies

the following conditions:
(a) no two iterated forward images of c, 7(c) cross, and
(b) no forward image of ¢ crosses the interior of SH(Mj),
then {c, 7(c)} is said to be a legal pair.

Lemma 3.5 ([8]). A legal pair {c,7(c)} is the comajor pair of the symmetric lamination £(c).

A symmetric pair {c,t(c)} is a comajor pair if and only if it is legal.

A symmetric lamination with an infinite gap such that the map o5 on it is of degree

greater than 1 is called a Fatou lamination.

Lemma 3.6 ([8]). A symmetric lamination is Fatou if and only if it has a preperiodic comajor

of preperiod 1.
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Figure 2: Chords q and y inserted into a gap G are majors of £’ corresponding to the
comajor ¢”. Note: this figure is intentionally unrealistic; it is not a part of any symmetric

cubic lamination. More realistic figures will have Q too narrow.

Suppose that £ is a symmetric gq-lamination with two finite critical gaps each of
which is preperiodic of preperiod at least two. Then £ is called a symmetric Misiurewicz
lamination. A symmetric Misiurewicz lamination has a well defined pair of comajors.
Suppose that the critical ~ .-classes are gaps G and 7(G) with at least 6 vertices each. Then
there are two cocritical gaps H # G and 7(H) # 7(G) of £ such that o;(H) = 05(G) and
o3(t(H)) = 03(7(G)). One edge of H and one edge of 7(H) are the comajors of £. Two majors
of £ are edges of G that are siblings of the comajor edge of H; two other majors of £ are
edges of 7(G) that are siblings of the comajor edge of (H). While other edges of G and
7(G) are not siblings of the comajors, they can generate majors of other laminations that
are finite tunings of £.

Indeed, suppose that ¢ and ¢’ are two sibling edges of G that are not majors. The
convex hull of £ u ¢’ is a 4-gon Q with two extra edges y and g not equal to ¢ or ¢’, see Fig.
2. Construct a new lamination £’ (not a g-lamination) by inserting y and g in G, pulling

them back along the backward orbit of G and then doing the same with 7(G) and its
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backward orbit. The majors of £’ are y and q and their z-images. If ¢ is a leaf of £ which
is not an edge of G and is such that o;(¢”") = o5(¢) then ¢”" and 7(¢”") are the two comajors
of £’. Repeating this construction for all pairs of sibling edges of G but the majors, we
see that every edge of the cocritical gap H or 7(H) is a comajor of a certain symmetric
lamination which is a tuning of the original symmetric Misiurewicz lamination £. Call
cocritical sets of Misiurewicz laminations Misiurewicz cocritical sets. By [8, Theorem
3.9], symmetric laminations have no wandering gaps. Therefore, the above is a full
description of finite gaps formed by comajors. The cocritical gaps H and 7(H) described
above will be called Misiurewicz cocritical gaps; similarly, if a symmetric Misiurewicz
g-lamination has critical 4-gons (not 6-gons or higher as was assumed above) we call its

comajors Misiurewicz cocritical leaves.

Theorem 3.7 ([8, 9]). The set of non-degenerate comajors of symmetric laminations is a
g-lamination £ invariant under t that induces an equivalence relation ~, on S'. For any

non-degenerate comajor c (i.e., a leaf of £) one of the following holds.

1. Itis a two-sided limit leaf in £ which is not eventually periodic.

2. It is a preperiodic leaf of £ with preperiod at least 2 which is either a two-sided limit
leaf of £ (in which case ¢ is a Misiurewicz cocritical leaf), or an edge of a finite gap
H of £ whose edges are limits of leaves in £ disjoint from H (in which case H is a

Misiurewicz cocritical gap).

3. Itis a 1-preperiodic comajor of a Fatou lamination and is disjoint from all other leaves
of £; all such comajors ¢ are dense in £ and all 1-preperiodic angles are endpoint of

such comajors.

Since comajors are leaves of g-laminations, their endpoints are either both not prepe-
riodic, or both preperiodic with the same preperiod and the same period, or both periodic
with the same period. All classes of ~, from Theorem 3.7 are finite. By Theorem 3.7,

periodic points of S! are degenerate comajors.
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Figure 3: The symmetric cubic lamination with type B comajor (%, é) on the right and

the Julia set of a corresponding polynomial with external rays on the left.

Definition 3.8. The gq-lamination from Theorem 3.7 is called the Cubic Symmetric Comajor
Lamination and is denoted by C;CL. It induces an equivalence relation denoted ~,. The
~gy-Classes corresponding to symmetric Misiurewicz laminations are called Misiurewicz
:D - MY  Dbethe

~gy-classes. Denote by M;”  the quotient space D/ ~,. Let pr,,,., +romb

3,comb

corresponding quotient projection.
Theorem 3.7 verifies the density of hyperbolicity conjecture for C,CL.

Lemma 3.9. Let £ be a symmetric non-empty Fatou lamination. Then one of the following
holds.

(B) There is only one cycle A of Fatou gaps of £. It has even period 2m, and is t-symmetric.
The periodic majors M and o7'(M) = ©(M) of £ are edges of critical gaps U € A and
V = o(U) = t(U). Non-periodic majors of £ are siblings of M and t(M) and edges
of U and V, respectively. The remaining (i.e., not belonging to a major) 2m-periodic

vertices x,y of U are such that o%'(x) = 7(y) while o7'(y) = 7(x).

(D) There are exactly two cycles of Fatou gaps of the same period, interchanged by .
Critical gaps U, V = 7(U) belong to different cycles. The periodic majors M and (M)
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Figure 4: The symmetric cubic lamination with type D comajor (%, %) on the right and

the Julia set of a corresponding polynomial with external rays on the left.

of £ are edges of U and V, respectively. Non-periodic majors are siblings of M and

(M) and edges of U and V, respectively.

In either case all edges of infinite gaps are eventually mapped to periodic majors. The
only periodic orbit of edges of a Fatou gap of £ is the orbit of a major of £ and it has the

same period as the Fatou gap.

Lemma 3.9 summarizes the results of [8] (compare [8], Lemma 3.8) dealing with sym-
metric non-empty (i.e., having some non-degenerate leaves) Fatou laminations. Figures 3

and 4 show examples of polynomials of type B and D and the corresponding laminations.

Proof. All claims of the lemma except for the last one are immediate; observe that the
claims concerning the period of the majors follow from Lemma 3.3. To prove the last
claim consider an edge ¢ of a critical gap U from a cycle J of Fatou gaps. It is well-known
that any edge of U eventually maps to a periodic or a critical edge. Since, evidently, U
has no critical edges, it suffices to prove that the only periodic edge of U is M. Indeed, let
N # M be a periodic edge of U. Then no image of N can be a point (since N is periodic) or

a diameter of D (since otherwise N itself is a diameter invariant under o, hence N = M).
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Take the closest approach N’ in length to § among the images of N. By Lemma 3.3 an

eventual image of N’ that is an edge of U must coincide with M, a contradiction. O
The terminology below is adopted from [31, 34], see also [7].

Definition 3.10. Symmetric Fatou laminations with properties from Lemma 3.9(B) (re-

spectively, Lemma 3.9(D)) are said to be of type B (respectively, of type D).
We will also need an immediate corollary of Lemma 6.1 of [8].

Corollary 3.11 ([8], Lemma 6.1). Distinct symmetric Fatou laminations have disjoint

comajors.

Next we consider infinite gaps of C;CL. One of them plays a special role. Recall that ©
is the center of D. Each comajor is of length at most % Hence O does not belong to any
comajor; it must then lie inside a gap. The main gap G,,,;, is by definition the gap of C,CL

that contains O in its interior.

Theorem 3.12. The gap G,,,;, 1S infinite, and t(G,,4in) = Gmain- Each edge ¢ of G,4i, 1S
a comajor with the same image as the longest edge of a os-invariant symmetric finite
rotational gap H and is associated with the symmetric Fatou lamination £, formed by
H, Fatou gaps of degree greater than 1 attached to H and “rotating” around H, and their
pullbacks.

Proof. If G,,4, is finite, then, by Theorem 3.7, it is a Misiurewicz cocritical gap of preperiod
at least 2 of a symmetric lamination £. This is a contradiction, since then the other
cocritical set of £ contains O and intersects the interior of G,,,;,. Thus, G,,4;, is infinite.
Let ¢ be an edge of G,,,;, and the marked comajor of a symmetric lamination £. Since
O € G,4in, then ¢ cannot be located under another comajor. By Theorem 3.7, the leaf
¢ can only be a 1-preperiodic comajor of a Fatou lamination £. Let U be the marked
critical Fatou gap of £ with periodic major M. If M is the limit of leaves of £ (necessarily
from outside of U), then ¢ is the limit of leaves ¢; so that ¢ is located under ¢; for any

i. By Lemma 6.6 of [8], this implies that ¢ is the limit of the comajors under which ¢
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is located, a contradiction. Hence M is an edge of a periodic gap and is isolated in £.
Clearly, so is 7(M). Let us remove the grand orbits of M and (M) from £ and consider the
resulting family of leaves £’. It easily follows (essentially, by definition) that £’ is again a
symmetric lamination. If £” & £ is non-empty, then, evidently, it has a comajor ¢’ such
that ¢ is under ¢’, a contradiction. Thus, £’ is the empty lamination and, so, the grand
orbits of M and (M) form the entire £.

Since £ must have a finite invariant gap H, it follows that £ consists of H, Fatou gaps
attached to H and “rotating” around H, and their iterated pullbacks. Observe that H
itself must be symmetric under . By Lemma 3.9, the lamination £ can be of type B or
D. By definition, the two periodic majors of £ are the closest to criticality edges of H (in
this case it is equivalent to being the longest). There are two comajors of H; just like in
the case of symmetric polynomials, either of them can be marked, and so in C,CL the

lamination £ is reflected twice. O

The following notion will allow us to deal with type B and D laminations in a unified

fashion.

Definition 3.13 (First (half-)return). Let £ be a symmetric Fatou lamination and U be a
critical gap of £. If £ is of type D and the critical gap U is of period n then set n = of|y. If
£ is of type B and the critical gap U is of period 2m set n = too}'|y. Thus, 7 is a self-map
of U n'S}; it can also be extended linearly over the edges of U and, using a barycentric

construction, inside U. The map 7 is called the first (half-)return map of U.

Strictly speaking, » depends on the choice of a symmetric lamination and its gap,
however, we will not reflect it in writing to lighten the notation. Lemma 3.14 is left to the

reader.

Lemma 3.14. Let U be a critical gap of a symmetric Fatou lamination £. Then n maps 0U
onto dU in a 2-to-1 fashion and is semiconjugate to o, by a monotone map ¢ collapsing

edges of U to points. The fixed point set of |4y is the periodic major of £. If ¢ c D is a chord

Arnold Mathematical Journal, Vol.12(1), 2026 72


http://dx.doi.org/10.56994/ARMJ

Symmetric cubic polynomials

whose endpoints are never mapped to the o,-fixed point, then the ¢-preimage of ¢ N S* spans

a chord in U that has a unique sibling ¢’ c co(U).

The leaf/point ¢’ from the last claim of Lemma 3.14 is said to be induced by ¢.

A parabolic quadratic polynomial from the Main Cardioid has a lamination £, called
central; the major of £, # @ is an edge shared by a finite invariant gap and a critical

periodic Fatou gap.

Theorem 3.15. Let G be an infinite gap of C,CL not containing O. Then, for some Fatou
lamination £, a cocritical Fatou gap V of £ contains G, and G consists of single points
and chords in V corresponding to majors of o,-invariant central laminations. In particular,

edges of G are 1-preperiodic while other vertices of G have infinite orbits.

Proof. Let us consider the ceiling of the gap G, that is the unique edge ¢ that separates
G from O. In other words, the gap G is located under ¢. By Theorem 3.7, the edge ¢ is a
comajor of a Fatou lamination £. Denote by U the critical Fatou gap of £ with periodic
major M such that o;(M) = o;(¢). Then all edges of G are associated with symmetric
laminations £’ that tune £. Evidently, £’|; is invariant under 7, the first (half-)return
map introduced in Definition 3.13. Recall that 7 is of degree 2 and is modeled by o,; the
map ¢ : AU — S! collapses the edges of U and semiconjugates n with o,, as explained

above.

Set V = co(U). Periodic majors M’ of o; in U correspond under ¢ to periodic majors
M" of o, in D. It follows that the minor ¢ = o,(M") of o, defines a chord ¢ in Vv that
is mapped under o; to the o;-image of M’. As is immediate from the definitions, ¢ is
a comajor corresponding to M’. Thus, there is a natural correspondence between the
quadratic minors and the cubic comajors in V. Under this correspondence, G pairs with
the central gap of the quadratic minor lamination. Hence, the edges of G are associated

with central quadratic laminations. O
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4 Connectedness of 2

Recall that »* denotes the k-th iteration of a map h.
Lemma 4.1. The set M,” is invariant under the multiplication by i.

Proof. We claim that if f(z) = z> — az and g(z) = z* + az then f? and g? are conjugate.
Indeed, f and —g are conjugate by the map I : z ~— iz; hence f? and (—g)? are conjugate
by I. Since g is an odd function, we have (—g)* = g2. Thus, I conjugates f2 and g2. Since

pic = z° + 3¢’z while p.(2) = z* — 3¢’z, then p and p;, are conjugate. O

We now need a construction similar to that for quadratic polynomials; in our de-
scription below we follow the exposition from [29]. Take a topological disk A, around
infinity in C = C U {c0} that contains no critical points of p,, does not contain 0, and
is such that p.(A.) C A, (in particular, 0 ¢ pl(A,) for n > 0). Define Bottcher function
B.(z) = lim,_, ,(p(2))"/*" on A., where the root is taken so that the corresponding func-
tions are tangent to the identity at infinity. The existence of a single valued branch follows
from the fact that A, is simply connected, and that 0 does not belong to p?(A.). Recall that
the Green function g, : C — R is defined as g.(z) = lim,_,, 37" log, |p¢(2)|, where log, (¢)
is the maximum of 0 and logt. Then g.(z) = log|B.(z)| for all z € A.. The equipotential
E.(t) c Cis defined as the level set {g. = ¢} of the Green function; this is a real analytic
curve for ¢t > 0, possibly singular. Note that B. conjugates p. and z* near infinity.

ForceC \M;y , set A, to be the exterior of the equipotential of p, passing through +c
(the equipotential E.(g.(c)) has singularities but the exterior of it is a topological disk).
Then the required properties of A, are fulfilled. It is easy to see (from the continuous
dependence of the Bottcher coordinate on parameters) that the union U of {c¢} x A., where
c runs through the complement of M”, is open. Standard arguments show that B.(z) is
analytic in both ¢ and z on .

IfceC \Jvtgy , then (c, —2c) is always on the boundary of U, since the value of the Green
function of p, at the cocritical point —2c coincides with those at +c. However, the map

(c,z) -— B.(z) extends analytically to a neighborhood of —2c. Moreover, —2c is a regular
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point of this analytic extension in the sense that z ~— B.(z) is a conformal injection in
a neighborhood of this point. From now on we will assume that B.(z) is defined in this
neighborhood of —2c.

For a fixed c ¢ M;y the map B, is a conformal isomorphism between A, and the set
fzeC:|z|>glc)}=C \ﬁgc(c). This defines initial segments of (dynamical) external rays
R.(9) of p,, i.e. B.-preimages of the radial rays of argument 6 in C \ﬁgc(c). Evidently, these
initial segments of external rays of p, are orthogonal to all equipotentials E.(¢),t > g.(c).
Moreover, as we mentioned above equipotentials can be defined for any ¢ > 0. This allows
one to give the following definition: a smooth external ray R of p. is a smooth unbounded
curve that crosses every equipotential orthogonally and terminates in the Julia set of p,.
All but countably many initial segments of external rays defined above extend as smooth
external rays. However countably many initial segments will hit critical points or their
eventual preimages (in what follows such points are called (pre)critical or eventually
critical) and, therefore, will not extend as smooth external rays.

Let ¥(c) = B.(—2c) be the Bottcher coordinate of the marked cocritical point in the sense
of the analytic continuation mentioned above. Then ¥ is well-defined and holomorphic
on C\ M. Theorem 4.2 is analogous to the corresponding statement for the Mandelbrot
set; it proves the first claim of the Main Theorem stated in the Introduction. In what

follows we denote the Riemann sphere by C.
Theorem 4.2. The symmetric connectedness locus M;y is a full continuum.

Proof. Let us show that ¥ maps C \ng onto C \ D. First we prove that ¥(c) ~ v/2c as

¢ — 0. Set z,, = p!'(—2c) and let
Fp = Zps1/20 =1—3c%/z2.

If |c|] > 2 and |z| > 2|c|, then |p.(2)/z| > 4|c|®> — 3|c|®> = |c|*> > 4 and hence, |p.(z)| > 4|z|.
Thus, |z,| > 2-4"!|c|® > 2|c|* for n > 1 (Which implies that M;” c D,) and for any ¢ € D,

we have J(p.) C D,.
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We conclude that |c| > 2 yields

3 3
- <1 =3c%/Z%|=|r,| <1+ —.
On the other hand,
_ 3 _ 3 9 _ _ 3 3n=3 302 5 3y3n-l
Zp =Tpo1Z, | = Tpoil, 52, 5 = =Fel, 1y 1y (20°)

which yields that
V2w = (ruc "V - YrrV2e.
Using the above bounds on |r,|, the formula for the sum of the geometric series, and the

fact that ¥(¢) = lim,_,, %/z, we see that

o|1- 2 \2lel < ¥Tznl < | &/ 1+ > [V2lel.

4] 4|c|*

that yields the following: as ¢ — oo, ¥(c) = V2c(1 + O(1/c*?)). Thus, the map ¥ can be
continuously extended to co with ¥(o0) = oo implying that it can be done holomorphically
and that the local degree of ¥ at «o is 1. In particular, o is in the interior of the range of ¥.

By the above, M, c D,, in particular, ;" is compact. Let M be the maximum of the
continuous function (z, ¢) ~— g.(z) on the compact set D, x D,. It follows that |B.(z)| < eM
for all c € D, and z € D, such that (c,z) € U.

We claim that if ¢, — ng then |¥(c,)| — 1. Indeed, otherwise there exists a sequence
¢n = ¢ € My with [¥(c,)| > e™ > 1. Take k such that 3*m > M. Since |B.(pf(—2c))| =
|(Bo(p(—20)%| = |W(c)|*", then |Bcn(p’c‘n(—2cn))| > eM which, by the choice of M, implies
| pfn(—Zc,,)l > 4 for all sufficiently large n (indeed, |c,| < 2 for large n). By continuity,
pé‘o(—zco) > 4; this shows that the cocritical point of p., escapes to infinity contradicting
the choice of c,.

Since o is not on the boundary of the range of ¥ it follows from the above that ¥ is a
proper holomorphic map from C \ ng onto C \ D. Hence it is a branched covering with
a well-defined degree. However, the point co has exactly one preimage of degree 1; hence

¥ has degree 1 and is actually a conformal isomorphism. O
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The function ¥ gives us an analogue of Bottcher coordinates for the complement of
ij . In particular, we can define external parameter rays (or simply parameter rays) as
preimages of radial straight lines under ¥, namely, Ry(r) = ¥~ (re?™) with r € (1, o). The
parameter ray Ry lands at a parameter w if lim,_,; R¢(r) = w. Note that, by definition, the
parameter ray R, consists of the parameters c such that the marked cocritical point —2¢
of p. belongs to the dynamical external ray R.(9) of p.. Also note, that the map W is a
conformal isomorphism between C \ M,” and C \ D tangential to the map z —— v/2z at

infinity.

5 Hyperbolic components of ;" and their roots

Hyperbolic components of polynomial parameter spaces play an important role in com-
plex dynamics. Here we study them for the parameter space of symmetric cubic polyno-

mials.

5.1 Preliminaries

We start by recalling basic definitions. Let f : C — C be a rational function. The multiplier
p(z) of a periodic point z of minimal period n under f is defined as the derivative of the
first return map to z, that is, p(z) = (f")'(z). A periodic point z is said to be super-attracting
if p(z) = 0 (which implies that the orbit of z contains a critical point), attracting if |p(z)| < 1,
and parabolic if p(z) is a root of unity (which implies that (f*")(z) = 1 for some k).

A polynomial p. € ng (and the parameter c) is hyperbolic/parabolic if both of its finite
critical points are attracted to finite attracting/parabolic cycles. To characterize such

polynomials we need a lemma.

Lemma 5.1. IfU is an open topological disk and —U = U, then 0 € U. If A is a full continuum
and —A = A, then 0 € A.

Proof. Set s(z) = z?; then U = s7'(s(U)), and s : U — s(U) is a branched covering. The

claim now follows from the Riemann-Hurwitz formula applied to this covering. Take a
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tight symmetric Jordan neighborhood vV of A and set U = s~!(V); then 0 € U by the above.

Since A is the intersection of all such U, it follows that 0 € A. O
We can now describe hyperbolic polynomials p. more explicitly.

Lemma 5.2. A polynomial p. is hyperbolic if and only if it possesses one of the following:

(a) an invariant symmetric attracting Fatou domain on which p, is 3-to-1; this happens if

and only if |c| <+/1/3, or

(b) a unique symmetric cycle of attracting Fatou domains of period 2n > 2; there are

exactly two mutually symmetric domains in the cycle containing critical points +c, or

(d) two mutually symmetric attracting cycles of Fatou domains.

Thus, if p. has an attracting cycle, then p. is hyperbolic. Also, case (a) is the only case

when a hyperbolic polynomial p. has a unique bounded periodic Fatou domain.

Proof. If there exists a Fatou domain U on which the map is 3-to-1, then U must be
symmetric (otherwise, —U is another Fatou domain on which the map is 3-to-1, which is
impossible). By Lemma 5.1, this implies that 0 € U and U is invariant. Since there must
exist a unique fixed point in U and this point must be attracting, then 0, being a fixed
point, must be attracting. Since p/(0) = —3¢?, the corresponding hyperbolic component of
M is the round disk of radius \/1/3 centered at the origin. This corresponds to case (a)
and covers ¢ = 0 so from now on we assume that ¢ # 0 and hence p, has distinct critical
points ¢ and —c with mutually symmetric orbits.

If ¢ (resp., —c¢) is attracted to an attracting cycle, then so is —c (resp., ¢) which implies
that if p, has an attracting cycle, then p. is hyperbolic. We can also assume that there
are no 3-to-1 Fatou domains. Now, if p. has a cycle A of attracting Fatou domains then by
symmetry —A is also a cycle of attracting Fatou domains. Suppose that A = —A. By the
assumption critical domains in A contain exactly one critical point; since p, is symmetric,

the critical domains in A are mutually symmetric. Moreover, the fact that p, is symmetric

Arnold Mathematical Journal, Vol.12(1), 2026 78


http://dx.doi.org/10.56994/ARMJ

Symmetric cubic polynomials

implies that the first iterate p! that maps either critical domain from A to the other
one is the same for both critical domains which implies that the period of A is 2n. This
corresponds to case (b). Otherwise A and —A are distinct cycles of Fatou domains which

corresponds to case (d). O
Lemma 5.3 is similar to Lemma 5.2 and its proof is left to the reader.

Lemma 5.3. Suppose that a polynomial p. has a parabolic cycle. Then one of the following
holds:

(b) aunique symmetric cycle of parabolic Fatou domains of p. of period 2n > 2 has exactly

two mutually symmetric critical domains;
(d) two parabolic cycles of Fatou domains of p. are mutually symmetric.

For brevity, a Cremer/Siegel point (cycle) of a polynomial will be referred to as a CS-
point (cycle). Now we show that for CS-cycles the situation with symmetric polynomials
is similar to that in Lemma 5.2. First we state a part of Theorem 4.3 from [4] combined
with results from [18] and [23]. Define a rational cut as the union of two external rays
with rational arguments that land on the same point called the vertex of the cut. If the

vertex is a repelling (parabolic) periodic point, then we call the cut repelling (parabolic).

Theorem 5.4 ([4, 18, 23]). Let P be a polynomial and T be CS-cycle. There exists a recurrent
critical point c of P and a point q € T that are not separated by any rational cut of P. Two
different objects, each of which is a CS-point, a parabolic domain, or an attracting domain,

are always separated by a rational cut.
Theorem 5.4 is used in the proof of the following lemma.

Lemma 5.5. Suppose that a polynomial p. has a CS-cycle T. Then one of the following
holds:

(a) the only non-repelling cycle of p. is T = {0}, and neither of the critical points +c is

separated from T by a rational cut;

Arnold Mathematical Journal, Vol.12(1), 2026 79


http://dx.doi.org/10.56994/ARMJ

A. Blokh, L. Oversteegen, N. Selinger, V. Timorin, S. Vejandla
(b) the only non-repelling cycle of p. is T, it is a symmetric cycle of period 2n;

(d) there are exactly 2 non-repelling cycles, namely, T and —T.

Proof. Assume that 0is a CS-point. Then, by Theorem 5.4, there is a recurrent critical point
¢ not separated from 0 by any rational cut, and the same holds for —c. This corresponds
to case (a) of the lemma.

If 0 is parabolic or attracting then it attracts at least one critical point of p, and hence,
by symmetry, both of them. In this case p, has no other non-repelling cycles. So, from
now on we assume that 0 is repelling.

If p. has a symmetric CS-cycle T of period 2n then, by Theorem 5.4, it has a pointw € T
not separated from a recurrent critical point, say, c, of p. by a rational cut; hence, —-w e T
is not separated from a recurrent critical point —c of p, by a rational cut. This, again by
Theorem 5.4, implies that there are no other non-repelling cycles of p.. This corresponds
to case (b) of the lemma.

Finally, let T and —T be distinct mutually symmetric CS-cycles of p.. By Theorem 5.4,
we may assume that T has a point w not separated from a recurrent critical point, say, c
of p. by a rational cut; hence, —w € —T is not separated from a recurrent critical point
—c of p,. by a rational cut. This implies that there are no other non-repelling cycles of p,.

This corresponds to case (d) of the lemma. O

5.2 Hyperbolic components and multipliers

Let p., have a periodic point w of period n such that (p; )’ (w) # 1. By the implicit function
theorem applied to the equation p/(z) = z, there is a holomorphic function «(c) defined
on an open Jordan disk around ¢, such that a(c,) = w, and «a(c) is a periodic point of p,
of period n. Also, the multiplier (p!)'(a(c)) is a holomorphic function of ¢. Hence the set
of hyperbolic parameters is an open subset of M;’; a connected component 7 of this
set is called a hyperbolic component of M. For any ¢ € # the w-limit set of the marked

critical point is the unique marked attracting cycle Q,; the period of F is the period of Q..
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Conjecturally, every connected component of the interior of ng is hyperbolic.

Theorem 5.6 ([41]). Every component of the Fatou set of a rational function is eventu-
ally periodic. In particular, any bounded Fatou domain of a hyperbolic symmetric cubic

polynomial eventually maps into a cycle of Fatou domains that contains an attracting cycle.
Recall that, by Lemma 5.2, the set D Vi3 is a hyperbolic component of M.

Definition 5.7. The set D Vi3 is called the main hyperbolic component of Jv[;y and is
denoted F 4,

Corollary 5.8 follows from Lemmas 5.2, 5.3 and 5.5.

Corollary 5.8. A polynomial p. has one symmetric non-repelling cycle, or two mutually

symmetric non-repelling cycles with equal multipliers, or no non-repelling cycles at all.

Let # # F i, be a hyperbolic component and ¢ € 7. Denote by F7 the critical Fatou
domains of p, that correspond to the critical Fatou gaps Uz, respectively, of £, (we
always assume that the marked critical point ¢ belongs to F{). Let My and M!_ be the
majors of £, that are edges of U} ; then o3(My) = o3(M},) by Lemma 3.9, and we always
assume that My, is periodic. Let E}L( be the marked comajor (i.e., 03(53[) = 05(My4.)) and
let oy, be the other comajor of £,.. Similar objects can be defined for any hyperbolic or
parabolic parameter ¢ yielding such notation as U¥, M., M.

Let a hyperbolic component # be given. All ¢ € J satisfy the same option (a), (b)
or (d) from Lemma 5.2. According to these three cases, J is said to be of type A, B or D,
respectively. Also, given a polynomial p. with parabolic (or attracting) periodic point z,
let m,(c) be the minimal number such that pzn’@ fixes dynamical external rays landing
on z (or the point z itself if it is attracting); note that it does not depend on the choice of a
particular ray and is called the ray period of p.. The number ( pg"f(” ) (z) is called the ray
multiplier (of p.) and is denoted ro(c). Notice that the period of a parabolic point z may be
strictly smaller than m,(c) so that m,(c) is a multiple of the period.

A similar concept can be defined for a hyperbolic component #. Namely, let no4 :

H — D be defined as rp4(c) = ro(c). As we show in Theorems 5.9 and 5.10, the function
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104; can be extended over #. For a parabolic parameter ¢ € 3, this extended function
105 may not be equal to no(c). To emphasize that, we use the subscript 4 in the notation,
and call npoy4 the ray multiplier based on J¢. This difference is not present for parameters

¢ € ¥, but does show for parameters c € 0.

Theorem 5.9. For a type D hyperbolic component I of ij the map rp4 can be extended

onto H so that roq; : H — D is a homeomorphism conformal on (.

Proof. The result essentially follows from Theorem C of [21], however, we need to explain
how the terminology of Inou-Kiwi relates to ours. Let £ be a cubic invariant g-lamination
with at least one cycle of Fatou gaps. With £, one associates a reduced mapping schema
T(L). Instead of giving a general definition of mapping schemata, we give an explicit
description of T(£) in the case when £ is symmetric of type D, that is, when £ has two
distinct cycles of Fatou gaps. In this case, T(£) can be represented as the graph with two
vertices and two (directed) edges that are loops based at both vertices. Every edge of T(£)
is in general equipped with a positive integer called the degree; in our specific case, the
degrees of both loops are equal to 2. Intuitively, the arrows of T(£) represent the first
return maps to the critical Fatou gaps of £. The space C(T(£)) in our specific case consists
of all pairs (g, q;) of monic centered quadratic polynomials g,, g; with connected Julia
sets — informally, the two loops of T(£) are replaced with g, and g;.

By definition, the space R(£) consists of all monic cubic polynomials f such that

* the filled Julia set K(f) is connected;

« for any (pre)periodic leaf of £ with endpoints «, 8, the corresponding external rays

Rs(a) and R¢(8) land on the same (pre)periodic point of K(f);

* let U,, U, be the critical Fatou gaps of f; the corresponding subcontinua K, and K;
of K(f) are polynomial-like filled Julia sets of certain polynomial-like restrictions of

f", where n is the period of U, and U;.

Here, one needs to explain in which sense K, corresponds to U,, and similarly with

K, and U,. For each ¢ € £, let « and 8 be the endpoints of ¢, and write ', for the cut
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formed by the external rays R(a), Rs(8), and their common landing point. Then K,
corresponding to U, means that K|, lies on the same side of T, as U, relative to ¢, for
every ¢ € £. By the Douady-Hubbard straightening theorem, f” is hybrid equivalent to a
unique monic quadratic polynomial g; near K;, where i = 0, 1. The Inou-Kiwi straightening
map (abbreviated as IK-straightening map) y. : R(L) - C(T(L)) takes f to (g, q1). (The
fact that g; are quadratic yields some simplification: in higher degree cases one needs
additional normalization called internal angles assignment in order to make g; unique).

Theorem C of [21] can now be formulated as follows. Denote by Hyp(C(T(L))) the
set of hyperbolic maps contained in C(T(£)) (in our specific case, (qy,q;) € C(T(L)) being
hyperbolic means both q, and q, are hyperbolic). Then y ,(R(£)) D Hyp(C(T(L))), the inverse
image of Hyp(C(T(£))) under yx . is an open set, and the restriction of y . onto this open set
is biholomorphic. Now let 7 be a given type D hyperbolic component of ,”; it lies in
some hyperbolic component # of the connectedness locus of all monic centered cubic
polynomials. All polynomials from 7 have the same lamination, say, £. By Theorem C
of [21], the restriction of y, to # is a biholomorphic isomorphism between # and the
product of the interior Ca of the main cardioid with itself. The image of # under y is
then the diagonal in Ca x Ca, and the restriction of y, is a biholomorphic map between
H and this diagonal (the latter is isomorphic to D under the multiplier map). It follows
that o4, : H — D is a conformal isomorphism. Since the boundary of any hyperbolic
component is contained in a real algebraic curve and, as such, is locally connected, then,
clearly, it extends to a homeomorphism o4 : % — D. Observe that the situation here is

similar to the quadratic case [15]. O

Let a polynomial p. have a parabolic or attracting cycle X, of type B. Then the period
of X, is an even number 2n, and p?(x) = —x for every x € X.. The number —(p/)'(x) does
not depend on the point x € X, is denoted 75(c), and is called the ray half~multiplier (of
p.)- Note that r3(c) can be interpreted as the multiplier of the fixed point x of the map
—p?. As before, the ray half-multiplier depends only on the parameter and is defined as

long as p. is of type B. If ¢ € 7, where 7 is of type B, then we write 5, for the restriction
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of the function 754.(c) to #¢. The ray (half-)multiplier of c is defined as either no(c) or r5(c)
depending on whether c is type D or type B.

Theorem 5.10. Let ¢ be a hyperbolic component of M;" of type B. The map gy can be
extended over J so that 15, : H — D is a homeomorphism which is conformal on  while

the ray multiplier 14 = 15, H — D is a double-covering.

Proof. Similarly to Theorem 5.9, Theorem 5.10 also follows from Theorem C of [21]. Let
be the hyperbolic component in the full space of monic centered cubic polynomials con-
taining 7. All polynomials from # have the same lamination £ so that the corresponding
reduced mapping schema T(£) has two vertices and two directed edges connecting the
two vertices in opposite directions; each edge has degree 2. The space G(T(£)) consists of
pairs (qy, q;) of monic centered quadratic polynomials such that the Julia set of g;0q is
connected. The straightening map of Inou-Kiwi provides a biholomorphic isomorphism
between H and the principal hyperbolic component in ¢(T(£)) consisting of all (g, q;) such
that g, 0q, has an attracting fixed point, and J(g; oq,) is a Jordan curve. Clearly, symmetric
cubic polynomials are mapped to pairs (qq, q;), for which g, = q;. The corresponding
slice of the principal hyperbolic component is biholomorphic to D, and the correspond-

ing conformal isomorphism is given by the multiplier of the attracting fixed point of

4o = 41- O
Let us now define the center and the root of a hyperbolic component.

Definition 5.11 (Center and root). Let # be a hyperbolic component of type B or D. The
center of J is the point ¢ € A such that p. has superattracting cycle(s). The root of # is
the point r4 € 7 such that no4(rs;) = 1 (if ¢ is of type D) or g4 (r4) = 1 (if I is of type
B).

Lemma 5.12 justifies the above definition of the roots.

Lemma 5.12. Suppose that z is a parabolic point of p. of ray period n. Then there is a major
60’ of £, such that both R.(8) and R.(8") land on p¥(z), for some k with 0 < k < n. Moreover,
the ray (half~)multiplier of c equals 1.
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Proof. Let U be a period n parabolic domain attached to z, and F be the Fatou gap of
L. corresponding to U. Replacing F with a suitable Fatou gap from the same cycle, we
may assume that F has a unique periodic major M = 6¢’. If U is of type D then the only
p;-fixed point in dU is z and the only o}-fixed points in 0F form the major M. Hence R.(9)
and R.(¢’) land on z. If U is of type B then n = 2m and there are three p?-fixed points
in U associated with M and two vertices x,y of F. Let x’,y’ € U be points associated
with vertices x, y of F. We claim that x’, y’ are not parabolic. Suppose that x’ is parabolic.
Then p["(y’) = —x’ by part (B) of Lemma 3.9, which implies that y’ is also parabolic, a
contradiction. Hence only M can be associated with z as desired. Let us now prove that

the ray (half-)multiplier of ¢ equals 1.

(B) Let p. be of type B, z € dF;} be parabolic, and F; be of period 2m; then —p!"(z) = z,
and, by Lemma 3.14, the map —p!” fixes the two external rays of p. landing on z. Hence

(=p™)(z) = 1, which implies that 3(c) = 1.

(D) Similar to (B) (details are left to the reader). O

The main component #,,,,;, of M;" (for which 0 is attracting) is a round disk of radius
\/3/3. For [c| < \/3/3 the Julia set J(p.) is a Jordan curve and p.|;, is conjugate to o;.
In other words, the map is neither of type B nor of type D, and neither Theorem 5.9
nor Theorem 5.10 applies. Each polynomial p, with |¢| = 4/3/3 has a neutral fixed
point at 0 of multiplier —3¢2. If ¢;, = i% then the corresponding polynomials p. , =

z*® + z have multiplier 1 at fixed point 0. It is easy to see that the lamination associated

with z3 + z has the leaf 0 % which is the horizontal diameter of the unit circle, and two

invariant Fatou gaps located, respectively, above and below 0 % ; the presence of these
invariant gaps completely determines the lamination. In particular, the laminations at
these two parameters are different from the empty lamination which corresponds to any
polynomial in *,,,;,. We will not consider these points (or any other points) as roots of

Homain SO that F(,,.;,, has the center (at the origin) but does not have a root.

Arnold Mathematical Journal, Vol.12(1), 2026 85


http://dx.doi.org/10.56994/ARMJ

A. Blokh, L. Oversteegen, N. Selinger, V. Timorin, S. Vejandla

6 Parabolic polynomials

The following stability property will be used repeatedly. We state it only for symmetric

cubic polynomials.

Theorem 6.1 (Lemma B.1 of [18]). Let w be a repelling periodic point of p., such that an
external dynamical ray R, (8,) with rational argument 6, € R/Z lands on w. Let 6 be an
angle such that an eventual o;-image of 6 belongs to the o;-orbit of 6, and the rays from
the (finite) p.-orbit of R, () are all smooth and do not land on critical points. Then, for c
sufficiently close to c,, the dynamical external rays from the p.-orbit of R.(6) are smooth,
move continuously with ¢, and land on preperiodic or repelling periodic points of p. close

to the landing points of the dynamical external rays of p., with the same argument.

Recall that the lamination £, is defined for all ¢ such that K(p,.) is locally connected.
In particular, if ¢ is a hyperbolic component, then for any ¢ € ¢ the lamination £ exists
and is independent of the choice of c. Denote it by £4; clearly, £, is a symmetric Fatou

lamination.

Definition 6.2 (Geometrically finite and sub-hyperbolic [20]). A polynomial f is geo-
metrically finite if all its critical points are preperiodic points or attracted by parabolic
or attracting cycles. If, moreover, f has no parabolic points, then it is said to be sub-

hyperbolic.
Theorem 6.3 based on [20] and additional arguments.

Theorem 6.3 ([20]). The following holds.

1. A parabolic symmetric polynomial p. is accessible from a hyperbolic component F of
M7 such that Ly = £..

2. If #' is a hyperbolic component and ¢’ € 0’ is such that £, = L4p, then ¢’ = ryy and

—t —t
CO = COyg.
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Proof. (1) Let p, be the given parabolic polynomial. It is of type B or D. By the main
theorem of [20], there exists a path f, of monic centered cubic polynomials such that
fo = P, ft is sub-hyperbolic for ¢ > 0, and f,|,,) is topologically conjugate to p. on its
Julia set. Since p,. is of type B or D, the polynomial f, is hyperbolic for any ¢t > 0 and,
hence, there exists a hyperbolic component 7 in the space of all monic centered cubic
polynomials that contains the path {f;};5,-

We now use the description of 7 given in Theorems 5.9 and 5.10. In both cases (type
D or type B), the straightening map (p or g, resp.) yields a biholomorphic parametrization
of 7€ by pairs (g, ¢;) of monic centered quadratic polynomials. A path in 7 converging
to p. can be represented as (qy(¢), q;(t)), where t € (0,1], and the latter path converges
ast — 0to some (g, q) since both multipliers or half-multipliers have the same limit. It
follows that the path in H represented by (qo(t), go(t)) also converges to p.. On the other
hand, this new path consists of symmetric cubic polynomials. Thus p. is accessible from
H = F N SCP, as desired.

(2) The claim follows from the assumption that £., = £4- and Lemma 5.12. O

The following is a combinatorial description of hyperbolic components of ng .

Theorem 6.4. The map taking a hyperbolic component H (other than ¥(,,4;,) of ng to the
corresponding marked comajor E}} is a bijection between the hyperbolic components of
M;y (with the exception of K ,,,;,) and 1-preperiodic comajors of C,CL. Two distinct marked

parabolic polynomials must have distinct marked comajors.

Proof. Bijection follows from results of A. Poirier [35], which in turn extend earlier work
of Bielefeld—Fisher—-Hubbard [2]. Namely, injectivity is Theorem 1.1 and surjectivity is
Theorem 1.3. More precisely, the map defined in [35] sends ¥ to the corresponding
critical portrait. On the other hand, there is a bijection between the marked comajors of
C,CL and symmetric cubic Fatou critical portraits of period > 1.

It remains to prove the last claim. Suppose that two parabolic marked polynomials p,

and p. are associated with the same marked comajor ¢. By Theorem, 6.3, c is the root
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of a unique hyperbolic domain 7 such that E}L( = ¢, and, similarly, p. is the root of a
unique hyperbolic domain %’ such that Cogr = . By the above, % = #’. Hence c = ¢’ is

the root of 7, and p. = p. is the same marked polynomial. O

We will now study the place of a parabolic parameter c in the parameter space. More
precisely, given a hyperbolic component 7 we show that £, = £,, . We also consider
parameter rays Ry with 1-preperiodic argument 6, show that they land on a parabolic
parameter ¢, and relate 6 and the marked comajor associated with p..

We will interchangeably use notation 36 and o;(6) for any 6 € S!. Recall also that ¢

denotes the rotation of D or S! by 180°.

Lemma 6.5. If £’ c £ are two symmetric laminations such that £’ # @ is Fatou then £
cannot contain a finite periodic gap G located inside a Fatou gap U’ of £’ with an edge

which is a major of £'.

Proof. Suppose that the gap G as described in the lemma exists and M = Xy is a major of
£’ and an edge of G. Consider the first (half-)return map 7 (see Definition 3.13) of U’ with
respect to £'. Then 7|, is two-to-one. If G exists, it is »-invariant, which is impossible.
Indeed, 7|5y is two-to-one and semiconjugate to o, by the map collapsing the edges of U’
to points; by Lemma 3.9 all edges of U’ are preimages of its major. Hence the existence of
G implies the existence of an invariant leaf or gap of ¢, with a o,-fixed endpoint, which

is absurd. O

Lemma 6.6. Every parameter ray Ry at a 1-preperiodic angle 6 lands on a parabolic
parameter c, on the boundary of M;’. Moreover, one of the rays R, (6 + %) lands on a

parabolic periodic point of p,,.

Proof. We claim that every parameter ray R, at a 1-preperiodic angle 6 lands on a
parabolic parameter ¢, € am;y , and the dynamical ray R, (36) lands on a p. -parabolic
point. Indeed, let ¢, € am;y be in the accumulation set of R4. Recall that for ¢ € Ry, the

dynamical external ray R.(6) passes through the cocritical point —2¢ escaping to infinity
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under the action of p.. Thus, the dynamical external ray R.(36) has a periodic argument
36 and, therefore, is not smooth because an eventual o;-image of 36 is the argument of
an external ray that terminates at the critical point c. In particular, R.(36) is not smooth.

On the other hand, the dynamical external ray R, (30) of p, is periodic and lands on a
repelling or parabolic periodic point z, of p. . Hence R, (6) lands on a non-periodic point
z; such that p, (z,) = z,. Since ¢, € my, all dynamical external rays of P, are smooth.
If z, is a repelling point of p. , then, by Theorem 6.1, the dynamical external ray R.(36)
is smooth and lands on a repelling periodic point for all ¢ close to c,. However, by the
previous paragraph, if c € R4 then R.(36) is not smooth. This shows that z, is a parabolic
point of p,. .

Since the dynamical ray R, (36) lands on z,, the period of z, divides the o5-period N of
36. Since the multiplier of z, with respect to p} is 1, there are finitely many candidates for
an accumulation parameter c,. Indeed, parabolic parameters c,, for which there exists
an N-periodic point of multiplier 1, form an algebraic subset of S€2; this algebraic set
is either finite or the entire plane, the latter option being clearly nonsensical. As the
accumulation set of a ray is connected, it consists of exactly one such parabolic parameter.
It follows also that one of the dynamical external rays R (6 + %) lands on a parabolic

point of p, . O

Recall that if J(f) is locally connected, then there is a well-defined o -invariant lami-

nation £ £

Definition 6.7 (Repelling leaves). Let f be a degree d > 1 monic polynomial. For such f,
define repelling (or f-repelling) leaves of £ ; as leaves corresponding to pairs of rays land-
ing on the same repelling periodic point of f or an iterated preimage thereof. Similarly,

we can talk of parabolic (or f-parabolic) leaves of L.

Repelling leaves and related laminations were used in [10] in the proof of continuity
of the constructed there monotone (except for one point) model of the entire cubic

connectedness locus.
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Lemma 6.8. Suppose that a sequence of monic degree d > 1 polynomials f, converges to a

polynomial f (necessarily monic of degree d) as n — co. Then the following holds.

1. Let the dynamical external rays of f,, with periodic arguments 6,, ..., 6,, land on the
same point (neither m nor the angles 6; depend on n). If the landing points of R;(6,),
.., R¢(6,,) are repelling, then they coincide.

2. If J(f) and all J(f,,) are locally connected, £; = L for some lamination £, and no
critical point of f is mapped to a repelling periodic point, then all repelling leaves of

L belong to L.

Proof. The lemma follows from Theorem 6.1. O

We are going to apply Lemma 6.8 to the situation where f is on the boundary of a

hyperbolic domain # in some parameter space of polynomials and f, € # for each n.

Lemma 6.9. Suppose that a parameter c € SCP \ ng is such that the rays R.(6 + %) hit a

critical point. Let T be a os-periodic polygon whose iterated forward o;-images are disjoint

from the critical leaves 6 + %e — % and 6 — %6 + % Then all dynamical external rays of

arguments that are vertices of T land on the same point.

This statement is not new: see [17]; it can also be deduced, e.g., from a more general
Theorem 7.1 of [14], which gives a model for the landing pattern of all external rays of p,
(cf. also [13, Theorem 5.4] for a restatement of this result in the language of invariant

laminations). For completeness, we give a sketch in our specific situation.

Sketch of a proof. Consider all external rays in the dynamical plane of p, whose argu-
ments correspond to vertices of T. All these rays land, perhaps at different points. Let
T be the union of these rays with some continuum so that 7 is connected and disjoint
from the forward orbits of the critical points of p.. Denote by g the period of T. For every
n=0,1,..,let T, be the p?"—pullback of T that contains the same collection of external

rays as T and the ag”-pullback of the connecting continuum along the orbit of T.
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Since p, is hyperbolic, the sequence T, converges to a connected set, comprising the
original periodic rays and a continuum containing their landing points. However, all
points of the limiting continuum must be inside of the Julia set, so this continuum has to

be a singleton since the Julia set is totally disconnected. O

We can now prove a key theorem describing the limit transition of laminations in our

situation.

Theorem 6.10. If c is parabolic then the following holds.

1. If ¢ = ryq¢ for a hyperbolic component H # Hpqin then L. = L4, and E;L% = E;}.

2. If c is the landing point of a parameter ray Ry, and 6 is 1-preperiodic, then 6 is an

endpoint of the marked comajor af of £..

Proof. (1) By the main result of [19], there exists a parabolic parameter ¢, with £, = £y
(the surgery of [19] is local, hence it can be performed in a symmetric fashion to yield
a symmetric polynomial p,). This parabolic parameter c, is the root point of a certain
hyperbolic component 7, such that £, = £, by Theorem 6.3. Moreover, ¢, and 7,
have the same marked (co)majors. It remains only to establish that #¢ = #,, and the
latter follows from Theorem 6.4.

Alternatively, remove all parabolic leaves from £, to get a new symmetric hyperbolic
lamination £’ c £.. By Lemma 6.8, £’ c £4. Hence £, is a tuning of £’ done in two
steps: (I) consistently add to £’ a cycle (in the B case) or two cycles (in the D case) of
finite gaps (of the same period as the corresponding cycles of hyperbolic gaps of £’) with
attached hyperbolic gaps; (II) pull this finite collection of gaps back. Moreover, £, is
obtained similarly. Since by Pommerenke-Levin-Yoccoz inequality the combinatorial
rotation number of the inserted cycle(s) of finite gaps in both £, and £, cases is the same,
L, = Ly

(2) Let v} be the closure of the maximal open subset of D containing U and disjoint

from all repelling leaves of £.. Since there are no fixed return triangles of o; by Lemma
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4.4 of [8], either V* = D, or the boundary of V} consists of a Cantor subset of S' and
countably many pairwise disjoint leaves of £.. Clearly, U} c V. We claim thatif v} # U7
then there exists a gap G c V/ such that all images of U} inside v} share an edge with G.
Indeed, suppose otherwise. Then it follows from [23] that there are repelling cutpoints of
J(p.) such that the convex hulls of the arguments of dynamical external rays of p. landing
on them separate V}, a contradiction with the definition of V}. This proves the existence
of G with the listed properties. Moreover, it follows that the edges of G are the periodic

leaves of £, inside V.

By Lemma 6.8, the angles 94_% arevertices of V). By Lemma 6.6, one of the rays R, (6 + %)
(say, R.(6 + i)) lands on a parabolic periodic point z, of p.. By way of contradiction,
suppose that 6 & {«, 8}. Set AB to be the marked major of £_; by assumption 8 + § & {A, B}.
Then U} # VI and we can consider the gap G defined in the previous paragraph. Since
at least two rays land on each parabolic point of p., the dynamical external rays whose
arguments are vertices of G land on z... Thus, the three angles A,B and 6 + % are vertices
of G and the dynamical external rays of arguments A, B and 6 + % land on z.. Note that

the major edge of G coincides with the marked major AB of £..

Similar to the construction of the degree two first (half-)return map 7 (see Definition
3.13), define a degree two map ' : VI — V! semiconjugate to o, by collapsing edges
of V} to points. Under this semiconjugacy G maps to a finite o,-invariant gap (or leaf)
G’, and the critical leaf 6 — %,6 + % projects to a critical leaf ¢ in D with a o,-periodic
endpoint which is a vertex of G’ but not an endpoint of the Thurston major of G’ (see
[42]). Therefore there exists a finite o,-invariant gap T’ disjoint from ¢. Then the lifting

of T’ gives a finite n-invariant gap T c V. Note that G and T have disjoint sets of vertices.

Now consider a point ¢; on the parameter ray Ry, where the parameter ¢ corresponds
to the value of the Green function for ng at ¢, so that ¢, converges to c ast — 0. Then the
rays R, (6 + %) both hit the marked critical point ¢,;. By Lemma 6.9, the dynamical external
rays of p, whose arguments correspond to the vertices of T land on the same repelling

periodic point w,. The point w, has a well-defined limit w, as t — 0. On the other hand, for
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every angle y corresponding to a vertex of T, the ray R.(y) lands on a repelling periodic
point of p.. By Theorem 6.1 and by Lemma 6.8 this point is close to w, for small ¢, hence it
must coincide with w,. Thus, w, is repelling for p., and the gap or leaf T corresponding to

w, must belong to £, a contradiction. O

Observe that, by Lemma 6.6, there is a dense set of 1-preperiodic angles such that the

corresponding parameter rays land on parabolic parameters in M;".

Theorem 6.11. Let afp be the marked comajor of a symmetric Fatou lamination £. Then
there exists a unique hyperbolic component H # K., Such that the parameter rays R,
Rg land on the root point r4 and £,, = L4 = L. Moreover, let c € 03, c # ry be a parabolic
parameter. Then L. 2 L, and the marked comajor of L. is located under the marked

comajor of L.

Proof. Consider the marked comajor af of a symmetric Fatou lamination £. Then «
and § are 1-preperiodic. By Lemma 6.6, the parameter ray R, lands on a parabolic
parameter c. The angle « is an endpoint of the marked comajor E: of the lamination
L., by Theorem 6.10. Since distinct 1-preperiodic comajors are disjoint, Ej = af. By
Theorem 6.3, there exists a hyperbolic component # such that ¢ = r4 is the root of #.
By Theorem 6.10, the lamination £, coincides with £.. By Theorem 6.4, the set 7( is a
unique hyperbolic component such that E;( = ag. It follows that Rg lands on c, too. The
fact that £, = L4 = £ follows from Theorem 6.10.

To prove the last claim of the theorem, let c € 07, c # ry, be a parabolic parameter.
Since ¢ # ry, the repelling periodic points of polynomials p.. € # associated with the
marked major M4 of £, converge to a repelling periodic point of p. of the same period
as ¢* — c. Hence all the edges of the gaps U}, of £, = £.. remain edges of £.. Thus, the
critical gaps of £, are contained in U7, and, hence, £. O £y, and the comajors of £,
are located under those of £ (this yields the claim of the theorem about the marked
comajors). The hyperbolic component with the same marked comajor as £, cannot

coincide with #, since c is not a root point of #. Hence, £, # L. O
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Call the parameter rays from Theorem 6.11 characteristic rays of a hyperbolic compo-
nent 3 # 4, Recall that by an arc (a, b) ¢ S! we always mean the positively oriented

circle arc with endpoints a,b € S'.

Lemma 6.12. The characteristic rays are the only two strictly preperiodic rays that accu-

mulate on a parabolic parameter c.

Proof. By Theorems 6.3 and 6.11, c is the landing point of the parameter rays ., and Rz
where af is a 1-preperiodic comajor. Thus, all 1-preperiodic comajors give rise to cuts
in the parameter plane. Hence, if a comajor separates « from an angle y in D, then R,
cannot accumulate on c. Since, by Theorem 3.7, the 1-preperiodic comajors are dense in
C,CL and disjoint from all other comajors, it follows that the only way a parameter ray R,
can accumulate on ¢ is when y is a vertex of an infinite gap G with an edge af. However,
by Theorem 3.15, the fact that y is preperiodic implies that y is actually 1-preperiodic.

Again by Theorem 6.3, this implies that &, cannot land on c, as desired. O

Theorem 6.13. Each parabolic parameter ¢ € 0K ,,4;, IS associated to a comajor afB which
is an edge of Gyngi, and, accordingly, to a point of D/C,CL. The parameter rays R, and Rg
land on c. For every hyperbolic domain H # H ., the corresponding marked comajor
E;} = 6,0, is associated to the parameter rays Ry and Re, that land on the root ry; of 3

and separate FH from H,,,ip-

Proof. Let c € 0%,,,;, be a parabolic parameter. Then 0 is a parabolic point associated to
a finite invariant gap T whose vertices are the arguments of dynamical external rays of
p. landing on 0. It follows that there is a unique symmetric lamination £ associated with
T which has the gap T, Fatou gaps of degree greater than 1 attached to T and “rotating”
around T, and pullbacks of all these gaps (this fully describes £). Let a8 be the marked
comajor of £ associated with the marked cocritical point —2¢ of p,; by Theorem 6.11,
the parameter rays R, and Rg land on c. By Theorem 3.12, all parabolic parameters

¢ € 0K i, correspond to edges of the main gap G,,,;,, 0of C;CL and in the end map to the
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corresponding points of D/C,CL that belong to the main domain D,,,;, of D/C,CL. The

rest of the theorem easily follows. O

7 Misiurewicz parameters

A number c € C is a Misiurewicz parameter if the p.-orbits of critical values are strictly
preperiodic. If ¢ is a Misiurewicz parameter, then K, is connected (c € Miy ), all p.-periodic
points are repelling (see Theorem 5.4), and J(p,) is a dendrite (recall that a dendrite
is a locally connected continuum that contains no Jordan curves). Recall that a cubic
symmetric lamination £ is called a Misiurewicz lamination if its critical sets are strictly
preperiodic. Such laminations and their comajors are discussed in detail right after
Lemma 3.6. By Theorem 3.7(2), Misiurewicz cocritical leaves (gaps) are leaves (gaps) of
C,CL approached from all sides by 1-preperiodic comajors. Since for each polynomial
from S a critical point is marked, then each Misiurewicz lamination is considered
twice, with either cocritical set marked. Finally, recall that the lamination C,CL defines
a laminational equivalence relation ~,. For brevity by “~,-class” we will mean an

equivalence class of ~,.

Lemma 7.1. Let p. be a cubic symmetric polynomial with a dendritic Julia set, and T be the
marked critical set of L. If c, € SCP \ ng converge to c as n — o, then the arguments of

the external rays of p. hitting the marked critical point c, converge to vertices of T.

Proof. Every leaf of £. that is not an edge of a gap is approximated by (pre)periodic
leaves from both sides, and every edge of a gap G in £, is approximated by preperiodic
leaves from outside of G. Choose a neighborhood W of T in D whose boundary is formed
by (pre)periodic leaves close to the edges of T, and appropriate circle arcs. By Theorem
6.1, there is a neighborhood W of ¢ in S€2 such that for ¢* € W, the leaves forming the
boundary of W in D are associated with cuts formed by the dynamical external rays of p,.
(it does not matter whether J(p,.) is connected or not). The part of the dynamical plane

of p.- bounded by all these cuts contains the point c¢*. This implies the desired. O
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The following theorem is a special case of [26, Theorem 1] but we give a proof for

completeness, and also since our special case is much simpler than the general one.

Theorem 7.2. Let £ be a Misiurewicz lamination. Parameter rays whose arguments are
vertices of the marked cocritical set of £ land on a Misiurewicz parameter ¢ such that

Lé=L.

Proof. Let 6 be a k-preperiodic angle with k > 1. Choose ¢, € dM;” in the accumulation
set of Ry. Then the periodic dynamical external ray R, (36) lands on a periodic point
zo,. By Lemma 6.12, the point z, is repelling. For a parameter c, consider the union R, of
the rays from the forward orbit of the closure of R.(9); it consists of finitely many rays
and their landing points. By Lemma 7.1, there are no critical points among their landing

points provided that c is close to c,.

By Theorem 6.1, for some neighborhood W of ¢, in SC, the set R. depends continuously
on c € W, consists only of smooth rays and their landing points, and contains no critical
points of p.. In particular, R, (6) lands on the cocritical point —2c,. Thus, p., is a symmetric
Misiurewicz polynomial, and £, is a symmetric Misiurewicz lamination. Since there are
countably many symmetric Misiurewicz polynomials, and the accumulation set of R, is
either a non-degenerate continuum (hence uncountable) or a point, it follows that R,

lands on ¢, and that 6 is a vertex of a cocritical set of £, .

By Theorem 3.7, all preperiodic angles of preperiod > 1 are partitioned into vertex
sets of various Misiurewicz cocritical sets. Thus, for a preperiod > 1 angle 6 there exists a
unique symmetric lamination £ such that 6 is a vertex of a cocritical set of £. Taking into
account the fact that each polynomial is counted in SC twice (depending on the choice
of the marked critical point), and choosing marked cocritical sets accordingly, we see that
if £ is a Misiurewicz lamination whose marked cocritical set has vertices 6y, ..., 6,,, then

the parameter rays Rg , ..., Ro land on a Misiurewicz parameter ¢ such that £, = £. O
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8 The Structure of M,

Recall that M is the quotient space of D under ~y, and pr,,,,, : D — M}, is the

comb
corresponding quotient projection (see Definition 3.8). Given a continuum K c C, define
the topological hull of K as the complement to the unbounded complementary component
of K. Recall also that a monotone map is a map whose point-preimages (fibers) are
connected. Theorem 8.4 completes the proof of the Main Theorem.

However first we introduce tools from continuum theory developed in [3] (for basic
continuum theory facts see, e.g., [36]) and applied in [3] to the problem of modeling
connected polynomial Julia sets. The tools apply to all planar continua.

Let A be a continuum. Then an onto map ¢ : A — Y, 4 is said to be a finest (monotone)
map (onto a locally connected continuum) if for any other monotone map 3 : A — L onto
a locally connected continuum L there exists a monotone map s : Y, 4 — L such that
¥ = hogp. Observe, that in this situation the map h is automatically monotone because
for x € L we have h™'(x) = p(3~'(x)). It is easy to see that all sets Y,, , are homeomorphic
and all finest maps ¢ are the same up to a homeomorphism. Thus from now on we may
talk of the finest model Y, = Y of A and the finest map ¢, = ¢ of AontoY.

A planar continuum Q c C is said to be unshielded if it coincides with the boundary of

its topological hull. Thus, unshielded continua are the boundaries of full planar continua.

Theorem 8.1 (Theorem 1 of [3]). Let Q be an unshielded continuum. Then there exist the
finest map ¢ and the finest model Y of Q. Moreover, ¢ can be extended to a map C — C
which maps o to oo, in C \ Q collapses only those complementary domains to Q whose

boundaries are collapsed by ¢, and is a homeomorphism elsewhere in C \ Q.

It may happen that the finest model is a point (e.g., this is so if the continuum is
indecomposable, i.e. cannot be represented as the union of two non-trivial subcontinua).
In [3] we establish useful sufficient conditions for this not to be the case, then apply
Theorem 8.1 to a polynomial P with connected Julia set, and explicitly construct the

finest models (see Theorem 8.3 below). Moreover, in [3, Theorem 2] we show that for a
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connected polynomial Julia set J(P) the model is dynamical, i.e. admitting a self-mapping
to which P|;) is semiconjugate. The self-mapping in question is actually a topological
polynomial. This gives an alternative proof of results of [25] and extends them onto
all connected polynomial Julia sets. Denote by I,(Q) the impression of the Riemann ray
Rq(6) to an unshielded continuum Q which by definition is the same as the impression of
the corresponding prime end (abusing the terminology we will call them impressions of

angles 6).

Definition 8.2. Let Q be an unshielded planar continuum. Declare two points x,y € Q
equivalent if they belong to a finite connected union of impressions of angles, and denote
this equivalence relation on Q by =<,. Then consider the intersection ~, of all closed
equivalence relations on Q that contain <. Declare two angles a, 8 € S' equivalent if
their impressions are contained in one ~-class, and denote this equivalence relation on

Definition 8.2 offers a constructive version of Theorem 8.1. Moreover, it also suggests
a laminational interpretation of the finest model of Q (the second part of Theorem 8.3 is
not explicitly proven in [3] but immediately follows and can be established repeating

verbatim a part of the proof of [3, Theorem 2]).

Theorem 8.3 (Theorem 18 of [3]). The quotient map Q — Q/ =, is the finest map of the
continuum Q. The equivalence relation ~, is laminational, and the finest model Q/ ~, of Q

is homeomorphic to S'/ ~,,.
We can now prove Theorem 8.4.

Theorem 8.4. There is a monotone continuous surjective map 7 : My — M, - if M, is

locally connected, 7 is a homeomorphism.

Proof. et~y =~ and ~y=~. By Theorem 8.3, the spaces M7’/ ~ and S!/ ~ are homeo-
morphic. Thus, it suffices to show that equivalence relations ~ and ~, on S! coincide. By

Theorem 3.7 and the results in Sections 6 and 7, if g is a ~,-class whose convex hull does
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not intersect an infinite gap of C,CL, then g is in fact a ~-class. It remains to consider
~sy-classes h whose convex hulls intersect infinite gaps of C;CL. In what follows we use
notation and terminology from right before Theorem 3.15. In particular, recall that O is

the center of D.

Let h be a ~;,-class such that CH(h) intersects dG, where G is an infinite gap of C;CL.
If O ¢ G, then, by Theorems 3.7 and 3.15, there is an associated with G Fatou lamination
£ with critical Fatou gap U and the (half-)return map » : dU — dU semiconjugate to
o, : St - S! by a map ¢ collapsing all edges of U. We have G c U, and the ¢-images of

the edges of G are the majors of laminations from the Main Cardioid of o,.

Let ¢ be the edge of G separating the rest of G from O. By the properties of the Main
Cardioid, an infinite gap of C,CL is attached to G at any edge ¢’ # ¢ of G while the points
of 4G that are not endpoints of edges of G are C,CL-classes. By Theorem 3.7, £ may be an

edge of another infinite gap of C,CL or it may be non-isolated in C,CL.

By Theorem 6.4, there is a unique hyperbolic component K with E}’( = ¢. By Theo-
rem 6.11, a dense subset of 6 consists of parabolic parameters ¢ with two parameter
rays corresponding to the endpoints of an edge of G landing on ¢ € 4. Properties of
impressions and the fact that 4 is a Jordan curve imply that for all edges of G other

than ¢ the corresponding ~-class and ~-class coincide.

The situation with ¢ is different and has three cases. Firstly, if ¢ is an edge of another
infinite gap of C;CL not containing O, then the above arguments show that the ~-class
associated with ¢ consists only of the endpoints of ¢. Secondly, ¢ may be the limit of
other edges of C,CL converging to ¢ from outside of G. Let I', be the parameter cut
corresponding to ¢. By Theorem 3.7, T, is approximated by 1-preperiodic parabolic cuts
separating I', from impressions of other parameter rays in the complementary component
of T, not containing #¢; thus, in this case, too, the ~-class and the corresponding ~gy-class

coincide.

The remaining case is when ¢ is the shared edge of G and the gap G,,,;, of C,CL
\/—

corresponding to #(,,,;,. Recall that 8#,,,;, is the circle of radius ?3 centered at the origin.
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For ¢ € 0,40, the multiplier at the neutral point 0 is —3c2. Hence there is a dense
in 0F 4, Set of parabolic parameters ¢ associated to the comajors like ¢ above. The
above arguments show that for all edges of G,,,;, and for all points of 4G,,,;, that are not
endpoints of an edge of G,,4;, the same conclusion holds: the ~-classes and the ~,-classes

are the same. O

From now on, we will always denote the modeling projection from Theorem 8.4 by 7.

Definition 8.5. Let 7¢ be a hyperbolic component associated with a comajor . Then the
parameter rays R, and Rz land on the root ry of 7(. Denote by W(aB) the component of

C\ [R, U R;z] that does not contain (,,,;, and will call this set the wake generated by ap.

The next lemma describes wakes in a more dynamical fashion.

Lemma 8.6. Let af be a comajor corresponding to a major o’B'.

1. Ifce W(%), then the external rays R.(a’') and R.(B") are smooth and land at the same

repelling periodic point.

2. If R.(a") and R.(B’) are smooth and land at the same repelling periodic point, then
¢ € W(ap) U W(z(ap)).

Proof. (1) The argument given below follows [31]. Set W := W(ag), and let g be the period
of « and . The claim holds for the interior of the corresponding hyperbolic domain 7.
By the properties of C,CL, parabolic parameters on the boundary of #, and hence the
entire J¢, are separated from 7(,,,;, by the parameter rays R, and R, that land on the root
rqc of 7. Thus, H c W, and, by Theorem 6.11, for all parameters ¢ € # the dynamical
external rays R.(a’) and R.(8’) land on the same repelling periodic point.

We claim that the rays R.(a’) and R.(8’) land for all c € W. Indeed, by the properties of
comajors the circle arc (ag(a’), ag(ﬁ’)) contains no images of o;(a’) or o;(3’). Hence points
from the orbits of o;(a’) and o5(8’) cannot be endpoints of critical chords with the other

endpoint in («’, 8’). However, these are precisely the critical chords defining the critical
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cuts for polynomials p.,c € W. It follows that for all c € W the rays R.(¢’) and R.(8")
remain smooth (never pass through a cut) and land as claimed.

The landing point of R.(a’) is repelling except for finitely many values of c € W, for
which it may become parabolic; the multiplier of this parabolic point must be a g-th
root of unity. By the maximum modulus principle, such values of ¢ are impossible. It
follows that R.(a’) always lands on a repelling point, for c € W, and the same holds for
R.(B"). Since the two landing points coincide in 7, they also coincide everywhere in W,
by Theorem 6.1.

(2) Suppose that R.(«’') and R.(8") are smooth and land at the same repelling periodic
point. By Theorem 6.1, this property is stable under small perturbations of c. In particular,
if the Julia set of p. is connected, then we may replace ¢ with a postcritically finite value
¢’ with the same property. Also, if J(p.) is disconnected, then, upon a slight perturbation
of ¢, one may assume that c lies on a rational ray. Let ¢’ be the landing point of this ray,
and replace ¢’ with a nearby postcritically finite parameter ¢”. Thus, in any case, it is
safe to assume that c is postcritically finite, in particular, J(p.) is locally connected, and
the corresponding lamination £. determines the topological dynamics of p. on J(p.). All
periodic leaves of £ are repelling.

By the assumption, a’8’ € £.. Let S’ be the strip formed by o’ and its sibling chord so
that S” U z(S’) is a short strips set. Some major M, of £. must be contained in §’; it follows
that a comajor of £, is under ap. Either this is the marked comajor of £., in which case

¢ € W(ap), or the symmetric one, in which case ¢ € W(z(ap)). O

Recall that, by Theorem 3.7(3) (i.e., by Theorem 4.15 of [9]), the 1-preperiodic comajors
are dense in C,CL. Using this, we will now relate the dynamics of certain symmetric
cubic polynomials with their location in the parameter space. To do this, we will need
the original results of Kiwi [25] that we have already mentioned in the beginning of this
section. As far as we know, these were the first results where connected but not necessarily
locally connected Julia sets of certain polynomials were modeled. The polynomials in

question are polynomials with connected Julia set and all cycles repelling. However,
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when stating Kiwi’s theorem, we use the approach of [3] described in the beginning of

this section.

Theorem 8.7 (Theorem 5.12 of [25]). Let P be a complex polynomial with connected Julia
set J(P) and all cycles repelling. Then ~;, is a o4-invariant laminational equivalence relation
defining a g-lamination £ ,. Moreover, P : J(P) — J(P) is monotonically semiconjugate to a
topological polynomial f._, : J., — J.,, the topological Julia set J._, is a dendrite, and the
semiconjugacy pp between P|;py and f_ | I, is one-to-one on all (pre)periodic points of P. If

J(P) is locally connected, pp is a homeomorphism.

Let P be a symmetric polynomial with connected Julia set and all cycles repelling.
Theorem 8.7 allows one to define, for such P, its q-lamination £.., and, therefore, the
associated marked cocritical set Cp. Let us show that then Cp determines the fiber of
the modeling projection 7 from Theorem 8.4 that contains P. To this end, we need a
well-known fact concerning the dynamics of dendritic topological Julia sets J.. defined by
a laminational equivalence relation ~. Still, for the sake of completeness we sketch its

proof.

Lemma 8.8. Let ~ be a o,-invariant laminational equivalence relation such that J. is a
dendrite. Suppose that ab is a periodic chord whose forward o 4-orbit consists of pairwise

unlinked chords that do not cross edges of critical sets of £... Then a ~ b.

Sketch of the proof. Consider preimages of critical gaps or leaves of £_; choose only those
preimages that are themselves gaps of leaves of £... Take the closure of their union. By
the assumptions made, there is a unique component U of the complement to this union
that contains ab in its closure. The set of all classes of points from U n'S! corresponds to a
non-degenerate continuum T c J_ whose orbit, by the assumption, has no iterated images
that contain critical points of f.. as their cutpoints. On the other hand, by Theorem C of
[5], the continuum T is non-wandering and has two distinct iterated images that intersect.
The union of the appropriate iterated images of T will then yield connected n-periodic
subset of 7. whose closure A contains no critical cutpoints. This implies that there are

periodic attracting points of f” in A, which contradicts the expanding properties of o;. [
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We can now describe some fibers, i.e., point preimages, of .

Theorem 8.9. If all cycles of P € M, are repelling, then the r-fiber of Cp contains P.
Moreover; for any P' in the same fiber, Cp, = Cp and therefore £.., = £_,. If, in addition, P is

finitely renormalizable, then the fiber is {P}.

Proof. By Theorem 6.13, we may assume that Cp is not a 1-preperiodic comajor. Suppose
now that Cp is a finite gap. Then, by Theorem 3.7(3), all edges of Cp are approximated from
outside of Cp arbitrarily well by 1-preperiodic comajors that give rise to the associated
wakes in the parameter space. Let us consider the edge ¢ of Cp that separates the interior
of Cp from the center of the circle. Choose a 1-preperiodic comajor y close to ¢ that also
separates Cp from the center of the circle; it corresponds to a periodic major ¢,, and, by
the properties of majors, the iterated o;-images of ¢, never enter a critical strip defined
by ¢, or its symmetric counterpart. Thus, ¢, satisfies the assumptions of Lemma 8.8.
By Lemma 8.8, this implies that the endpoints of ¢, are ~p-equivalent and, hence, are
associated with a repelling cut Y of J(P). Therefore, by Lemma 8.6, the parameter of P is
located in the wake Wy for any y with the listed properties.

On the other hand, let ¢/ # ¢ be another edge of C,. We can approximate it (again
by Theorem 3.7(3)) by 1-preperiodic comajors, necessarily from the outside of Cp. These
define wakes as before, yet this time the corresponding periodic leaves will not coexist
with the critical sets of £p. Hence, P cannot belong to those wakes, which implies that it
belongs to their complements in the plane.

By definition, the intersection of the wakes (described in the first paragraph of the
proof), the complements of wakes (described in the second paragraph of the proof), and
My is the fiber of the modeling map 7 from Theorem 8.4; this completes the proof of
the first claim in the case when Cj is a gap. If C; is a leaf, a similar (almost verbatim)
argument implies the same conclusion. Observe that in this case Theorem 3.7 implies
that Cp is approximated by 1-preperiodic comajors from both sides.

The case when Cp = {x} is a singleton is a bit different. Recall, thatJ_, is a dendrite.

Denote by ¢(X) the point in the topological Julia set J_, that corresponds to the convex
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hull X of a ~p-class. By [8, Lemma 3.3], there is a well defined invariant central (i.e.
containing the center of the circle) gap (or leaf) CG ., of £_.Leta =¢(CG c_,)- Connect
a and ¢({x}) with an arc I and consider dynamics of points of I that are located close
to {({x}). Lety € I,y = ¢(Y) be a point close to {({x}). Denote by Z, the component of
J., \ {y} that contains {({x}). Then by Lemma 3.8 (the so-called Short Strips Lemma) of [8]
translated into the language of dynamics on J_, we see that the forward orbit of y either
never enters Z,, or, if it does, the first time it enters Z,, is in I again. In the former case it
follows from the definitions that the edge ¢” of Y that separates the rest of Y from x (i.e.,
the edge of Y that “faces” x) is a comajor. By Theorem 3.7(3) this implies that there are
1-preperiodic comajors very close to ¢”” and the arguments from the beginning of the
proof apply in this case, too.

Hence we may assume that orbits of all points y € I close to {({x}) always eventually
enter their sets Z,. However there are (pre)periodic points in I arbitrarily close to {({x}),
and these cannot keep getting mapped to points of I closer and closer to ¢({x}). Thus,
there are comajors associated to points of I arbitrarily close to {({x}) which implies the
desired.

By the above, for every polynomial P’ in the fiber of Cp, the associated lamination £,_p/
has Cp as a marked comajor. It follows that £ _, = £_p/ as critically marked laminations,
cf. Corollary 3.11. To prove the last claim of the lemma, observe that in the case of finitely
renormalizable symmetric polynomials the claim follows from [27, Theorem 1.2] stating,
in a special case, that, if £, = £_, is at most finitely many times renormalizable, and

both P and P’ have all cycles repelling, then P = P/, up to affine conjugacy. O

To conclude we would like to say that we expect the following claims to hold for the

fibers of 7:
1. On the union of the boundaries of all hyperbolic components, = is injective.

2. Every nontrivial fiber contains a polynomial whose Julia set has positive area and

supports an invariant measurable line field; there is a J-stable component inside
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the fiber consisting of such polynomials.

However, we do not prove these claims here.
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We present conjectures on the scattering terms of cluster scattering dia-

grams of rank 2, supported by significant computational evidence.
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1 Introduction

Scattering diagrams were introduced by Kontsevich, Soibelman, Gross, and Siebert in
[14, 16] for the study of mirror symmetry. Cluster algebras were introduced by Fomin
and Zelevinsky [7] for the study of total positivity, but quickly found algebraic, geomet-
ric, and combinatorial connections to a wide range of mathematical areas. Scattering
diagrams became an essential tool in the structural study of cluster algebras when Gross,
Hacking, Keel, and Kontsevich defined (and proved the existence of) cluster scattering

diagrams [11]. Applying the scattering-diagram machinery of broken lines and theta
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functions that had been introduced and developed in various papers by Carl, Gross, Hack-
ing, Keel, Pumperla, and Siebert [5, 9, 10, 12, 15], they corrected and proved a conjecture
of Fock and Goncharov [6] on the cluster variety and several conjectures of Fomin and

Zelevinsky on the structure of cluster algebras [8].

The defining data of a cluster scattering diagram is an exchange matrix, meaning
a skew-symmetrizable integer matrix. Following the usual terminology in the cluster
algebras literature, we will say that the cluster scattering diagram of an r x r exchange
matrix is a cluster scattering diagram of “rank r” (regardless of the rank of the matrix in

the usual linear-algebraic sense).

A rank-r scattering diagram lives in a real vector space of dimension r and consists of
walls (codimension-1 cones), each decorated by a scattering term (a multivariate formal
power series). The cluster scattering diagram is defined by specifying that certain walls
must be present and certain walls must not be present and then requiring a consistency
condition. Some details of the definition, in rank 2, are given in Section 2. A rank-1 cluster
scattering diagram is trivially easy to construct, but a typical rank-2 cluster scattering
diagram is already extremely complicated, and completely explicit formulas are not
known for coefficients of scattering terms. (This statement depends, of course, on what

one calls “explicit”. See Section 4.)

Although cluster scattering diagrams of higher rank can be vastly more complicated,
there is a sense in which cluster scattering diagrams of rank 2 tell much of the story
about higher rank. The importance of rank 2 is seen in the proof of the existence of the
cluster scattering diagram in general rank in [11, Appendix C]. That proof constructs
the cluster scattering diagram degree by degree (in the sense of degrees of terms in
the power series). To move the construction to the next degree, one adds higher order
terms and new nontrivial walls to yield consistency up to that degree. The consistency is
checked locally about every (n — 2)-dimensional intersection of walls (“joint”), and the
local consistency condition is exactly the condition on a rank-2 cluster scattering diagram.

Thus, in some sense, the construction of a general-rank cluster scattering diagram consists
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of constructing rank-2 cluster scattering diagrams all throughout the ambient space.
The purpose of this note is to record and share some conjectures on cluster scattering

diagrams of rank 2 that are supported by significant computational evidence.

Remark. Since this note was posted on the arXiv, Ryota Akagi has made us aware
that some of our conjectures can be proved using results from his paper [1]. Also, an
anonymous referee pointed out some additional special cases of our conjectures that are

known. Details on these connections are given in Section 4.

2 Cluster scattering diagrams of rank 2

We now give the definition of the cluster scattering diagram, specialized to rank 2 and
following the notation of [17]. (See also [11, Example 1.15].) Up to symmetry, we may as
well assume that the exchange matrixis B =[ 9 ¢]for b,c > 0.

Let N be the lattice Z? with the usual basis {e,,e,} and let N° be the sublattice of N
generated by be, and ce,. Let M be the dual lattice to N and let M° be the superlattice of M
that is dual to N°, with basis {f, f,} such that (f;, be,) = (f,,ce,) = 1 and (f}, e,) = (f,,e;) = 0.
It is the interplay between N and N°, and dually M° and M, that integrates the skew-
symmetrizability of B seamlessly into the construction.

Take indeterminates z, and z, and define ¢; = zsand ¢, = zl‘b. (In [11, Example 1.15],

z, and z, are called A; and A,.) Given a vector n = n,e; + n,e, € N, we write {" to mean

my
5

11¢), and given m = myf; + m,f, € M°, we write z™ to mean z;"'z
A wall is a pair (d, f) where d is a codimension-1 cone (thus a line through the origin

or a ray with vertex at the origin) and f; is a formal power series in ¢; and ¢, satisfying
the following conditions. The condition on b is that there must exist a nonzero vector
in N with nonnegative entries that is normal to ». Take n to be such a vector that is
primitive in N. The condition on f; is that it has the form 1+ 3, c,¢f", or in other
words f; is a univariate formal power series in " with constant term 1. The formal

power series f; is called the scattering term on ». A scattering diagram is a collection
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D of walls, satisfying a finiteness condition that amounts to requiring that all of the
relevant computations can be made by taking limits in the sense of formal power series.
Specifically, the requirement is that for any k > 0, all but finitely many walls of ® are 1

plus terms with total degree > k in {; and ¢,.

This definition of a scattering diagram is so broad as to be almost meaningless; the
condition that makes a scattering diagram interesting is consistency, which we now
define. We begin by describing an action on formal Laurent series that is associated to
crossing a wall. Given a wall  having normal vector n with nonnegative entries and

given a path that crosses the wall transversely, the wall-crossing automorphism takes a

(m,xn')

d
scaling of n. The sign in the formula is “~” if the curve crosses in the direction that agrees

Laurent monomial z™ to z" f , where n’ is the primitive vector in N° that is a positive
with n or “—” if the curve crosses in the direction that disagrees with n. We extend linearly
and take limits to act on formal Laurent series. Using standard terminology, we call this
a wall-crossing automorphism, but we need not be careful about the algebraic structure

on which it acts as an automorphism. For us, it is just an action on formal Laurent series.

A path-ordered product is, loosely speaking, the composition of these wall-crossing
automorphisms along a path. More correctly, since a path might intersect infinitely many
walls, the path-ordered product is defined as a limit of formal Laurent series. For each
k > 0, consider only those walls whose scattering terms have nontrivial terms of total
degree < k. The finiteness condition on ® ensures that there are finitely many such walls,
so we can compose the wall-crossing automorphism for those walls. The path-ordered
product is the limit, in the sense of formal Laurent series, as k — oo. A scattering diagram
is consistent if the path-ordered product for a small oriented circle about the origin is

the identity map.

A wall with nonnegative normal n = n;e; + n,e, € N is outgoing if the vector
—bn,f, + cn;f, ¢ b. One can check that, in any case, —bn,f, + cn;f, is in the line con-
taining d. Thus b is outgoing if and only if it is a ray (rather than a line) and is contained in

the fourth quadrant. The cluster scattering diagram is the unique consistent scattering
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diagram containing the walls (ell, 1+ 2z5) and (eg, 142z by such that all other walls are
outgoing.

For i,j > 0, define 7(i, j) to be the coefficient of g“i{g = zl_jbz;c on the wall of the
cluster scattering diagram that is orthogonal to ie; + je,. To specify or emphasize the

exchange matrix, we may write 2<(i, j), but generally, we think of z(i, j) as a function of
ged(ib, jc)

indeterminates b and c. We define g = 2
ged(i, j)

Example. Several of the 7(i, j) are shown below, with i changing in the horizontal direc-

tion and j changing in the vertical direction and 7(0, 0) at the bottom-left.

0 g

(b-1)(b—2) g(b—1)(3bc—2b—3c+1)  g(3bc—3b—3c+2+g)(3bc—3b—3c+1+g)
6 6 6
0 g(b-1) g(2bc—2b—2c+1+g) g(c—1)(3bc—3b—2c+1)
2 2 6
1 g g(cz—l) g(c—16)(c—2)
1 1 0 0

Example. Take b = 3 and ¢ = 2 so that the exchange matrix is [ % Z|. Some of the integers
732(i, j) are shown below, again with i changing in the horizontal direction and j changing
in the vertical direction and 732(0, 0) at the bottom-left.

0 0 0 1 33 87 286 429
0 0 0 5 327 143 132 143
0 0 1 6 33 42 33 6
0 0 2 6 14 6 2 0

0 1 14 5 14 1 0 0
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Remark on symmetry. We point out the obvious symmetry 2<(i, j) = %b(j,i). Another
symmetry is less obvious but not hard to prove using mutation of scattering diagrams:
Interpreting (i, j) as a vector ie; + je, in the root lattice of a root system with Cartan
matrix [ 3 5°| and simple roots e, and e,, the integers t<(i, j) are invariant under the
action of the Weyl group on (i, j). This amounts to the symmetries t2<(i, j) = (i, —j + ci)

and t0¢(i, j) = (=i + bj, j).

3 Conjectures on coefficients of scattering terms

Conjectures.
1. For i, j > 0, the coefficient z(i, j) is a polynomial in b, ¢, and g.
2. The polynomial has g as a factor and its degree in g is ged(i, j).
3. Itsdegreein b is j — 1 and its degree in cisi — 1.
4. The polynomial (max(i, j))! z(i, j) has integer coefficients.
5. 7(1, ) = %(lj’)

6. 7(i,1) = %(‘;)

o g (b-1)c-1i+g
[CD (b—l)(c—l)i+g( i )

.. o g i—1\/ilbc—=b—c)+g—1
8. 7(i,i) = —

=5 (Y

- _ g (ib—i+1)(c—1)
9. T(l,l—l)—m( i—1 )

. o g (Je—j+Db-1)
0. 70-10= 55— ()

11. 72%(i, j) is a polynomial in b of degree i + j — 1 that expands positively in the basis

(ONWA
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22(i, j) has unimodal log-concave coefficients.

. - ¢ j+¢—1
t15(2j, j) = %Z:O(j_f_i_l)(l"'f )

Comments.

* Conjectures 5 and 6 are symmetric and Conjectures 9 and 10 are symmetric.

* Conjecture 8 is equivalent to Conjecture 7.

* Since ¢ = b in Conjectures 11 and 12, also g = b.

Assuming Conjecture 1, write (i, j ; k) for the coefficient of g¢ in (i, j) and similarly

tP<(i, j ; k). Because g is also invariant under the action of the Weyl group on (i, j), we

have 72(i, j; k) = t2¢(i, —j + bi; k) and (i, j; k) = (=i + aj, j; k).

Conjectures.

14. (i, j; k) is a polynomial of degree j — k in b and degree i — k in ¢ and has a term that

15.

16.

17.

18.

is a nonzero constant times b/ k¢i=k,

(i, j; 1)k

If ged(i, j) = 1, then =(ik, jk: k) = =

(1, j; D p;

(k, jk;k—1) = T where p; is a polynomial in b and c that depends
only on j, not k.

t(ik, k;k—1) = T(lzklf)kz_;pl where p; is a polynomial in b and ¢ that depends only
on i, not k. '

If ged(i, j) = 1, then z(ki, kj; k — 1) has a factor p;; that depends only on i and j, not

on k, and the other factors of z(ki, kj;k — 1) also appear as factors of z(i, j ; 1).

Comments.

» Assuming Conjecture 2, for fixed i and j, Conjecture 15 is a formula for (i, j; k) for

the largest k such that z(i, j; k) # 0 in terms of some z(-, - ;1).
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* In Conjecture 18, the factors of z(i, j; 1) appear to different powers in z(ki, kj; k — 1)

for various k. For example,

(b—1)(3ch —2b — 3¢ + 1)

7(2,3;1) =

6
oy (b=1)py3
f4,6:1) = =P
. (b—1)"(3cb—2b—3c+1)py
w(6,952) = 1080
. (b=1)°(3chb—2b—3c+1) py
7(8,12;3) = 12960

for p,; = 330b%*c3 — 720b*c? — 1530b3c® + 525b*c + 2880b3c?
+ 2610b%c3 — 128b* — 1770b3c — 4140b%c?
—1950b 3 + 352b3 + 2085b%c + 2520b c?

+ 540c® — 328b2% — 1005¢ch — 540c2 + 122b + 165¢ — 15

Remark on computation. These conjectures are backed up by significant computational
evidence. The functions z(i, j) of b and c can be computed symbolically up to large values
of i and j. Thus, for example, the polynomials shown in the first example in Section 2 are
known to be correct for all b and c, rather than only for some specific values of b and c.
Similarly, the conjectures on (i, j) in this section have been checked for many values of i
and j, and each case that has been checked is true for all b and c.

Computing the functions z(i, j) proceeds by induction on i + j, by solving, at each step,
the equations that describe consistency of the cluster scattering diagram in degree i + j
using known values of z(7/, j*) for i’ + j’ < i + j. Thus, it would be significant progress
even to find a recursive description of z(i, j) whose recursive step is simpler than solving
a system of equations.

The code we used in our experiments together with precomputed data up to degree

20 is available at https://github.com/Etn40ff/scatcoef/.
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4 Related work

Work of Ryota Akagi [1] also aims at explicitly understanding scattering terms in the
cluster scattering diagram, but with different approach and conventions. His work is
independent of ours, was posted before we publicized any of our conjectures, and also
contains results in different directions that we did not conjecture. Akagi has informed us
of a forthcoming paper [2] in which he proves Conjectures 1, 2, 3, 5, 6, 11, and 15, as well
as part of Conjecture 14 and a result that is similar to Conjectures 16, 17, and 18, using

his results from [1].

Tom Bridgeland [3, Theorem 1.5] identifies the cluster scattering diagram with the sta-
bility scattering diagram in the case b = c, thus realizing t>°(i, j) as the Euler characteristic

of a certain moduli scheme of representations of the associated Jacobi algebra.

An anonymous referee pointed out that Conjectures 7 and 9 (and symmetrically 10)
generalize results of Reineke and Weist [19]. Specifically, the case g = 1 of Conjecture 7 is
[19, Corollary 11.2] (which proves a conjecture of Gross and Pandharipande [13, Conjec-
ture 1.4]) and the case g = 1 of Conjecture 9 is [19, Theorem 9.4]. In comparing Conjec-
ture 7 with [19, Corollary 11.2], it is useful to notice that after setting g = 1, the right side

of Conjecture 7 can be rewritten as ——— ((®~D-Di),
(bc—b—c)i+1 i

Gross, Hacking, Keel, and Kontsevich [11, Example 1.15] state the case b = ¢ of Conjec-

ture 8 and attribute its proof to Reineke [18].

Burcroff, Lee, and Mou have recently given a formula for the coefficients of scattering
terms as a weighted sum over certain combinatorial objects called tight gradings [4,
Theorem 1.1]. They intend to explore some of the conjectures of this paper using tight
gradings [4, Section 9.2]. It would also be interesting to understand how the Weyl group
symmetry appears in the combinatorics of tight gradings. (See the remark on symmetry

at the end of Section 2.)
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1 Introduction

Our primary goal in this paper is to compute the monodromy groups for several equations

of interest. The transcendental equations investigated here are not arbitrary; they are
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motivated by their appearance in mathematical physics and spectral theory. Equations
of the type tan(z) — z = 0 are canonical in this regard: they arose in Fourier’s 19th-century
analysis of the heat equation, where their roots correspond to the eigenvalues of a Sturm-
Liouville operator, as noted by F. Klein [5]. A similar result was obtained by Fourier, but
here we present a new perspective and proof using modern methods, which interestingly
leads to the same conclusion. A. Elishev demonstrated this fact in modern terms [2], and
we include his argument.

Modern analogues, such as the equation studied by Heifetz for acoustic wave propaga-
tion, further highlight the physical importance of both the real roots (propagating modes)
and the complex roots (resonances) [3]. We include a full summary of his results, as the
original was published in a difficult-to-access Soviet journal. This motivates a deeper
study of the complete root structure of such equations under parameter variation, which
is what their monodromy groups describe.

Our primary tool is the topological Galois theory developed by V. I. Arnold and later
by A. G. Khovanskii [4]. This theory connects the solvability of an equation to the alge-
braic properties of its monodromy group. The notion of solvability can be made precise
through a hierarchy of function classes. Starting with elementary functions (built from
rational functions, exp(z), log(z), and algebraic operations), one can define functions solv-
able in quadratures (allowing integration), and recursively, in k-quadratures (meaning
functions obtained by applying up to k nested integrations). The union of all such classes
forms the class of functions solvable in generalized quadratures. The main theorem
of topological Galois theory, in its strong form due to Khovanskii, addresses this entire

hierarchy:

Theorem. If the solution z(a) of an equation f(z) = a, considered as a function of the
parameter a, is representable in generalized quadratures, then the monodromy group of

the equation is solvable.

In this paper, we use the contrapositive of this theorem. By showing these monodromy

groups to be unsolvable (e.g., containing As or A,), we prove that these equations are
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not solvable even in the broad class of generalized quadratures.

Our approach follows the constructive spirit of Arnold’s method. The core idea is to
analyze the behavior of the roots z; of the equation f(z) = a as the parameter a traverses
a closed loop in the complex plane. The roots themselves trace continuous paths, which
may not be closed, resulting in a permutation of their initial positions. This permutation
defines an element of the monodromy group. Non-trivial permutations are generated
when these loops encircle the critical values of f(z) — the images of points where the
derivative f’(z) vanishes. Examples of application of this method with illustrations can
be found in our previous paper [1].

Therefore, our work in the subsequent sections will be to identify these critical values
and deliberately construct paths around them to generate a set of permutations sufficient

to prove the unsolvability of the corresponding monodromy group.

2 The Case of a Self-Adjoint Function

Let the function f(z) have the following properties:
1. The function f(z) is self-adjoint, i.e., f(z) = %
2. The critical points of f(z) (where f’(z) = 0) have multiplicity 3.
3. The equation f(x) = a for a real a has a unique real root.

From complex analysis, we know that traversing a critical point must permute three
roots in a cycle. Since the function is self-adjoint, its set of roots consists of one real root
and pairs of complex conjugate roots. Consequently, when traversing a critical point, the
unique real root and a pair of complex conjugate roots must be permuted.

By traversing one critical point, we obtain the permutation of roots (12 3), where 1
denotes the unique real root. By traversing another critical point, we get the permutation

(145). Together, these two permutations generate the alternating group As. Thus, the
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monodromy group of the equation is unsolvable, which implies that the equation is not
solvable in elementary functions.

It remains for us to verify that the following equations satisfy these initial conditions,
from which their insolvability will immediately follow. Note that although we do not
provide the proof here, the same method is applicable to simpler equations like sin(z)—z =

a and cos(z) — z = a.

2.1 Insolvability of sin(sin(z)) —z =a

Let us prove the insolvability of the equation

sin(sin(...sin(z) ...)) —z =a

where the function f(z) is the difference between a composition of sines and the iden-
tity function. For simplicity, we will show that conditions 1-3 are met for the simple

composition
sin(sin(z)) —z=a

as the proof for more complex compositions is completely analogous. First, let us find

the critical points of the function:

f(z) = sin(sin(z)) — z

f'(z) = cos(sin(z)) cos(z) — 1 = 0 = cos(sin(z)) cos(z) = 1

Clearly, both cos(sin(z)) and cos(z) must be simultaneously equal to either 1 or —1. The
latter is impossible, because at the points z = 7 + 27k, the sine is zero, and the cosine of

zero is one. Consequently, the critical points of the function will be
Zp = 27Tk, kez
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At these points,
f"(zi) = —sin(sin(zy)) cos(zy) — cos(sin(z;)) sin(zy) = —0-1—-1-0=0

f""(zx) = — cos(sin(z;)) cos?(z;) — sin(sin(z;)) sin(z; )+

+ sin(sin(zy)) sin(zy) cos(zy) — cos(sin(z))cos(z) = —1—-0+0—1=-2#0

We find that our points have multiplicity 3. Furthermore, a real root exists for any real a

and is unique due to the strict monotonicity of the function, since
f'(x) = cos(sin(x))cos(x) —1 < 0

at all points except 2zk. The other roots will come in complex conjugate pairs because

the composition of two self-adjoint functions is self-adjoint.

2.2 Insolvability of sin(cos(z)) —z =a

Now we will show that conditions 1-3 are satisfied for
sin(cos(z)) —z =a
Let us find the critical points and check their multiplicity:
f'(z) = —cos(cos(z))sin(z) — 1 = 0 = cos(cos(z))sin(z) = -1 =
>z, =-n/2+2nk,k € ”Z
Furthermore,
f"(zi) = sin(cos(zy)) sin®(z;) — cos(cos(zy)) cos(zx) =0—0=0
" (zx) = — cos(cos(zy)) sin3(zk) + 2 sin(cos(zy)) sin(zy ) cos(zy )—
—sin(cos(zy)) sin(zy) cos(zy) + cos(cos(zy))sin(z;,) =—-1—-0—-0—1=-2#0
In this case, there is a unique real root because
—cos(cos(x))sin(x) -1 <0

at all points except —7 /2 + 27k. As before, the other roots will come in complex conjugate

pairs because the composition of two self-adjoint functions is self-adjoint.
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3 Insolvability of tan(z) —z = a
Let us prove the insolvability of the equation
tan(z) —z =a

First, we find the critical points:

1
cos?(z)

fl(z) = —1=0=>cos’(z2) =1z, =nk,k € Z

Let us check the multiplicity of these points:

" _ 2sin(z)
[ (z) = @)
2 6sin’(z,) _

"(zp) = 240

cos?(zy)  cos*(zy)

A consequence of Rouché’s theorem is that the equation tan(z) — z = 0 has only real
roots (a detailed proof is given in [6]). Consequently, if we let the parameter a in the
equation tan(z) — z = a approach zero, three roots will merge into one point.

The function f(z) = tan(z) — z is self-adjoint, which implies that its roots must come in
complex conjugate pairs. In this case, the function f(x) = tan(x) — x is strictly monotonic
on each interval (-7 /2 + 7k, 7 /2 + 7k), which means that the equation has a unique root
on each such interval. The situation is similar to the previous cases, except that the real
root is not unique. Nevertheless, due to the multiplicity of 3, in the vicinity of a critical
point, one real root and a pair of complex conjugate roots will also be permuted. We will
construct a path for the parameter in such a way that a real root and a complex conjugate
root from the upper half-plane are exchanged.

We modify the method used in the previous section. Let us fix the value a = —1 and
denote two complex roots as ¢; and ¢, = ¢;, where ¢, is in the upper half-plane. Let us
denote the real roots as z,, z;, z,, ..., where z, - 0 as a - 0.

We start with the configuration of real roots:

(21,23, 235 ...)-
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Consider a path in the parameter plane of a that starts at a = —1 and moves left along the
real axis, bypassing each critical value along a small semicircle (we choose the one that
causes an exchange between a real root and c;).

When a reaches the n-th critical point, it loops around it in a small circle and returns
along the same path. Let us examine what happens to the roots.

First, ¢; swaps places with z;, then z, with z,, and so on.

By the time we approach the n-th critical point, the arrangement of roots becomes:

(C15 Z15 295 e s Zie2s Zipy e

The root z,_, moves into the upper half-plane. Traversing the critical point causes a cyclic

permutation (z,, z,_;,c,). Repeating this traversal twice, we get:

(C15 215 v s Zn—3s Zn—25Cpy -.0)-

Now z, is in the upper half-plane, and z,_, is in the lower. As we move back, all previous
permutations are reversed: z, and z,_, swap places, then z,_, and z,_;, and so on.

As a result, we get the configuration:

(21,225 s Zn—25 Zs Cay -2,

where ¢; returns to its original place, while z,,_; remains below.
If we now repeat the same operation for the (n + 1)-th critical point, we get the
permutation:

(Zl’ 225+ 52n—252n5Zp+15 Zp—1> )9

and both complex roots will return to their places. This corresponds to the cycle (n —
1n+1n).

Such 3-cycles for all n > 5 generate the infinite alternating group, denoted A,. By
analogy with S, this group is a group of finitely supported permutations. More precisely,
A 1s the subgroup of S, consisting of all even permutations on the countable set of roots.

Since any 3-cycle is an even permutation, and any finite alternating group A; is

generated by 3-cycles, our method allows us to construct any permutation from A, for
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any k. As the group A, is unsolvable for k > 5, the group A, which contains all of them is

also unsolvable.

4 Insolvability of an Equation related to zZ = a

We now turn to another classical transcendental equation, z? = a. While a full analysis
of its monodromy group is possible, for the purpose of demonstrating the method with
simpler derivatives, we will analyze the related, but distinct, equation e¢? + z = a. It
is important to note that these two equations are not equivalent. The analysis below
pertains strictly to e* + z = a.

Let us find the critical points of f(z) = e + z:
fl@)=e?+1=0=>z, =2k+ Dri,keZ
In this case,
f'(z) =e* ==1#0

Thus, the critical points have multiplicity 2. The function f(x) of a real argument is strictly

monotonic because
ff(x)=e*+1>0

which means the equation has a unique real root.

First, for simplicity, let us consider the starting point a = 0.

Let us consider a path z(¢) that leads from this real root to the n-th critical point, then
makes a semi-loop around it, swapping the roots, after which the new root returns along
the same path.

Now let us derive the trajectory described by the parameter a while the real root

moves along the specified path. On the first segment of the path:
z(t) = x + it,
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where x is the real root (i.e., e* = —x), so
a(t) = x + it + e+ = x(1 — cost) + i(t — x sint).

It is important to note that the loops bypass the "dangerous" points a,, since at ¢t =
2k + D

a=2x+iQ2k + 1)x.

Since x < —% (which is easy to prove), and the real part of a, is —1, the point a is to the
left of a;. This also shows that at the end of the first path segment, a is located to the left
of a,.

Let us denote y, = (2n + 1)z. Then the second segment of the path is given by the
equation:

z(s) = s+ iy, + et = a(s) = s — e + iy,,.

Thus, a(s) also moves along a straight line parallel to the real axis.

On the third segment of the path, after the permutation of the roots, the parameter
a describes a loop around a,, which follows from the general theory. This trajectory is
homotopically equivalent to a simple loop around the corresponding point.

Since a plane with a discrete set of points removed is homotopically equivalent to
a wedge of circles, any loop around these points can be decomposed into a product of
simple loops like the one shown above.

This means that any permutation can be realized by successive transpositions of the
real root with the others. On the other hand, the permutation group is transitive, which
is true in the general case.

Let us consider the decomposition of a permutation ¢ that maps r, to the real root
(let us number the roots with natural numbers so that r; = x is the real root). As shown

above, it will have the form:
c=>0n)[An,)..(Any).
Obviously, the transposition (1 n) must be part of this product, otherwise the root r,

would remain in its place. Consequently, the group contains all transpositions (1 n), which
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generate the group S, of all permutations of the countable set of roots that affect only a
finite number of elements, known as the group of finitely supported permutations. S, is
countable and contains all finite symmetric groups S,,. The unsolvability of S, for n > 5

implies the unsolvability of S.

A Related Work in Functional Analysis

The equations we have studied are not merely mathematical curiosities; they arise in var-

ious physical and analytical contexts. In this appendix, we review two such connections.

A.1 Asymptotic Solutions

For the reader’s convenience and due to the difficulty of accessing the original Soviet-era
source [3], this section provides a detailed summary of Heifetz’s work on the roots of
a dispersion equation. The formulas obtained are used for numerical calculations and
asymptotic investigation of the roots.

Heifetz considered a point acoustic source located in a homogeneous liquid layer on
a homogeneous liquid half-space. This model, despite its simplicity, proves to be very
useful in some cases (e.g., shallow sea) and has been the subject of many studies. The
calculation of the eigenvalues of the corresponding boundary value problem reduces to

solving the transcendental equation

mzcotz = Va? — z2,

where m = p;/p, p and p, are the densities of the liquid layer and the lower half-space,
respectively, a = khv, h is the layer thickness, k = w/c is the wave number of the layer,
w is the angular frequency of the source, c is the speed of sound in the layer, ¢, is the
speed of sound in the bottom, v* = 1 — ¢?/c}. Throughout, it is assumed that p < p;, ¢ < ¢y,
and the wave number for the bottom k; = w/c, is real. Similar equations arise in other

problems as well.
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Depending on the method of calculating the integral representing the sound pressure
field, it is necessary to consider either only the real roots lying on the so-called physical
sheet of the Riemann surface of the radical (they generate normal, or propagating modes,
and it is these roots that correspond to the eigenvalues of the problem), or also the
complex roots lying on the non-physical sheet of the Riemann surface (virtual modes or
resonances). The roots of the transcendental equation were previously investigated by
Heifetz using asymptotic and numerical methods, and its parametric solution is known.
However, the development of algorithms for the numerical solution of this equation, in
particular for calculating complex roots, continued to attract the attention of researchers.
This work is devoted to refining the location of the roots of the equation, deriving explicit
formulas for all roots, and their investigation. Heifetz considered the case a > 0 and
m > 1. The case 0 < m < 1 can be studied similarly.

Let us describe the location of the roots of the equation. It is obvious that there are
no roots on the rays x = Rez > a and x < —a, S0 to isolate the single-valued branches of
the radical, it is convenient to make cuts along these rays. The complex plane thus cut is
denoted by D,. We denote by (M)i the single-valued and continuous branches of
the radical in D,, defined by the conditions (\/mﬂpo = +a, and consider in D, two
holomorphic functions f,(z) = (\/m)i sinz — mz cos z. The roots of f_(z) lie on the
physical sheet, and the roots of f_(z) on the non-physical sheets of the Riemann surface.

To solve the two equations f,(z) = 0 in D,, we transform the original transcendental

equation to the form

1 az—z2+imz
z=—In +7j, j=0,+1,+2,....

21 Va2 —z2 —imz

Thus, we replace our original equation with a countable set of equations

l;.—“(z) =0, j=0,+1,..,

where

Va2 —-2z2), +imz B
Wa?—-2z%2), —imz
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a

It is easy to see that on the rays z = iy, |y| > T the original equation also has no roots.
We denote the region D, cut along these rays, by D, and select the branch of the logarithm
in D by the condition In 1 = 0 (the choice of any other branch of the logarithm only leads
to a renumbering of the roots). In the simply connected region D, lj“.—L(z) are single-valued
analytic functions, the number of whose roots can be found by the argument principle.
We find that on the physical sheet, the functions lj‘(z) foro < |j| < % + é have one real
root xj’?‘, with x;~ = 0 and xﬂ; = —xj’?‘, j > 0, while for |j| > % + %, lj‘(z) have no roots. In
other words, the original physical problem has [a/7 + 1/2] propagating modes. (Here [x]
denotes the integer part of the number x.)

On the non-physical sheet, the functions l;‘(z) for1<|j| < % + % have one real root x}‘,
with xfj = —x;r, j >0, and for |j| > % + z l;f(z) have two complex-conjugate roots z;.L, Z;.L,
with Im z;f >0,z5. = —z;—“, Jj > 0. The function I (z) has three roots for a > 7/2: z, = 0 and

J

symmetric purely imaginary roots +iy,, y, > 0, and for 0 < a < 7 /2 - five roots: z, = 0 and
+z', +Z'. Finally, the function l;.;(z), where j, = [a/7 +1/2] (the case of lj‘a(z) is analogous),
also has two roots, which for a > a; = 7(j, — 1/2) but close to a; , are complex-conjugate,
approach the real axis as a increases, and at some value of the parameter a = a;, merge
to form a double "non-physical” real root x;,, x;, > a. With a further increase in q, it splits
into two simple real roots, the larger of which moves towards the edge of the cut - the
point x = a, reaches the edge at a = 7(j, + 1/2) and then passes to the physical sheet —
thus a new propagating mode is born. For the values q;, and x,,, Heifetz indicated that
one can write down transcendental equations, which were not detailed there.

To obtain explicit formulas for the roots, another method is used: we consider only
the roots z;—“ of the functions l;f(z), |j| > a/m +1/2; formulas for all other roots are derived
analogously. Regardless of whether z;—’ is complex or real (for j = [a/7+1/2]and a > q, —
see above), it is a root of a quadratic trinomial z* + p;z + q; with real coefficients. Consider

the integrals

z2+piz+q;
Ik=§6#dz, k=3,4,
. zklj (2)

where y is a closed contour in D containing the point z = 0 inside. By calculating these
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integrals, first, by the residue theorem and, second, by deforming the contour y so that it
coincides with the boundary of the region D, we obtain a system of two linear equations
with respect to p; and g;, from which z; = 1/2(=p; + /pjz. — 4q;), where

610,-8,8; 8By — 8
Pi 8,65 — 82 % 6,65 — 6%
, . 1 1
50=d0+7T]Bj—7T]Aj, 51 dl_ﬂ_] ]+7T_]DJ’
52=d2—jEJ—7T]F, 53 dg——JG _7T_JHJ

The coefficients dy, A, ..., H; are defined through integrals:

d - 1 _m-—a _ (a-m)?
07 xp M amjz PT T amdp
da = m(3 —2m?) _(a- m)3
37 6ar2j2 Wi
4 = f"" (2x — m)f(x)dx f f)h(x)dx
A xg(x) T
B = ® (2x —m)f(x)dx G = * f(x)h(x)dx
T x3gx) T, x4g(x)
where
) =i EEVE Sy~ (k- z)2 F 72 4 1 F2(),
mx —Vx?—a? 2 4
g(x) = h*(x) — 47 j*(x — 7 /2)%.
_, f Tobdy / T cydy
o1 YA T T e A
_, f boydy o, _ f T ey
W A0 e v4O)
where
2y @y

c(y) = b*(y) — n2(j2 = 1/4), d(y) = A(y) + 472 j*bA(y).
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) . _ _ 1, my+/a+y?
These integrals converge slowly, but changes of variables t = 1/y/2f(x)ort = ; In e

transform them into integrals with an exponentially decaying integrand, the calculation
of which on a computer poses no difficulties. This method does not require the choice of

an initial approximation and provides the same accuracy for roots with any numbers.

Table 1: Values of resonances and absorption coefficients

6 | 0.365801 + 0.730159 - 1073i | 0.3659 + 0.68 - 1073 | 6.342 | 5.90 | 6.40
7 | 0.346401 + 1.911244 - 1073i | 0.3464 +1.92-1073i | 16.6009 | 16.7 | 16.8
8 | 0.322795 + 2.903837 - 1073i | 0.3228 +2.90 - 1073i | 25.2224 | 25.2 | 25.7
The table presents the values of the first three resonances §; = —— of the

[ (khy2—22

considered model, calculated using the formulas above and rounded to 1078, for the
parameter values h = 100 m, m = 2, ¢ = 1500 m/s, ¢; = 1700 m/s, w = 2z f, f = 100 Hz. They
correspond to the complex roots z; of equation (1) with numbers j = 6,7,8. We denote
by B; = (201ge)Im§; the absorption coefficient of the j-th mode. For comparison, the
table also shows ¢; and B; - the corresponding values of the same quantities, calculated
by another method in other works. In addition to numerical calculations, the formulas
obtained allow for the study of the asymptotic behavior of the roots. Along with the
known asymptotics of large-modulus complex roots z; ~ 7j + 7/2 + (i/2) In Z—j + 0(1),
j — +o0o, we obtain, for example, for the roots corresponding to propagating modes, the
relation x; ~ 7j + (m/a)wj+ O(a™?) as a — +oo and for a fixed j, 1 < j < a/7 +1/2, as well
as an asymptotic for complex roots useful in the case of a shallow sea, when there are
no normal modes, as a — 0 and for a fixed j: z; ¥ 7j + 7 /2 + (i/2) In Z—j + O(a), with the

estimate O(a) being uniform in j =1, 2, ....

A.2 Sturm-Liouville Operators

In a related work, A. Elishev [2] described another way to prove the reality of the roots

of the equation tan(z) — z = a. We summarize his argument here, with the author’s
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permission.

First, it is necessary to prove that all zeros of ¢(z) = tan(z) — z are in fact given by the
square roots of the eigenvalues of some regular Sturm-Liouville operator. Indeed, let us
define the space L?([0, 1], dx) as the space of complex-valued square-integrable functions

defined on the unit interval [0, 1], with the inner product given by

1
(f.8&)= f F)g(x)dx.
0
Suppose that H, is the subspace of L2([0, 1], dx) consisting of twice-differentiable functions
f for which f’ and f” are square-integrable, and such that
f(©)=0
and
f-f'a=o0
Then the operator H = —d?/dx?, defined on H, is a positive semi-definite operator cor-
responding to a regular Sturm-Liouville problem with separated boundary conditions.
Consequently, by a fundamental result of Sturm-Liouville theory, together with positive
semi-definiteness, the eigenvalues of H form an increasing sequence.

O:A()</11 <12<

Note that each eigenvalue has multiplicity one, and also that H is self-adjoint — this can
be checked directly by integration by parts. We establish its positive semi-definiteness.
The explicit form of the eigenfunctions (unique up to a scalar factor for each eigen-

value) is a trivial exercise. First, we obtain for 1, =0
Po(x) = x.
Then, for 1 # 0, 1 = k?, the boundary value problem is
P +k*p =0 0<x<l,
P(0) =0,
P —¢9'Q) =0.
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The general solution is given by (x) = A cos(kx) + Bsin(kx). The first boundary condition

implies A = 0, while the second yields the equation
sin(k) — kcos(k) =0

or (if cos(k) # 0)
tan(k) —k =0

Consequently, the spectrum of H is given by the set
0}uil e C : tan(V2) —Va =0}
Now, since H is self-adjoint, its spectrum is real, which means that any solution to
tan(z) —z=0

is either real or purely imaginary, z = iy. The purely imaginary case leads to the equation
fory e R:
tanh(y) —y =0

which has no (real) solutions other than y = 0. Thus, the proof of the lemma is complete.

Elishev notes that each positive eigenvalue 1 corresponds to two solutions of the
equation, given by +v2 and —V/. This is expected since ¢(z) is an odd function.

The situation described in this comment is typical for the realization of the zeros of
meromorphic functions as spectra of self-adjoint operators. Often they correspond to the
Hamiltonians of quantum-mechanical systems; several other transcendental equations
can be handled in this way.

The example provided here by Elishev (along with other easily obtainable examples
of meromorphic functions whose zeros are spectra of self-adjoint operators) is quite
straightforward; at the same time, on the opposite end of the complexity scale lies, as is
well known, the conjectured spectral realization of the non-trivial zeros of the Riemann
zeta function. In fact, as Elishev notes, there is a significant amount of evidence in favor

of a spectral approach to the Riemann hypothesis, developed, in particular, in the deep
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and far-reaching work of Alain Connes and his school. Simple examples, such as the

one considered in this comment, can, in Elishev’s opinion, serve as illustrations of the

powerful methods of operator theory and its potential applications to long-standing open

problems.

References

(1]

(2]

(3]

[4]

[5]

(6]

A. Belov-Kanel, A. Malistov, and R. Zaytsev. Solvability of equations in elementary

functions. Journal of Knot Theory and Its Ramifications, 29(02):2040005, 2020. 125

Alexei Elishev. A brief comment on the paper "solvability of equations in elementary
functions" by kanel-belov, malistov and zaytsev. Journal of Knot Theory and Its
Ramifications, 29(02):2040007, 2020. 124, 136

A. 1. Heifetz. On the roots of a transcendental equation in the problem of shallow sea
acoustics. Akusticheskii Zhurnal, 31(2):258-263, 1985. (in Russian). English translation
in: Soviet Physics, Acoustics, 31(2), 1985. 124, 132

A. G. Khovanskii. Topological Galois Theory. Solvability and Unsolvability of Equations
in Finite Terms. MCCME, Moscow, 2008. (in Russian). 124

Felix Klein. Lectures on the Development of Mathematics in the 19th Century, volume 1.
Nauka, Moscow, 1989. (in Russian). 124

R. V. Zaytsev. Topological theory of solvability of equations in elementary functions.

Master’s thesis, Higher School of Economics, 2021. (in Russian). 128

Arnold Mathematical Journal, Vol.12(1), 2026 139


http://dx.doi.org/10.56994/ARMJ

A. Allemand, A. Ya. Belov, R. V. Zaytsev
AUTHORS

Allan Allemand

Lomonosov Moscow State University,
Higher School of Economics
Suleyman Rustam, 334, 64

1022 Baku, Azerbaijan

email: allansuleykin@gmail.com

Alexey Kanel-Belov
Bar-Ilan University
Ramat Gan, 5290002
52900 Ramat Gan, Israel

email: kanelster@gmail.com

Rodion Zaytsev

California Institute of Technology
1200 E California Blvd, Pasadena, CA
91125, United States

email: rzayt@mail.ru

Arnold Mathematical Journal, Vol.12(1), 2026 140


http://dx.doi.org/10.56994/ARMJ

5 IMS

Stony
Brook

ASSOCIATION
— forR ——

AMR @ Arnold Mathematical Journal
Volume 12, Issue 1, 2026

Morse-Bott Volume Forms

Boris Khesin Luke Volk

Received 11 Jun 2025; Accepted 24 Aug 2025

Abstract: A Morse-Bott volume form on a manifold is a top-degree form
which vanishes along a non-degenerate critical submanifold. We prove
that two such forms are diffeomorphic (by a diffeomorphism fixed on the
submanifold) provided that their relative cohomology classes with respect
to the submanifold coincide. For a zero submanifold of codimension at
least 2, this means that two Morse-Bott volume forms with the same zero
set are diffeomorphic if and only if they have equal total volumes. We
show how “Moser’s trick” for establishing equivalence of non-degenerate

volume forms can be adapted to this setting.
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1 Introduction

Background

In his 1965 paper [14], Moser showed that any two volume forms 7,7, with the
same total volume on a compact connected oriented manifold M are related by a

diffeomorphism & of M via pullback, ®*», = »,. To construct such a diffeomorphism,
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Moser’s method was to connect the forms 7, and »; by a path (3,);¢[01) in the same
cohomology class and to look for a family of diffeomorphisms (®;),¢[0,1; such that &, =
idy; and @77, = 7. The latter is achieved by solving the corresponding infinitesimal
version of the equation on the vector field generating the flow ®; and invoking the
existence theorem for ODEs guaranteeing the existence of a flow for a given vector
field as well as verifying the conditions for its existence for all t € [0,1]. The strategy
has dubbed variably as “Moser’s trick”, “Moser’s path method”, or the “homotopy

method”.

This method has seen a wide variety of applications. Moser also applied the
method in [14] to symplectic structures and twisted volume forms on non-orientable
manifolds. Banyaga described Moser’s approach for volume forms on manifolds with
boundary in [2], while Bruveris et al. [4] extended it to volume forms on manifolds
with corners. Cardona and Miranda [6] considered an analogue of Moser’s result for
equivalence of top-degree forms transverse to the zero section with a shared zero
hypersurface. Other authors have considered solutions to the so-called “pullback
equation” ®*z, = 7, in more analytic contexts, see e.g. a summary of equivalence

results for k-forms for any k for Holder spaces in [7].

Main result

Let M be a compact connected oriented n-dimensional manifold, which we equip
with a reference (non-vanishing) volume form x. In this paper, we consider volume
forms on M which have a quadratic degeneration along an oriented submanifold
rcmMm.

Definition 1.1. A Morse-Bott volume form for I' on M is a non-negative n-form» €
Q"(M) with zero set I' such that the ratio of n-forms f = n/u is a Morse-Bott function

f: M - R for which each component of T is a non-degenerate critical submanifold.

Note that the critical zero set I' must have Morse-Bott index 0 since the function f
is non-negative on M. Furthermore, the Morse-Bott property of » does not depend
on choice of the reference form u. We prove the necessary and sufficient conditions
for diffeomorphism equivalence of such Morse-Bott volume forms:

Theorem 1.2. Let n, and n, be Morse-Bott volume forms for T ¢ M such that their
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relative cohomology classes with respect to T coincide:

[70] = [m] € H"(M,T).

Then there exists a diffeomorphism ® : M — M such that ®*n, = n, and which restricts

to the identity onT.

We treat this as two different cases: when the submanifold I is a hypersurface,
and when its codimension is at least 2.
Corollary 1.3. If the shared zero submanifold T c M of two Morse-Bott volume forms

no and n, on M is of codimension at least 2, the forms are diffeomorphic,
@*ny = no with @|r = idr,

if and only if they have equal total volumes of M,

fﬁo=fn1-
M M

If T is a hypersurface in M, i.e. it has codimension 1, it can be separating or not.
Either case is covered by the following corollary:
Corollary 1.4. If the shared zero submanifold T ¢ M has codimension = 1, two Morse-

Bott volume forms n, and », are diffeomorphic,
(I)*T)l =T with q)lr = idr,

if and only if they have coinciding volumes for each connected component M; of M \ T:

fnozf n, foralli.
M; M;

The same result also holds for volume forms which have hypersurface I' ¢ M as
a non-critical zero set. Let 5, and », be two n-forms on M with the same non-critical
zero set T, i.e. it is a non-critical zero set for each of the corresponding functions »;/u,
i =0,1. Note that I must be a compact oriented hypersurface in this case.

Theorem 1.5. Two n-forms n, and n, with the same non-critical zero setT C M are
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diffeomorphic,
@*ny = no with @|r = idr,

if and only if they represent the same relative cohomology classes [n,] = [n,] € H"(M,T),

or equivalently, they have coinciding volumes of each connected component M; of M\ T.

This theorem strengthens one of the results of Cardona and Miranda [6], who
proved that two folded volumes forms with the same non-critical zero hypersurface
I' ¢ M can be mapped to each other by a diffeomorphism taking I' to itself, although
not necessarily the identity on I'. (Note that while n-forms change sign across the
non-critical zero set I' c M, the term folded, or transversally vanishing, “volume
forms” became standard and we adapt it in this paper.)

Remark 1.6. The assumption of the orientability of M and T can be weakened to
require only orientability of M \ T. For codimT > 2 this reduces to orientability of M.
In the case of codimTI" = 1 in a nonorientable M, instead of volume forms one needs
to consider densities, or pseudo-forms changing sign along orientation-reversing
paths. Theorem 1.2 naturally extends to this setting: its proof combines tubular
neighbourhood embeddings, which hold in any setting, with adapting the classical
Moser theorem to each (orientable) connected component of M \ T. (As an example,
it is easy to construct a Morse-Bott density on the even-dimensional real projective
space with a hyperplane as a critical set: for instance take the product of function x?
with the standard volume element on the sphere S? and project it to RP* via the
antipodal map.) An extension of Theorem 1.5 to the nonorientable setting might be
more subtle, requiring certain averaging on the orientation cover, cf. normal forms

for Morse functions and densities in the n = 2 area-preserving case in [10].

Motivation

A motivation for this problem comes from the Madelung transform, which establishes
an equivalence of quantum mechanics and equations of compressible fluids [12].
Namely, let a wave function : M — C on a manifold M satisfy the non-linear

Schrodinger (NLS) equation,

10,9 + A + Vi + f([91*)¢ =0,
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where V: M — R and f: R, — R. Then the Madelung transform i = 1/pei® allows
one to rewrite the quantum mechanics of the NLS equation in a “hydrodynamical
form” as equations of a barotropic-type fluid on the velocity field v “' Vo and the

density p as follows:

atu+Vvu+V(V+f(p)—AT‘/f) =0

0,0 + div(pv) = 0.

The Madelung transform ¢ ~— (p, 6) is well-defined provided that ¢ does not vanish
on M and it is understood modulo a phase factor (3 ~ e'®), while 6 is understood
to be modulo an additive constant on M. Moreover, by confining to the unit sphere
of normalized wave functions 3 and the space Dens(M) of normalized densities p,
the Madelung transform can be understood as the map CP*(M, C \ 0) — T* Dens(M).
It turns out to be a symplectomorphism for the corresponding natural symplectic
structures on those spaces, and a Kahler map between the Fubini-Study and Fisher-

Rao metrics respectively, see [12].

However, the presence of zeros of the (complex-valued) wave function ¢ brings
substantial complications. A non-critical zero set T of ¢ has codimension 2 in M, and
the corresponding density function p can be understood as a Morse-Bott volume form
for I' ¢ M. The fact that ¢ is univalued on M imposes the “quantization constraint”
on the phase function 6: its change along any path in M going around I must be a
multiple of 47z, see numerous discussions in [9, 15]. The above equivalence theorems
for the Morse-Bott volume forms allow one to deal with zero submanifolds of wave
functions by using more convenient “normal forms” of the corresponding densities

around zeros.

2 The Morse-Bott Lemma

Morse-Bott functions have local normal forms which will allow us to more easily
handle behaviour near the zero set of Morse-Bott volume forms. A (“local”) normal

form in a neighbourhood of a point can be found, e.g., in [3]. Below we outline a
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proof of a (“semi-global”) normal form in a neighbourhood of the critical set " using

Euler-like vector fields, following [13].

Euler-Like vector fields

Given a submanifold I € M of codimension k, we denote the normal bundle of T in M

by:
»(M,T) = TM|/TT.

Morphisms between pairs (M,T) and (M’,I") are smooth maps f : M - M’ taking T
to I''. Given a morphism f: (M,T) —» (M’,T”), we associate to it the linear map v(f)

defined as follows:

v(f): v(M,T) - v(M',T")

V+TT > f,o+TI,

which we call the linearisation of f.

The Euler vector field to T is the vector field £ on the normal bundle v(M, T') which
is the Euler vector field in the usual sense on each fibre. That is, if x € " and the fibre

v(M,T), is given the coordinates y', then:

koa
Ex= 00V —.
o oy

If a vector field X on M is tangent to I (i.e., for each p € T, X, € T,T) then X can be
seen as a morphism X : (M,T) — (TM,TT) of pairs. We say that X is Euler-like for T if
its linearisation,

v(X): v(M,T) = »(TM,TT) = Tv(M, T),

is the Euler vector field to I.

Example 2.1. For M = R" and T = {0}, we have that v(M,T) = T,R" and a vector field

S0
X=)X—=
Z oxt
i=1
is Euler-like if for all 1 < i < n we have X(0) = 0 and DX!|, = x'.
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A tubular neighbourhood embedding of T is a neighbourhood U C v(M,T) of the zero

section in the normal bundle and an embedding ¢ : U — M such that:

(1) For each x € T, ¢(0,) = x. That is, ¢| = id after identifying I with the zero

section in »(M, I).
(ii) The linearisation v(p): »(U,T) = v(M,T) — v(M,T) is the identity, id, ).

The benefit of Euler-like vector fields is their correspondence with tubular neigh-
bourhood embeddings as the following theorem summarizes:

Theorem 2.2. An Euler-like vector field X for (M,T) determines a unique maximal
(with respect to inclusion) tubular neighbourhood embedding ¢ : U — M of T with
U C v(M,T) such that p*X = &.

We refer for the proof to [5].

Fibre-wise polynomial functions

We say that f: M — R is Morse-Bott for T c M if T is a non-degenerate critical
submanifold of f. Without loss of generality, we assume f|- = 0. The Euler vector
field to T gives a handy method for identifying fibre-wise homogeneous polynomials
onv(M,T).

Proposition 2.3. Let & be the Euler vector field to T and f € C®(v(M,T)) a function on
v(M,T). If Lo f = kf for some k € N, then f is fibre-wise a homogeneous polynomial of

order k.
Proof. This is a fibre-wise application of Euler’s homogeneous function theorem. W

The following proof of the Morse-Bott lemma (as sketched in [13]) makes use of
Euler-like vector fields, and can be regarded as a semi-global, fibre-wise version of
the Morse lemma with parameters.

Theorem 2.4 (Morse-Bott lemma [13]). If f: M - R is Morse-Bott for (M,T) and
flr = 0, then there exists a tubular neighbourhood embedding ¢ : U - M (with U C
v(M,T)) such that ¢* f is fibre-wise a homogeneous polynomial of degree 2 (i.e. fibre-wise

quadratic).
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Proof. Without loss of generality, take M to be a tubular neighbourhood of T, so M

sits inside »(M, T'). Because f is Morse-Bott, for each x € T, the functions
def
= flaa,oom 2 VIM, D) N M - R

are Morse functions, each with a non-degenerate critical point at 0,, where the
Hessian Hg,|,, is non-degenerate. In coordinates y* on the fibre »(M,T), near 0, (we

suppress the subscript x),
1 o
gy) = 5 ZAij(y)ylyj,
Lj

where A(y) = (4;;(y)) is a symmetric matrix-valued function such that A(0) = Hg|,,_.

We compute:

ayk Zyyf ! +ZAlky —ZBkly,

here By; = A, + % >, i %yi . Note that Hg|,, = A(0) = B(0), and so the matrix-valued
function B is invertible in a neighbourhood of y = 0. We will now construct an Euler-
like vector field on »(M,T),, analogous to the construction in the proof of the Morse
lemma in [13]. Let X be a vector field (implicitly depending on x, more accurately

notated X,) in this neighbourhood near zero by:

)
X =) (AB™),; =,
%}( )iy 3y)

Since A(0)B~'(0) = I, near zero »(X) = &, and so X is Euler-like. Then we have:

X(g) =Y (AB™Y), ](y)y —= = Y (AB™Y),;(Bj(yy* = Y (ABIB)y (n)y'y* = 2g.
i,j i,j,k i,k
Now define a vector field Y on M by Y(x,y) = X, (). By construction, Y is Euler-like
and, by Theorem 2.2, Y determines a tubular neighbourhood embedding ¢ : U - M
such that ¢*Y = &. Note that for each x € T, the vector field X, was defined to
be tangent to the fibre at x, and so Y only flows along the fibres, its flow being

¢:(x,y) = (x, qsfx(y)), where qbf(" is the flow of X,.. We then can compute that:

@ef = 2 el on= S a0 = (Ergt) = 20.0) = 2(x.1),

dttO t=0
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hence applying ¢* to both sides yields £.(¢*f) = 2¢* f. By Proposition 2.3, ¢* f must

be fibre-wise a homogeneous polynomial of degree 2. [ ]

In our case, where the Morse-Bott functions associated with Morse-Bott volume
forms necessarily have index 0 (i.e. correspond to positive-definite quadratic forms),
we have a convenient normal form:

Theorem 2.5. If f : M — R is Morse-Bott for T c M of index 0 and f|r = 0, then there
exist coordinates (x, y) in the tubular neighbourhood U of Theorem 2.4 (x parametrising

T, and y the fibres) such that:
(@*)x,¥) = IyI*.

Proof. This theorem is equivalent to the existence of bundle metrics (also known
as Euclidean metrics, see [11]) on the normal bundle. It is based on the partition of
unity and the fact that the space of positive definite quadratic forms in n-variables
is a convex cone. This allows one to combine the diffeomorphism ¢ constructed
in Theorem 2.4 taking f to its quadratic part with a fibre-wise linear map L, so
that the composition Log takes f to the fibre-wise quadratic function given by the

length-squared in the fibre. [ ]

Corollary 2.6. Suppose that f, and f, are Morse-Bott functions for T’ ¢ M, both with a
Morse-Bott index of 0. Then there exists a neighbourhood U of T and a diffeomorphism

@ defined on U such that ¢* f, = f,.

The analogue of the corollary for a maximal Morse-Bott index k = codim(T)
follows similarly. A generalization of this result for any index is proven for fibre-
wise quadratic functions on general vector bundles in [8] subject to the constraint
that the positive- and negative-definite parts of f, and f, give the same splittings of
the vector bundle.

Example 2.7. Note that the existence of the universal semi-global normal form in
Corollary 2.6 for Morse-Bott functions of index 0 is based on the contractibility of
the cone of symmetric positive definite matrices, allowing one to connect any two
such functions in a tubular neighborhood of their critical set and apply Moser’s trick
(discussed in more detail in the next section in the context of forms). Morse-Bott

functions of non-max/minimal indices might be non-isotopic, as can be seen in the
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following example.

The space of non-degenerate quadratic forms ax? + 2bxy + cy? in two variables is
split into three components by the double cone b*>—ac = 0in the 3D space (a, b,c) € R3,
see Figure 1. This allows the following simple construction of a pair of non-isotopic
Morse-Bott functions, as they realize contractible and non-contractible loops in the

set of forms of index 1.

Let M = 5?xS! c R3xS! be a 3-manifold regarded as a bundle over S' = {6 mod 27},
where S? = {(x,y,z) € R? | x> + y? + z?> = 1}. As one of the functions one can take the
restriction g|s.,.s1 of the function g(x, y, z,0) = x2 — y? from R3 x S! to M, independent
of the variables z and 6. Its critical set T = {(x,,2) ER} | x=y=0,z=+1}CM

consists of two (north and south) circles, both having the Morse-Bott index 1.

The other function is also defined by the restriction f|s.s: of a fibre-wise quadratic

fin R3 x S, where:
f(x,y,2z,0) = (x*> — y*)cos 0 + 2xy sin 0.

For each 6, the restriction of f(-,6) to the sphere has non-degenerate critical points of
index 1 at the north and south poles of the fibre S? and it defines a non-contractible
loop in the space of quadratic forms, as illustrated in Figure 1. As a result, there is

no isotopy between f and g.

f(x,y,z,n') =y2 _x2

—a

f(x’y’Z’O)zxz—yz

Figure 1: Example of a non-trivial loop in the space of quadratic forms ax?+2bxy+cy?,
as parametrized by (a, b, ¢).
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3 Proofs of main results

In this section, we will prove Theorems 1.2 and 1.5 with their corollaries.

Proof of Theorem 1.2 on Morse-Bott volume forms

Assume that 5, and 5, are Morse-Bott volume forms for I' ¢ M such that their relative
cohomology classes with respect to I' coincide, [7,] = [1;,] € H"(M,T). We will show
that there exists a diffeomorphism @ : M — M such that ®*z, = 5, which restricts to
the identity on T.

Proof. First consider the local problem. Let N be a tubular neighbourhood of T,
which we identify with a neighbourhood in the normal bundle, »(M,T) C M. Two
Morse-Bott volume forms in N can be expressed as p, < futop; = hu, where f and
h are Morse-Bott functions having I' as a non-degenerate minimum (i.e. a critical
submanifold of index 0) and u is a reference (non-vanishing) volume form on N c M.
The forms p; can be thought of as the restrictions p; = ;| of globally defined Morse-
Bott forms »; to the neighbourhood N.

By Corollary 2.6, there exists a diffeomorphism F (of a possibly smaller neigh-
bourhood of I') taking & to f, but changing the reference form u. So without loss of
generality we assume that, after application of F: N — N the Morse-Bott volume
forms are p, = fu and p; = f¢ u for some non-vanishing function ¢ € C*(N). Next,
the function f can be assumed fibre-wise quadratic in N ¢ »(M,T') by Theorem 2.4.
We are looking for a diffeomorphism of N pulling back p, to p, while remaining the

identity on T.

To apply Moser’s trick, we consider the interpolation p, = (1 —t)py + tp; of these
forms and seek a family of diffeomorphisms (3,)¢01) such that ¢;p, = po. Applying

%& to this relation, we get that:
Lx,pi+p: =0,

where (X,)e[o,1) is the time-dependent vector field whose flow is (¥;);¢[0.1}, and g, =

p1 — Po- We will show that there exists such a smooth vector field X, vanishing on I'
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fort € [0,1].

Let & be the Euler vector field to T, defined on N c »(M,T), and let g, be the flow
of —¢& towards T. The following expression for a primitive for p, is similar to the one

in the proof of the Poincaré lemma:
. “d . ® .
pr==] 7.8 (p)ds=—| g (=Lepy) ds
0 0
= [ g auep s ds= [ digeteieds
0 0

Now note that g¥f = fe~ since f is fibre-wise quadratic, while ¢, = p; —py = f(pu—pw),

hence:

Pr = f d(1ge(fe>gi(¢u—p)) ds =d [ff tgre(e™ g5 (P — w)) ds],
0 0

-8

and therefore, locally near T, one has —g; = d(f3) for some (n — 1)-form 8 on N. Note

that for all p € T', we have that g&|, = 0, and so 8| = 0.

On the other hand, £x p, = d x,p;, While p, = f((1 — t)u + t¢u). Hence to solve the
equation Ly p, + ¢, = 0 for the field X; or, equivalently, d iy o, = d(fg), it suffices to

solve:

Fixg (@ =Du+tpw) = fB.

This amounts to solving the equation «y (1 — t)u + t¢u) =  for a family of vector
fields X, on N. Note that the volume form (1 — t)u + t¢u interpolates between u
and ¢u and hence it is non-vanishing for all t € [0,1]. Hence the field X, solving
tx, (1 —)u +tpu) = B exists on N\ T, and it is smooth and must vanish on I'. Note also
that due to this vanishing condition, solutions starting sufficiently close to I exist for
the whole interval ¢ € [0,1]. Hence the time-1 map of the flow ¥, corresponding to
the vector field X, provides the required diffeomorphism of some neighbourhood of
I'. Without loss of generality, we can assume that this is the neighbourhood N O T,

and this completes the proof of the local statement.

To prove the existence of a smooth globally-defined field on M whose flow takes
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7 to 5y, we first (smoothly and arbitrarily) extend the field X, from N to the whole of
M. Now consider a smaller tubular neighbourhood U of T, sitting compactly within
N, cUc U c N c M, and pick a bump function b: M — [0,1] which is 1 on U and 0
on M \ N. This allows one to define the time-dependent vector field Y, < bX, on M

whose time-1 flow map G : M — M satisfies G*n,|y = 1|y and G|y = idy.

Consider the pull-back action of the map G on the Morse-Bott form 7;: it is a new
form ¢, = G*n, which coincides with 7, in the neighbourhood U > T, but outside of
U, the form ¢, is only known to be non-vanishing and, by assumption, representing
the same relative cohomology class in H"(M,T') as the form 7.

We will now apply Moser’s method again to find a diffeomorphism mapping ¢,
to 7, everywhere on M. For this we consider the interpolation ¢, -t A =0ny+t&,
between them, joining ¢, = 1o and ¢;. Note that all these forms coincide in the
tubular neighbourhood U, ¢, | = ¢|y for all t € [0,1]. We will be seeking a family of
diffeomorphisms (¢;),[0,17 such that ¢;¢, = {,. Applying got*% to this relation, we get
that:

Lz,gt = §0 - §1,

where (Z,);¢[0,1) is the time-dependent vector field whose flow is (¢;);¢[01}- Note that
¢y and ¢; represent the same class in H*(M,T) and (¢, — ¢;)|y = 0. We wish to find a
primitive (n — 1)-form for ¢, — ¢; which is zero on U. This can be done in a number

of ways, cf. [1, 4, 6, 7], for instance via the following consideration.

Since I' is a deformation retract of its tubular neighbourhood U, the forms ¢,
and ¢, represent the same relative cohomology class in H*(M,U) = H"(M,T). By the
definition of relative cohomology, there exists a w € Q"!(M) and 6 € Q"2(U) such
that:

(o—¢ =dw, i*w=do,

for the inclusion i : U < M. Pick a bump function 5: M — [0,1] equal to 1 on a
smaller tubular neighbourhood U compactly contained in U and equal to 0 on M \ U.
Then define:

def

@ =w—d(b6) € Q" 1(M),
where dé = dw = {,—¢; and @|y = 0. To complete Moser’s trick, we now want to solve
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the equation ¢, {; = & for an unknown vector field Z,. The Morse-Bott form ¢;|r is
a volume form for all t € [0, 1] (with ;| = {y|y) and so Z, has a unique solution on
M \ T. Furthermore, the solution Z, vanishes on the tubular neighbourhood U O T,
since @|y = 0. This allows one to define Z, on the whole manifold M (extending it by
zero to T itself). The corresponding flow of Z, on the compact manifold M exists for

t € [0,1], and it is the identity on U D T.

Thus Moser’s trick yields that the time-1 flow map H : M — M is a diffeomorphism
satisfying H*¢, = ¢, and H|. = id. Finally, we define the diffeomorphism @ of M
as the composition @ “H oGoF, where F (extended to M) is from the Morse-Bott
lemma (Corollary 2.6), G identifies the Morse-Bott volume forms in a neighbourhood
of I, and H relates the forms outside of a neighbourhood of T while keeping fixed
the neighbourhood itself. The composition satisfies ®*n, = 5, and ®|; = id, as

desired. [ |

Note that the last part of the proof boils down to construction of a vector field with
a prescribed divergence, while controlling its support outside of a neighbourhood
of the critical set. This topic has a long history. In the C*-case for manifolds it was
considered in [1]. The arguments above can be regarded as an extension of the

boundary case in [2, 4].

We now turn to the corollaries of this theorem, are different manifestations of
the theorem depending on the codimension of the critical submanifold T.
Corollary 1.3. Ifthe shared zero submanifold ' ¢ M of two Morse-Bott volume forms
no and n; on M is of codimension at least 2, the forms are diffeomorphic, ®*n, = n, with

®|r = idp, if and only if they have equal total volumes of M,

/.770=f771-
M M

Proof. If T c M has codimension k > 2, the condition of [5,] = [n,] € H"(M,T) is
equivalent to the condition that they have equal total volumes. This can be seen

from the long exact sequence for relative cohomology:

- - H*Y(T') - H"(M,T) - H"(M) - HT) = 0,
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where the constraint on the codimension implies H"~}(T") = H*(T) = 0. This implies

an isomorphism H"(M,T) = H"(M) by exactness of the sequence:
0—- H"(M,T') > H*(M) — 0.

Corollary 1.4. If the shared zero submanifold ' ¢ M has codimension 1, two Morse-
Bott volume forms n, and »n, are diffeomorphic, ®*n, = n, with ®|r = idy, if and only if

they have coinciding volumes for each connected component M; of M \ I':

f%:/ n foralli.
M; M;

Proof. If T ¢ M has codimension k = 1, one has only a surjection H*(M,T) - H"(M)
from H"(T') = 0. In general, it is not necessarily an isomorphism, due to the possible
disconnectedness of M\ T. If M \ T consists of several connected components, M \T =
|l,c; Mi» the forms 7, and », represent the same cohomology class relative to I' if and
only they have equal volumes on each component M;. Indeed, by definition of relative
de Rham cohomology, the forms 7, and », represent the same cohomology class

relative to I whenever their difference is exact, dw = 1, — n, for some w € Q"~1(M).

f(m—no)=f dco:/ w=0,
Mi Mi 5Ml

where the last equality follows from the fact that w is exact on dM; c T. [ |

Hence we have:

Non-critical zero sets

A folded volume form on an oriented n-dimensional manifold M is a top-degree
form n € Q"(M) which is transverse to the zero section of the determinant bundle
A"T*M. Here we outline how the following strengthening of the result of Cardona
and Miranda [6] on the equivalence of two folded volume forms with the same zero

sets can be proven using a similar strategy through Euler-like vector fields.

Note that the zero set T ¢ M of a folded volume form 7 is an oriented hypersurface

T (possibly consisting of several components). By fixing a reference volume form, g,
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the hypersurface I has a defining function n/u = f: M — Rsatisfying I' = f~1(0) and
df|, # 0 for each x € I'. We have the following analogue of the Morse-Bott lemma
(Theorem 2.4):

Lemma 3.1. If f : M — R is a defining function for a hypersurface T, then there exists
a tubular neighbourhood embedding ¢ : U — M (with U C v(M,T')) such that ¢*f is

fibre-wise linear.

Proof. Thisis achieved via the inverse function theorem by taking f as the coordinate
in the fibres of the one-dimensional normal bundle. In a sense, this is Hadamard’s
lemma depending on the parameter x € I'. The Euler-like vector field of Theorem 2.4

becomes X = f % in this coordinate. [ ]

Now we prove Theorem 1.5, that two folded volume forms 7, and », on a compact
oriented manifold M with the same non-critical zero set I' ¢ M are diffeomorphic,
®*1n, = n, with ®|r = id, if and only if they represent the same relative cohomology
classes [no] = [n:] € H"(M,T), or equivalently, they have coinciding volumes of each
connected component M; of M \ T. The lemma above allows one to set up Moser’s

trick, much like how Corollary 2.6 was used in the proof of Theorem 1.2.

Proof. Consider the defining functions f, and f; of I' corresponding to the folded
volume forms 7, and #», for a fixed volume form g, i.e. f; = »;/u. Hadamard’s lemma

guarantees the existence of a non-vanishing ¢ € C*°(M) such that n, = ¢ 7,.

Taking a tubular neighbourhood N ¢ M of T (and identifying it with a neigh-
borhood in »(M,T')), one comes to a setting analogous to the proof of Theorem 1.2:
here we are constructing a diffeomorphism equivalence between two folded volume
forms n, = fuand n; = f¢ uin the neighbourhood N, where u is a volume form, ¢ is a
non-vanishing function, and f is a defining function for I'. Without loss of generality,
we can assume f to be fibre-wise linear (otherwise applying Lemma 3.1 to make it

S0).

Now we are looking for a diffeomorphism of a neighbourhood N C M of T pulling
back #, to 5, which is the identity on I'. The rest of the proof using Moser’s trick

follows mutatis mutandis the proof of Theorem 1.2, except that now the function f is
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fibre-wise linear, and hence the pullback g; f of f by the inverse flow g, of the Euler
vector field to I' will be fe~, with the factor of 2 replaced by 1.

As before, the diffeomorphism of the neighbourhood N extends to a global diffeo-
morphism G : M — M. Then the existence of a diffeomorphism H relating the form
on M \ N is based on the equality of the corresponding relative cohomology classes
[70] = [m] € H*(M,T), or equivalently, on the equality of the volumes of connected
components M; of M \ N. The desired diffeomorphism & is obtained by composing
the corresponding diffeomorphisms G and H as in the proof of Theorem 1.2 (with

the application of Hadamard’s lemma instead if the diffeomorphism F). [ |

Note that due to the local-to-global nature of the construction of the diffeomor-
phism, it immediately follows from the above that if 5, and 7, are top-degree forms
with a shared zero set I such that each component of T is either Morse-Bott or non-
critical (i.e. T is of mixed-type) and such that their relative cohomology classes in
H"(M \ T') coincide, then there is a diffeomorphism ®: M — M such that ®*5, = n,

restricting to the identity on I
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